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PREFACE

This book is an outgrowth of a graduate-level course taught at the Uni­
versity of Illinois, Urbana-Champaign. The course was conceived to fill a need
for educating students working with waves and fields in their research. As
technology grows more sophisticated, the need for solutions to more complex
problems becomes greater. Fortunately, in the last two decades, the devel­
opment of computer technology has provided a new means for solving many
of these problems. This book is intended to elucidate the methods and tech­
niques pertinent to wave and field problems in inhomogeneous media, so that
students may apply them in order to solve practical problems. Hence, the
reader may use a computer to implement many of the techniques described
in this book.

This is not a book on numerical techniques, however. For that, the reader
is referred to many excellent works written on numerical methods. The em­
phasis here is on understanding the basic foundations of the many mathe­
matical methods employed in solving problems of waves and fields in inhomo­
geneous media. Hence, the reader shall learn to formulate many complicated
problems using such methods. A straightforward application of numerical
methods to many wave and field problems involves using intensive compu­
tation and extensive computer time, and may saturate the resources of even
present-day supercomputers. Good judgement that adapts a combination of
numerical and analytical methods, however, can usually generate computer
codes that are many times more efficient. The details of the numerical anal­
yses of these techniques, namely, numerical integration, matrix analysis, or
finite-element analysis, are beyond the scope of this book, but they can be
gleaned from many other relevant sources. Furthermore, this book does not
discuss random inhomogeneous media, a subject that could span another
volume of similar size.

Analytic techniques were in vogue before computers became available.
They were often the sale technique for analyses in the days of "pencil-and­
paper" physics or engineering. For instance, many classical topics, like waves
in planarly layered media, the Cagniard-de Hoop method for transient anal­
ysis, and the Gel'fand-Levitan-Nlarchenko methods for inverse scattering,
are elegantly developed for solving one-dimensional, inhomogeneous-medium
problems. Such techniques usually have limited scope for applications; how­
ever, to ignore the discussion of such topics in this book would render it
incomplete. They are included to pay homage to those predecessors who
developed thern and to give the reader a historical perspective.

Despite the preponderance of electromagnetic examples contained herein,
many of the techniques are easily adapted to other wave phenomena, such as
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acoustic waves, Schrodinger waves, or elastic waves. In order to readily convey
the underlying concept of a technique to the reader, some are illustrated in the
form of scalar wave problems. The extension to the vector electromagnetic
wave case is often almost perfunctory.

Throughout the book, it is assumed that the reader knows the rudiments
of electromagnetic theory. Chapter 1 reviews this required background cur­
sorily. Planarly layered media remain the most studied of the inhomogeneous
media because of its simplicity. Many results can be obtained without com­
putationally intensive calculations. Furthermore, closed-form solutions in
terms of spectral integrals (Sommerfeld integrals) allow for their asymptotic
approximations, providing more physical insight into the problems. Hence,
this topic, with its longer history, abounds in analytical techniques. Conse­
quently, Chapter 2 will concentrate on waves in planarly layered media. The
relatively greater length of this chapter reflects the abundance of interesting
material on planarly layered media that has been developed over the years.
Although this topic has been covered by many other books, sometimes as
the sole subject, only a few of the more important topics are included here.
Moreover, numerical schemes like the propagator-matrix approach and the
numerical integration of Sommerfeld integrals are also discussed.

Chapter 3 covers waves in cylindrically and spherically layered media.
This kind of wave problem finds applications in optics, geophysical probing,
and propagation of radio waves on the earth's surface and the ionosphere. It
also finds application in multilayer coatings on aircraft to reduce the radar
cross-sections of aircraft. It is surprising to observe that this subject has not
been developed as extensively as waves in planarly layered media.

Transient measurements are routine in radar, bioacoustic, or sonar mea­
surements. Chapter 4 considers the propagation of transient waves in inho­
mogeneous media. First, the Cagniard-de Hoop method is presented, which
finds closed-form solutions for the response of a line source on top of a lay­
ered, dispersionless medium. Then, for a general inhomogeneous medium, the
celebrated time-domain finite-difference method is discussed in conjunction
with the use of absorbing boundary conditions to obtain transient solutions.

Chapter 5 presents the variational methods for the scalar wave equa­
tion and the electromagnetic wave equation. Such methods are often the
foundation of many modern numerical methods in waves and fields, such as
the finite-element method and the method of moments. Moreover, many of
these numerical methods can be applied in a recipe-like manner to obtain
the solution to a problem. It is still important, however, that a student un­
derstands the foundations upon which these numerical methods are based.
Therefore, the beginning of the chapter explains the basic concepts of a lin­
ear vector space. Subsequently, the formulations of variational expressions
for self-adjoint as well as non-self-adjoint problems are presented followed by
a step-by-step derivation of the matrix equation from a variational expression
(using the Rayleigh-Ritz method). This derivation is the foundation of the
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finite-element method, and the reader, by following it, will understand the
basis of the finite-element method. But the detailed implementation of the
finite-element method, and the many bookkeeping techniques developed, are
beyond the scope of this book.

Chapter 6 describes the mode matching technique. This technique is
particularly useful for studying scattering at junction discontinuities encoun­
tered in dielectric slab waveguides or many geophysics problems. In order to
understand this technique, the readers are first introduced to the concepts
of the radiation modes and the guided modes of a dielectric slab. Then, the
canonical scattering solution from a single junction discontinuity is discussed.
This canonical solution is, in turn, used to find the scattering solution from
many junction discontinuities in a composite problem using a recursive algo­
rithm. Here, vector notations are used to write the solutions in a compact
fashion.

The dyadic Green's function has been an interesting topic in electromag­
netic theory. In this subject, many scalar wave concepts cannot simply be
extended to the vector wave case. Even though most problems can be solved
without the use of dyadic Green's functions, the symbolic simplicity with
which they could be used to express relationships makes the formulations of
many problems simpler and more compact. Moreover, it is easier to con­
ceptualize many problems with the dyadic Green's functions. Consequently,
the dyadic Green's functions in layered inhomogeneous media are discussed
in Chapter 7, beginning with the spatial and spectral representations of the
dyadic Green's function in a homogeneous medium. Next, the singularity
of the dyadic Green's function is discussed; this has been a topic of heated
debate in recent years. Then, vector wave functions are introduced to derive
the dyadic Green's functions in different coordinate systems. Finally, the
dyadic Green's function is generalized to layered media of planar, cylindrical,
and spherical configurations.

Chapter 8 presents integral equation methods. These methods are espe­
cially useful for inhomogeneous media that are piecewise constant or when
the inhomogeneous region has a finite support in space. Surface integral
equations and the way they are solved (using the method of moments and
the extended-boundary-condition rnethod) are described. Along with the
extended-boundary-condition method, the T matrix and the S matrix for
the scattering due to one scatterer are derived. Then, it is shown how such
a solution can be used to find the scattering from many scatterers, or mul­
tilayered scatterers. Moreover, the next topic covers the case of the unimo­
ment rnethod, a hybrid method, which combines the use of the finite-element
method and the surface integral equation rnethod. Finally, the volume inte­
gral equation and techniques for its solution are included here. The regimes
of validity of the approximate solution technique, like the Born or the Rytov
approximations, are also considered.

Many people who study waves in inhomogeneous media are undoubtedly
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interested in the inverse scattering problem, which finds many applications
in biological sensing, geophysics, remote sensing, nondestructive evaluation,
target identifications, and so on. Chapter 9 presents the solution techniques
of several inverse scattering problems. The first discussion covers the area
of linear inverse scattering, which has had a tremendous impact on medical
tomography. In particular, back-projection tomography and diffraction to­
mography are reviewed. The scattered field of a scattering experiment is,
however, more often nonlinearly related to the object that causes the scat­
tering. Hence, different techniques for obtaining solutions to such nonlin­
ear inverse scattering problems are given. Most advances in the past have
been made in the area of the one-dimensional inverse scattering problem.
Consequently, the method of characteristics, the Gel'fand-Levitan, and the
Marchenko methods in solving such one-dimensional problems are discussed
here. For higher dimensions, however, one has to resort to quasi-Newton type
methods in solving the nonlinear inverse scattering problem. In addition, the
use of the distorted Born iterative method, and the Born iterative method
in seeking the solutions to such problems, are presented. It is imperative to
develop new ideas and make advances in the multidimensional problem, for
many technologies can benefit greatly from them.

Many topics within this book are from the published literature. Some
were developed while writing the book. In some cases, the formulations
are altered slightly-but without sacrificing accuracy-from the published
literature to conform to the uniformity of presentation and style.

A book of this size cannot cover all the topics that have been written on
waves and fields in inhomogeneous media, but it will make many more topics
accessible to the reader. Also, the reader is encouraged to make use of the
reference sections for further study in any of the topics presented.
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CHAPTER 1

PRELIMINARY BACKGROUND

This chapter presents the fundamentals of electromagnetic theory neces­
sary for reading this book. Many rnathematical techniques discussed herein
could be adapted for other kinds of waves. We will, however, illustrate most
of the techniques with electromagnetic waves and fields. The material in this
chapter is also discussed in many textbooks which are given in the reference
list.

The electromagnetic field can sometimes be described by the scalar wave
equation, but in most cases, it can only be described by the vector wave equa­
tion. In many instances, the mathematical techniques explained in this book
can be illustrated more clearly using scalar wave equations. Since acoustic
waves are always described by the scalar wave equation, the derivation of the
acoustic wave equation for inhomogeneous medium is also given in Section
1.2 (on the topic of scalar wave equation).

§1.1 Maxwell's Equations

Maxwell's equations were established by James Clerk Maxwell in 1873.
Prior to that time, the equations existed in incomplete forms as a result of
the work of Faraday, Ampere, Gauss, and Poisson. Later, Maxwell added
a displacement current term to the equations. Also, this was important to
prove that an electromagnetic field could exist as waves. Finally, the wave
nature of Maxwell's equations was verified experimentally by Heinrich Hertz
in 1888. Even though the earth's surface is curved, with the aid of the
ionosphere which reflects radio waves, Guglielmo Marconi was able to send a
radio wave across the Atlantic Ocean in 1901. Since then, the importance of
Maxwell's equations has been demonstrated in optics, microwaves, antennas,
communications, radar, and many sensing applications.

§§1.1.1 Differential Representations

In vector notation and SI units. Maxwell's equations in differential rep­
resentations are

a
\7 x E(r, t) = - atB(r, t),

a
\7 x H (r , t) = at D (r , t) + J (r , t),

V' . B(r, t) == 0,

(1.1.1)

(1.1.2)

(1.1.3)
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\7 . D(r, t) = g(r, t), (1.1.4)

where E is the electric field in volta/rn, H is the magnetic field in amperes/rn,
D is the electric flux in coulombs/rn", B is the magnetic flux in webers/rn", 1

J(r, t) is the current density in arnperes/rn", and g(r, t) is the charge density
in coulombs/rn".

For a time-varying electromagnetic field, Equations (3) and (4) of the
above Maxwell's equations can be derived from Equations (1) and (2). For
example, taking the divergence of (1) gives rise to (3). Taking the divergence
of (2) and using the continuity equation,

V' . J(r t) + chAr, t) = 0
, at ' (1.1.5)

we arrive at (4).

For static problems where a/at = 0, the electric field and the magnetic
field are decoupled. In this case, Equations (3) and (4) cannot be derived from
Equations (1) and (2). Then, the electric field Equations (1) and (4) are to be
solved independently from the magnetic field Equations (2) and (3). However,
in practice, a current is carried by a conductor. Unless the conductor is a
superconductor, the current would have to be driven by an electric field or
a voltage. Therefore, the magnetic field may never be completely decoupled
from the electric field in statics.

The curl operator V'x is a measure of field rotation. Hence, Equation (1)
indicates that a time-varying magnetic flux generates an electric field with
rotation. Moreover, Equation (2) indicates that a current or a time-varying
electric flux (also known as displacement current) generates a magnetic field
with rotation.

The divergence operator \7. is a measure of the total flux exuding from a
point. If there is no source or sink at a point, the divergence of the flux at that
point should be zero. Therefore, Equation (3) says that the divergence of the
magnetic flux is always zero, since a source or a sink of magnetic flux (namely,
magnetic charges) has not been found to date. Furthermore, Equation (4)
states that the divergence of the electric flux at a point is proportional to the
positive charge density present at the point.

Equation (1), which was discovered by Michael Faraday, is also known as
Faraday's Law. Equation (2), without the aD/at term, or the displacement
current term, is also known as Ampere's Law. The displacement current
term, discovered by Maxwell later, is very important because it couples the
magnetic field to the time-varying electric flux. Moreover, it also allows for
the possible existence of electromagnetic waves which were later shown to be
the same as light waves. Equations (3) and (4) are the consequences of Gauss'
Law, which is a statement of the conservation of flux. More specifically,

1 1 weber /rrr' = 1 Tesla = 104 Gauss. The earth's field is about 0.5 Gauss.
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A

(0) Stokes' Theorem (b) Gauss' Theorem
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Figure 1.1.1 The parameters in the application of Stokes' theorem
and Gauss' theorem.

Equation (4) implies that the electric flux D is produced by a charge density
g.

§§1.1.2 Integral Representations

Different insights sornetimes result if we look at Maxwell's equations in
their integral representations. To derive the integral forms of Equations (1)
and (2), we integrate them over a. cross-sectional area A and make use of
Stokes' theorem,

JdS· \7 x E(r,t) = Jdl· E(r,t).

A C

(1.1.6)

In (6), C is a contour that forms the perimeter of the area A (Figure l.l.la).
Moreover, (6) is a statement that the sum of all the rotations due to the
field E over the cross-sectional area A is equal to the "torque" produced
by these rotations on the perimeter of A which is C: The left-hand side
of (6) is the summation over all the rotations, while the right-hand side of
(6) is the evaluation of the net "torque" on the perimeter C. The fact is
that neighboring rotations within the area C cancel each other, leaving a net
rotation on the perimeter.

Using Stokes' theorem, we can then convert (1) and (2) to

Jdl . E(r, t) = - :t JdS . B(r, t),
C A

Jdl . H(r, t) = %t JdS· D(r, t) +JdS . J(r, t).
C A A

(1.1.7)

(1.1.8)
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But to convert Equations (3) and (4) into integral forms, we integrate them
over a volume V and make use of Gauss' theorem, which states that

JdVV · B(r, t) = JdS · B(r, t).
v s

(1.1.9)

This is a mere statement that the sum of all divergences of a flux B in a
volume V is equal to the net flux which is leaving the volume V through the
surface S. In other words, neighboring divergences tend to cancel each other
within a volume V (Figure 1.1.lb).

Consequently, (3) and (4) become

JdS . B (r, t) = 0,

s

JdS . D (r, t) =Je(r, t) dV = Q,
s v

(1.1.10)

(1.1.11)

where Q is the total charge in volume V.

The left-hand side of Equation (7) is also the definition of an electromotive
force. Hence, Equation (7) implies that a time-varying magnetic flux through
an area A generates an electromotive force around a loop C. For instance, if
C is replaced with a metallic conductor, the electromotive force will drive a
current through this metallic conductor.

By the same token, Equation (8) implies that a time-varying electric flux
(displacement current) or a current will generate a magnetomotive force, or
simply, a magnetic field that loops around the currents.

On the other hand, Equations (10) and (11) are mere statements of the
conservation of fluxes. Equation (11) implies that the net flux through a
surface S equals the total charge Q inside S.

§§1.1.3 Time Harmonic Forms
Maxwell's equations can be further simplified if we assume that the field

is time harmonic. A time harmonic field can be expressed as

A(r, t) = ~e[A(r) e- iwt
],

where i = A, w is frequency in radians/second, and A(r) is a complex
vector. This is also commonly referred to as the e-iwt time convention. (The
ej wt time convention is sometimes used. Here, letting -i ~ j will make the
two conventions equivalent.) In this case, A(r, t) is a sinusoidal function of
time-in other words, it is time harmonic. If this is in fact the case, it is easy
to show that

:tA(r, t) = iRe[-iwA(r) e-iwtJ.
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Subsequently, Equations (1) to (4) become

\7 x E(r) == iwB(r),

\7 x H(r) == -iw D(r) + J(r),

\7 . B(r) == 0,

\7 . D (r) == g(r).

5

(1.1.12)

(1.1.13)

(1.1.14)

(1.1.15)

In the above, E(r), H(r), D(r), B(r), J(r), and g(r) are complex vector
or scalar functions known as ph.asors. Better still, a simple rule of thumb of
obtaining (12) to (15) from (1) to (4) is to replace a/at with -iw, and vice
versa if we were to obtain (1) to (4) from (12) to (15). Alternatively, Equa­
tions (12) to (15) can also be obtained by Fourier transforming Equations
(1) to (4) with respect to time. In this case, the phasors are actually the
Fourier transforms of the fields in the time domain, and they are functions
of frequency as well (see Exercise 1.1). Hence, the phasors are also known as
the frequency domain solutions of the field. Likewise, the solutions of (1)
to (4) are the time domain solutions. Obviously, the advantage of working
with (12) to (15) is the absence of the time dependence and time derivatives.

§§1.1.4 Constitutive Relations
Since only two of the four Maxwell's equations are independent in elec­

trodynamics, we need only work with the first two: Equations (12) and (13).
However, there are four vector unknowns, E, H, B, and D, with only two
vector equations. Hence, in order to have a sufficient number of equations for
the four unknowns, two more equations relating E, H, B, and D are needed.
This can be obtained from the constitutive relations.?

The electric and magnetic fluxes are related to the electric and magnetic
fields via the constitutive relations. These general constitutive relations in
the frequency domain have the forrn

D(r, w) = l(r, w) . E(r, w) + e(r, w) . H(r, w),
(1.1.16a)

B(r,w) = Ji(r,w)· H(r,w) + «(r,w)· E(r,w),
(1.1.16b)

where €, e, ti, and," are 3 x 3 tensors.i' In addition, the constitutive relations
also characterize the medium that we are describing. In fact, the above
medium is also known as a bianisotropic medium because D and Bare
related to both E and H. In contrast, a medium that is anisotropic has
constitutive relations where D is only related to E, and B is only related to
H, that is,

D =€·E,

B = 11· H.

2 Extended discussion of this topic is given in Kong (1986).

3 For a review of tensors see Appendix B.

(1.1.17a)

(1.1.17b)
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And the word "anisotropy" implies that relationships (16) and (17) are func­
tions of the field directions.

When E, e, ti, or '" are functions of space, the medium is also known
as an inhomogeneous medium. But when they are functions of frequency,
the medium is frequency dispersive. In this case, the relations in the time
domain correspond to convolutions. On the other hand, when the relations
are convolutions over space, the medium is spatially dispersive. Moreover,
when the tensors are functions of the fields, the medium is nonlinear. For
isotropic media, however, relationship (17) is independent of field polariza­
tions and the constitutive relations simply become

D = fE, B = flH. (1.1.18)

In free-space, f = fO = 8.854 X 10-12 farad/rn, while fl = flo = 47r X 10-7

henry[tn. The constant c = 1/VJ-Lofo is the velocity of light, which has been
measured very accurately. The value of flo is assigned, while the value of fO

is calculated from c. In fact, the value of flo is chosen so that the units of
voltage and current in a laboratory experiment are not inordinately large or
small (see Exercise 1.2). More recently, a study (Cohen and Taylor 1986)
recommends that the unit of meter be redefined so that the velocity of light
is exactly 299,792,458 mise

§§1.1.5 Poynting Theorem and Lossless Conditions

(a) Poynting Theorem
It can be easily shown that the vector E(r, t) x H(r, t) has a dimension

of watts/m2 which is that of power density. Therefore, it may be associated
with the direction of power flow. If the fields are time harmonic, a time
average of the vector can be defined as

T

(E(r, t) x H(r, t)) = lim T
1 JE(r, t) x H(r, t) dt.

T-+oo
o

(1.1.19)

Given the phasors of time harmonic fields E(r, t) and H(r, t), namely, E(r)
and H (r) respectively, we can show that (see Exercise 1.3)

1
(E(r, t) x H(r, t)} = 2" ~e{E(r) x H*(r)}. (1.1.20)

Here, the vector E(r) x H*(r) is also known as the complex Poynting vec­
tor. Moreover, because of its aforementioned property, and its dimension of
power density, we will study its conservative property. To do so, we take its
divergence and use the appropriate vector identity to obtain

\7 . (E x H*) = H* . V' x E - E · \7 x H*. (1.1.21)
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Next, using Maxwell's equations for V' x E and V' x H* and the constitutive
relations for anisotropic media, we have

V' . (E x H*) == iw H* . B - iw E . D* - E . J*

== iw H* . Jl. H - iw E . e* . E* - E . J*.
(1.1.22)

The above is also known as the complex Poynting theorem. It can also
be written in an integral form using Gauss' theorem, namely,

JdS · (E x H') = iwJdV(H' .]I. H - E·"E' . E') - JdVE· J'.
v v (1.1.23)

(b) Lossless Conditions

For a region V that is lossless and source-free, J == 0 and

~eJdS . (E x H') = 0,

5

because there is no net time-averaged power-flow out of or into this region
V. Therefore, because of energy conservation, the real part of the right-hand
side of (22), without the E . J* term, must be zero. In other words,

JdV(H'·]I·H-E·€'·E')
v

(1.1.24)

must be a real quantity.

Other than the possibility that the above is zero, the general requirement
for it to be real is that H* .j:L. Hand E· €*.E* are real quantities. But since the
conjugate transpose of a real number is itself, we have (H*· j:L'H) t == H*·Ji.H.
Therefore,

(H* . Ii· H)t == (H 'Il* . H*)t == H* . lit . H == H* ·Il· H. (1.1.25)

The last equality in the above is possible only if Ii == Tit (where the t im­
plies conjugate transpose and t implies transpose), or that Ii is Hermitian.
Therefore, the conditions for anisotropic media to be lossless are

Ii == Tit, (1.1.26)

requiring the permittivity and permeability tensors to be Hermitian. Then,
for an isotropic medium, the lossless conditions are simply that SSm(J-L) == 0
and ~m(E) == O.
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If a medium is source-free, but lossy, then ~eJdS · (E x H*) < o. Con­
sequently, from (23), this implies

~mJdV(H*'Ii,H-E'f*,E*) >0,

v

But the above is the same as

i JdV[H* · (lit - Ii) · H + E* · (ft - f) , EJ > O.

v

(1.1.27)

(1.1.28)

Therefore, for a medium to be lossy, i(llt - Jl) and i(et - e) must be Hermitian,
positive definite matrices, to ensure the inequality in (28). Similarly, for an
active medium, i(Jit -Ii) and i(et - e) must be Hermitian, negative definite
matrices (see Exercise 1.6).

For a lossy medium which is conductive, we may define J = 0" · E where
0" is a conductivity tensor. In this case, Equation (23), after combining the
last two terms, may be written as

JdS ' (E x H*) = iwJdV [H* , Ii ' H - E ' ("€* - i:*) · E*]
s v

= iwJdV[H* .t: ' H - E · i* · E*], (1.1.29)

where l = e + iCi is known as the complex permittivity tensor. In thisw
manner, (29) has the same structure as the source-free Poynting theorem.

The quantity H* · Ji . H for lossless media is associated with the time­
averaged energy density stored in the magnetic field, while the quantity E .
e* · E* for lossless media is associated with the time-averaged energy density
stored in the electric field. Then, for lossless, source-free media, (23) implies
that

~mJdS ' (E x H*) =wJdV(H* 'Ii' H - E ,"€* , E*),
s v

or that

(1.1.30)

~mJdS ' (E x H*)
s

is proportional to the time rate of change of the difference of the time-averaged
energy stored in the magnetic field and the electric field. Since this power
is nondissipative, it is also known as the reactive power (see Exercise 1.5).
Hence, the imaginary part of E x H* may be associated with the reactive
power density.
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§§1.1.6 Duality Principle

Maxwell's equations exhibit a certain symmetry between E and H, and
D and B. However, the absence of magnetic charges destroys the symmetry
for the sources. Nevertheless, from a mathematical viewpoint, Maxwell's
equations can be made symmetrical by introducing a magnetic current density
M and a magnetic charge density (}m' In this case, (1) to (4) become

a
\7 x E(r, t) = - at B(r, t) - M(r, t),

a
\7 x H(r, t) = at D(r, t) + J(r, t),

\7 . B (r, t) == Qrn ( r, t),
\7 . D(r, t) == o(r, t).

(1.1.31)

(1.1.32)

(1.1.33)

(1.1.34)

The symmetry exhibited by the above equations implies that given a
solution to Maxwell's equations, with E, D, H, B, M, J, (}m, and (), another
solution can be obtained by the following replacements:

E -t H, H -t E, B -t -D, D -t -B,

M -t -J, J -t -M, Qm -t -Q, (} -t -(}m' (1.1.35)

Notice that the above replacements are nonunique and any other replacements
that make Equations (31) to (34) invariant will also suffice (see Exercise 1.7).

If the constitutive relations appear explicitly in (31) to (34), the rule for
replacements can be altered accordingly. For example, for anisotropic media,
B == ll· Hand D == l . E, a possible set of replacement rules is

E -t H. H -t E. II -t -E, € -t -ll,

M -+ -J, J -t -M, Qrn -+ -(), (} -t -(}m'

For source-free Maxwell's equations, this becomes simply

(1.1.36)

E -t H, H -+ E. ll-t -l, E -+ -ll. (1.1.37)

Even though there is no true magnetic current, one can still speak of
equivalent magnetic current. For instance, a current loop carrying an electric
current generates a field that resembles that of a magnetic dipole. Conse­
quently, in the limit when the electric current loop is very small, it is equiv­
alent to a magnetic dipole. Then, a series of current loops such as a solenoid
or a toroid generates a field similar to that generated by a magnetic current.

§1.2 Scalar Wave Equations

Certain physical phenornena can be described using only the scalar wave
equation, for example, acoustic waves and Schr6dinger waves. In fact, in
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(1.2.3)

(1.2.5)

certain situations, electromagnetic waves can also be described by the scalar
wave equation. Hence, we shall study the scalar wave equation and first
illustrate the derivation of the acoustic wave equation.

§§1.2.1 Acoustic Wave Equation
The acoustic wave equation can be derived based on the conservation of

mass and conservation of momentum. Similar to the conservation of charge
expressed by Equation (1.1.5), the conservation of mass for a fluid can be
written as

8(}
\7 · (ve) + at = 0, (1.2.1)

where (} is the mass density and v is the velocity of the fluid particles. If
no external force is acting on a fluid mass, the conservation law for the i­
th component of the momentum can be written in a manner similar to (I),
giving

8(}v'
\7 · (v eVi) + at t = 0, (1.2.2 )

where Vi is either vx , vy, or Vz • Next, by writing the conservation law for
three components of the momentum simultaneously, we have

8(}v
\7 · evv + at =o.

Now, if an external force density F is applied to the fluid mass, then (3)
becomes

8{]v
\7 . {}VV + 7ft = F. (1.2.4)

Furthermore, by using the conservation of mass equation given by (I), (4)
can be rewritten more simply as (see Exercise 1.8)

o [V ·vv+ ~:] = F.

Force in a fluid sets up a disturbance, giving rise to particle velocity v,
and changes in mass density (} and pressure p. Before proceeding with a
perturbation analysis, we denote the equilibrium quantities by subscript 0,
and the perturbed quantities by subscript 1 as follows:

v(r, t) = VI (r, t),
(}( r , t) = (}o (r) + (}I (r, t),
p(r , t) = Po (r) + PI (r, t),

(1.2.6a)

(1.2.6b)

(1.2.6c)

where we assume Vo = 0, i.e., the fluid particles are at rest before a wave is
established. Next, assuming {l1 « (la, PI « Po, and VI to be a small quantity,
on su bstit uting (6) into (1) yields

8{l1
\7 · (VI{}O) + \7 · (vIed + at = o. (1.2.7)
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Then, keeping only the first order terms (assuming VI0l to be much smaller
than the other terms), we have

B01
V' . Vj 00 + at = o. (1.2.8)

The restoring force in a fluid is provided by the pressure differential set
up in it. Therefore, the force density in (5) can be shown to be (see Exercise
1.8)

F == -\7p == -\7po - \7Pl'

Then, using (6) and (9) in (5), we have

Now, by equating the leading-order term in (10), we have

\7po == 0,

while by keeping the first order term, we have

Bv}
00- == -\7P1'at

(1.2.9)

(1.2.10)

(1.2.11)

(1.2.12)

Equation (11) implies that the pressure has to be uniform in the equilibrium
state. Note that this quiescent pressure need not be a constant in the presence
of a gravitational force. But over a short length-scale, the pressure gradient
induced by gravity can be ignored.

In a compressible fluid, if VI, PI, and 01 are small, and constant entropy
is assumed for adiabatic compression and expansion, they can be further
linearly related as (see Exercise 1.9, see also Pierce 1981)

BPI 2 (B(}I )- + VI . 'Jpo == c - + VI . \7(}o .at at (1.2.13)

(1.2.14)

Next, using (13) in (8), and making use of (11) we have

1 BpI
(20V' . V j + c2 at = O.

Then, after differentiating the above once with respect to t, we obtain

(1.2.15)

Finally, using (12) in (15) yields

(1.2.16)
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(1.2.22)

Equation (16) is a scalar wave equation for acoustic waves in inhomo­
geneous media. In addition, go( r) and c(r) are both functions of position.
Furthermore, in the case of a homogeneous medium where go and c are con­
stants, (16) becomes

1 82

V'2p 1(r, t) - c2 8t 2 P 1(r, t) = 0, (1.2.17)

where c is the velocity of the wave. For a time harmonic field, however, (16)
becomes

goV'· lJo1V'pl (r , w) + k2pl(r ,w) = 0, (1.2.18)

where k = w/ c. The above is the Helmholtz wave equation for inhomogeneous
acoustic media.

§§1.2.2 Scalar ltVave Equation from Electromagnetics
Certain electromagnetic problems can even be described by the scalar

wave equation. For instance, in three dimensions, the vector wave equations
reduce to the scalar wave equations in a homogeneous, isotropic medium.

In a homogeneous, isotropic, and source-free medium, B = J.L Hand D =
f E. Next, after taking the curl of Equation (1.1.12) and substituting it for
V x H from Equation (1.1.13) without the current source, we have

V x V x E(r) - W
2J.L f E(r) = 0, (1.2.19)

which is the vector wave equation for a source-free homogeneous medium.
Moreover, by using the vector identity that \7 x V' x E = V(V . E) - V2E
and that V' . E = 0 for a homogeneous, source-free medium, Equation (19)
becomes

\72E (r ) + k2 E(r) = 0, (1.2.20)

where k2 = W
2/-l f.. In Cartesian coordinates, E(r) = iiE; + yE y + zEz , where

X, y, and z are unit vectors independent of position. Hence, (20) consists of
three scalar wave equations,

(\72 + k2
) 'lj;(r) = 0, (1.2.21)

where 'l/J(r) can be either Ex, Ey , or Ez. [Note that this statement is not
true in cylindrical or spherical coordinates (see Exercise 1.10).] However,
Equation (20) must be solved with V · E = 0 condition before the solution is
also admissible for (19). Hence, only two out of the three equations in (20)
are independent.

The above establishes the wave nature of Maxwell's equations, which
is a consequence of the displacement current term discovered by Maxwell.
Therefore, it is worthwhile to study more extensively the solutions of the
scalar wave equation.

§§1.2.3 Cartesian Coordinates
In Cartesian coordinates, the Laplacian operator in (21) becomes

(
82 82 82 )

8x2 + 8y2 + 8z2 + k
2

'ljJ(r) = O.
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All r on This Plane
Have a Constant Phase

-
r
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Figure 1.2.1 Constant phase front of a plane wave which is perpen­
dicular to k.

Then, 'l/J( r) has the general solution

13

(1.2.23)

where the vector k == xkx + iJk y + zk; is known as the propagation vector,
while the vector r == xx + yy + z z is known as the position vector. Next, after
substituting (23) into (22)~ we have

(1.2.24)

For nontrivial 7j;(r), we require that k2 == k; + k; + k;, which is also known
as the dispersion relation. It implies that the propagation vector k is of a
fixed length, i.e., [k] == k, no matter what direction it is pointing.

Equation (23) denotes mathematically a plane wave propagating in the
k direction. For example, for a plane wave propagating in the x direction,
1jJ(r) == Aeik x and k == xk, a vector pointing in the x direction. More specifi­
cally, the function eik

.r has a constant phase eiks for all r such that k . r == ks.
The locus of the tips of all such rs is a plane perpendicular to k (see Figure
1.2.1 ).

In addition, assuming that E(r) == Eoei k
.r , we can show easily that \7 --+

ike Then, by using this fact in (1g), we have

-k x k x E(r) + k2E(r) == O. (1.2.25)

Dotting the above with k implies that k . E == 0 for all plane waves. Further­
more, for a homogeneous, isotropic and source-free medium, \7 x E == uau H,
implying that k x E == W{l Hand k . H == 0 for plane waves. Therefore, E,
H, and k form a right-handed system: they are mutually orthogonal.
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§§1.2.4 Cylindrical Coordinates
The scalar wave equation in cylindrical coordinates is

(
1 8 8 1 82 82

)
popPop + p2 0¢2 + OZ2 + k

2
'IjJ(r) = O. (1.2.26)

The above partial differential equation can be solved by the separation of
variables. On the other hand, the simple 82/812 and 82 /8z 2 derivatives
imply that the solutions are of the form"

1/;(r) = Fn (p)ein 4>+ik z z , (1.2.27)

where n is an integer since the field has to be 21r periodic in ¢. Then,
substituting (27) into (26) gives rise to

( ~~p~ - n
2

2

+ kp
2

) Fn(p) = 0 (1.2.28)
pdp dp P

where k~ = k2 - k;. Notice that the above is just the Bessel equation with two
linearly independent solutions. Its general solution is a linear superposition
of any two of the following four special functions":

(i) the Bessel function Jn (kpp);

(ii) the Neumann function Nn(kpp);

(iii) the Hankel function of the first kind HA1)(kpp); and

(iv) the Hankel function of the second kind H~2)(kpp).

Since only two of these four special functions are independent, they are
linearly related to each other, i.e.,

or

In(kpp) = ~ [H~l)(kpp) + H~2)(kpp)] ,

Nn(kpp) = ;i [H~l)(kpp) - H~2)(kpp)] ,

H~l)(kpp) = In(kpp) + iNn(kpp),

H~2)(kpp) = In(kpp) - iNn(kpp).

(I.2.29a)

(I.2.29b)

(1.2.29c)

(I.2.29d)

These special functions behave differently around the origin when the
argument kpp ---+ o. For instance, for n = 0, when kpp ---+ 0,

Jo(kpp) rv 1,

2i
Ho(kpp) rv -In(kpp),

1r

(I.2.30a)

(I.2.30b)

4 This form is also obtainable by separation of variables.

5 See Abramowitz and Stegun (1965).
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But for n > 0, when kpp ~ 0,

J (k )
r-v (kpp/2)n

n pP "TL

H(l)(k ) r-v _ i(n - I)! (~)n
n pP k'

1T pP

Nn(kpp) r-;» - (n : I)! (k~P) n

(1.2.31a)

H(2)(k p) '" i(n - I)! (~) n .
n P 1T kpp

(1.2.31b)

(1.2.34)

(1.2.33)

(1.2.32c)

(1.2.32a)

(1.2.32d)

(1.2.32b)

Therefore, only the Bessel function is regular at the origin, while the other
functions are singular.

On the other hand, when kpp ---t 00,

{2 ( n1T 1T)In(kpp) '" Y~ cos kpp - 2 - 4" '

[J; ( n7T 7T)Nn(k p) ~. - sin k P - - - - ,
P 1Tkp(J p 2 4

H~l)(kpp) '" vi k2 ei(kpp-n:t-n,
1T pP

H~2)(k p) '" vi 2 e-i(kpp-~ -~).
p 1Tk pp

Therefore, the Bessel function and the Neumann function are standing waves.
In contrast, H~l)(kpp) is an outgoing wave, whereas H~2)(kpp) is an incoming
wave (assuming e- iwt dependence), when kpp ~ 00. When kpp is real, In(kpp)
and Nn(kpp) are real functions, whereas H~l)(kpp) and H~2)(kpp) are complex

functions. Furthermore, H~l)(kpp) == [H~2)(kpp)]* in this case.

Equation (27) in general represents a cylindrical wave or a conical wave,
since for large p, the wavefront has a cone shape (see Exercise 1.11). When
Fn(p) in (27) is a HA1)(kpp), then

[J; 'nrr 'rr '(n ,+.. ik: 'k)?jJ(r) r-v __e-l,T-l,'4el, PPlfJ+1. zZ+1. pp •

1Tkpp

In the above, p¢ is the arc length in the ¢ direction, and n] P can be thought
of as the ¢ component of the k vector if we compare (33) with (23). Con­
sequently, (33) looks like a plane wave propagating mainly in the direction
k == ik z + pkp , when p ~ 00.

An important recurrence forrnula for solutions of the Bessel equation is
/ T~

Bn(kpp) == Bn-1(kpp) - -Bn(kpp)
kpp

n
== -Bn+1(kpp) + -kBn(kpp),

"pP
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where Bn(kpp) is either In(kpp), Nn(kpp), H~l)(kpp), H~2)(kpp), or a linear
combination thereof.

§§1.2.5 Spherical Coordinates
In spherical coordinates, the scalar wave equation is

[
1 8 2a 1 8. 8 1 82 2]
r2 or r or + r2 sin ()o(} sm ()o(} + r 2sin2 ()o¢y2 + k '1/;( r) = O.

Noting the 82/ 8¢2 derivative, we assume that 'ljJ(r) is of the form

'ljJ(r) = F( r, B)eimcl>.

(1.2.35)

(1.2.36)

(1.2.37)

Then, (35). becomes

[
1 o 2a 1 a. a m2 2]
2!"lr !"l + 2 • B !:lO sin f !:lB - 2' 2 + k F(r, B) = O.
r or or r SIn u urSIn 0

The above can be further simplified by the separation of variables by letting

F(r,O) = bn(kr)P;(cos B), (1.2.38)

where P:;"(cos B) is the associate Legendre polynomial satisfying the equation

{Si~ ():() sin ()~ + [n(n + 1) - Si::()] } P,;,n(cos (}) = O. (1.2.39)

(1.2.41c)

(1.2.41a)

(1.2.41d)

(1.2.41b)

(1) (i ) e
ikr

hI (kr) = - 1 + kr kr'

h(2)(kr) = _ (1 _i-) e-
ik r

,
1 kr kr

. (k ) __ cos kr sin kr
Jl r - kr + (kr)2'

(k )
_ _ sin kr _ cos kr

n1 r - kr (kr)2 .

Therefore, bn (kr) satisfies the equation

[~~r2~ + k2 _ n(n + 1)] bn(kr) = 0, (1.2.40)
r 2dr dr r 2

The above is just the spherical Bessel equation, and b.; (kr) is either the
spherical Bessel function i; (kr ), spherical Neumann function n.;(kr), or the

spherical Hankel functions h~1)(kr) and h~2) (kr).

The spherical functions are related to the cylindrical functions via (see
Exercise 1.12)

bn(kr) = J2~r Bn+~(kr), (1.2.40a)

where i; (kr) is either jn (kr ), n.;(kr ), h~1) (kr ), or h~2) (kr ); while Bn+ ! ( kr) is
2

either I n+1 (kr), Nn +1 (kr), H(1) 1 (kr), or H(2) 1 (kr). More specifically,
2 2 n+2' n+2'

ikr
h(l)(k ) =~

o r ikr 'z r
-ikr

h~2)(kr) = -~k '
z r

. (k ) _ sin kr
Jo r - k;:-'

cos kr
no(kr) =-~'
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Hence, the spherical functions represent spherical waves, which resemble
plane waves when r -+ 00. Moreover, recurrence relations similar to (34)
can be derived for spherical Bessel functions (see Exercise 1.13, also see
Abramowitz and Stegun 1965)

§1.3 Vector Wave Equations
For an inhomogeneous, anisotropic medium, Maxwell's equations with a

fictitious magnetic current density M could be written as

a
V' x E(r, t) = - at li ' H(r, t) - M(r, t),

a
\7 x H'(r , t) == !=} €. E(r, t) + J(r, t).

ut

(1.3.1)

(1.3.2)

Furthermore, if the fields are tirne harmonic, the above equations become

V' x E(r) == iwJi· H(r) - M(r),

V' x H(r) == -iw€· E(r) + J(r).

(1.3.3)

(1.3.4)

Since electromagnetic fields are vector fields, the general wave equation is a
vector wave equation. Hence, we will derive the general, time harmonic form
of the vector wave equation first.

To do so, we take the curl of tt:': (3), and use (4), to obtain

V' X 11- 1 . \7 x E(r) - W
2€ . E(r) == iwJ(r) - \7 x ti:': M(r).

Similarly,

\7 X €-l . \7 x H(r) - w2Ti ' H(r) == iw M(r) + \7 x €-l . J(r).

(1.3.5a)

(1.3.5b)

The above also follows directly frorn the duality principle.

Equations (5a) and (5b) are two vector wave equations governing the so­
lutions of an electromagnetic field in an inhomogeneous, anisotropic medium.
Here, Ji, and € are assumed to be functions of positions; hence, they do not
commute with the \7 operator. Moreover, for time-varying fields, E and H
can be derived from each other; hence, only one of the two Equations (5a)
and (5b) is needed to fully describe electromagnetic fields.

For an inhomogeneous isotropic medium, however, the above equations
reduce to

(1.3.6a)

(1.3.6b)

As mentioned in the preceding paragraph, either one of the above equations
is self-contained. Consequently, all phenomena of electrodynamic fields in



18 PRELIMINARY BACKGROUND

Figure 1.3.1 The solution to a piecewise-constant inhomogeneity can
be obtained by first obtaining the solution in each region, and then
patching the solutions together via boundary conditions.

inhomogeneous media are obtained by studying just one of them. In fact, the
two equations are derivable from each other. Furthermore, since \7 · € · E =
Q and \7 . p, . H = Qm, the three components of E or H are not linearly
independent of each other. Hence, many electromagnetic problems can be
formulated in terms of only two of the six components in E and H.

§§1.3.1 Boundary Conditions

Equation (5a) or (5b) describes all the phenomena of electrodynamic
wave interaction with inhomogeneity. Therefore, either one of them can be
considered as the basic equation rather than Maxwell's equations for electro­
magnetic phenomena. Moreover, what is derivable from Maxwell's equations
is also derivable from the above equations. For instance, when solving prob­
lems involving piecewise-constant inhomogeneities, a common practice is to
obtain first solutions to Maxwell's equations in each region, and later, match
boundary conditions at the interfaces to obtain the solution valid everywhere
(see Figure 1.3.1). We shall show that these boundary conditions can be
derived from either one of the two vector wave equations.

To do so, we integrate (5a) about a small area between the interface of the
two inhomogeneities (see Figure 1.3.2). Then, on invoking Stokes' theorem
for the surface integral of a curl, (5a) becomes

f dl· (jl-l · V' x E) - w2JdS· z E = iwJdS· J - f dl· ti:' · M.
C A A C (1.3.7)

But if M is a current sheet, the last term on the right-hand side of (7) vanishes
because 71- 1 . M = 0 on C.

Consequently, when 8 ~ 0 (see Figure 1.3.2), the area integral on the
left-hand side of the above equation vanishes, because € . E is nonsingular at
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Figure 1.3.2 Derivation of the boundary conditions.

the interface. Moreover, if a current sheet "J s resides at the interface, then J
is singular at the interface, and

Similarly,

bJdS . J = Jdl (n xi· J s).
A a

(1.3.8)

b bf dl· (Ji- l . V x E) = Jdl· (Jill. V x Ed - Jdl· (112- 1
. V x E2),

C a a (1.3.9)

where E I and E2 are the fields and iiI and li2 are the permeability tensors
in the two different regions. This further implies that

(1.3.10)

On noticing that l == (n x l) x ii on the left-hand side, and using the appropriate
vector identity, we have

(1.3.11)

Since \7 x E == iw Ji . H, the above is also the same as

(1.3.12)

which states that the discontinuity in the tangential component of the mag­
netic field is proportional to the electric current sheet J s-

1'0 derive another boundary condition, we rewrite Equation (5a) as

\7 X Ji- 1
. [\7 x E(r) + M(r)] - w2 E' E(r) == iwJ(r). (1.3.13)
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(1.3.15a)

Now, on the right-hand side, if J(r) is a current sheet J s ' it will give rise
to a discontinuity in /l-l . [\7 x E(r) + M). However, ti:' . [\7 x E(r) + M)
must be regular or nonsingular, for if it is singular, its curl will make it
doubly singular, which cannot be cancelled by any other terms in (13). But
if ti:' . [\7 x E(r) + M(r)] is regular, so must \7 x E(r) + M since ti:' is
nonsingular. Therefore, after integrating \7 x E(r) + M over A as in (7) and
letting b --+ 0, we conclude that

it x E 1 - it X E2 = -Ms ' (1.3.14)

where M, is a magnetic current sheet at the interface. Thus, the disconti­
nuity in the tangential component of the electric field is proportional to the
magnetic current sheet Ms.

The boundary conditions (12) and (14) can also be derived more di­
rectly from Maxwell's equations. Though the derivation here is less direct,
it illustrates that these boundary conditions are inherently buried in (5a).
Similarly, they can also be extracted from (5b). In general, boundary con­
ditions are buried in the partial differential equation that governs the field
(see Exercise 1.14). This further reinforces the point that either (5a) or (Sb)
alone is sufficient to describe electrodynamic phenomena in an inhomoge­
neous, anisotropic medium.

§§1.3.2 Reciprocity Theorem
The reciprocity theorem relates in a simple manner the mutual interac­

tions between two groups of sources, under certain conditions on the medium.
Such a medium is then known as a reciprocal medium. We shall show how
such a reciprocity relation can be derived from the vector wave equations.

If there are two groups of sources J 1 , M 1 ; and J 2 , M 2 radiating in an
anisotropic, inhomogeneous medium, where J 1, M 1 produces the field E1 ,

and J 2 , M 2 produces the field E2, the vector wave equations that E1 and E2

satisfy are then
r7 --1 r7 E 2 - E . J r7 --1 Mv x J.-l • v X 1 - W €. 1 = ZW 1 - v x J.-l • 1,

and

\7 X ti:' · \7 X E2 - w2 €. E2 = iw J 2 - \7 X ti:' · M 2 • (1.3.15b)

Next, by dotting (15a) by E 2 and integrating over volume, we obtain

iw(E2 , J 1 ) - (E 2 , \7 X ll-l. M 1 )

= (E2, \7 X ti:' . \7 x E 1) - w2(E2 , €. E1) ,

(1.3.16a)

where the reaction or the inner product (A, B) = J drA · B (Rumsey 19S4).
By the same token, from (ISb),

iw(E1 , J 2 ) - (E 1 , \7 X ti:' · M 2 )

= (E1, \7 X ti:' . \7 x E2) - w2 (E1, €. E2) .

(1.3.16b)
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Figure 1.3.3 Derivation of the reciprocity relation.
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The second terms on the right-hand side of (16a) and (16b) are equal if
"€ == "€t. It is unclear if the first terms on the right-hand side of (16a) and
(16b) are the same, but they are of the form

(E i , \7 x ti:': \7 x E j ) = Jdr E i . \7 X u:': \7 x E j . (1.3.17)

v'

The above can be rewritten using the vector identity \7 . (A x B) == B . \7 x
A - A . \7 x B and Gauss' theorem":

(E;, \7 x ti:': \7 x E j ) =Jdr (\7 x E i ) . ti:': (\7 x E j )

v

+ JdS n . tti:': \7 x E j ) X E i ,

5 (1.3.18)

where V and 5 are volume and surface respectively, tending to infinity (see
Figure 1.3.3). Note that now, the first term on the right-hand side of (18) is
symmetric about E, and E, if Ii == ti',

To show the symrnetry of the second term, however, more manipulation
is needed as follows: When 5 ~ CX)~ it is reasonable to assume that 11 is
isotropic and homogeneous. Furthermore, the fields, which are produced by
sources of finite extent. become plane waves in the far field. Hence, \7 ~ ik,
which is the case for plane waves. Consequently,

(71-1
. \7 x E j ) X E, == il-lo

1(k x E j ) X E, == -il-lo1k(Ei . E j ) . (1.3.19)

In arriving at the above, we have used k . E, == 0 because of the plane-wave
assumption. In this manner, the surface integral in (18) is symmetric about
E i and E j .

6 This manipulation is also referred to as integration by parts. It is the generalization of
integration by parts in one dimension to higher dimensions and vector fields.
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From the above, the right-hand sides of (16a) and (16b) are equal only if

(1.3.20)

i.e., when II and € are symmetric tensors. Consequently, Equation (20) im­
plies that

iw(E2 , J 1) - (E2 , \7 X ti:' · M 1) = iw(E 1, J 2 ) - (E 1, \7 X Ji- 1
. M 2 ) .

(1.3.21)

Moreover, using the vector identity used for Equation (18)~ we can show that

(E2 , V7 x ti:' -M i ) =Jdr(V7 x E2 ) · ti:' . M i = iw JdrH2 · M i -

v v (1.3.22)

The last equality follows because Ji = lit. Hence, (21) is identical to

(1.3.23)

which is the reciprocal theorem. Note that the above describes a mutually
reciprocal relationship.

One side of Equation (23) describes the mutual interaction between the
field of one group of sources with another group of sources. This mutual in­
teraction is only reciprocal if the medium satisfies the conditions of Equation
(20). A medium for which conditions given by Equation (20) hold, implying
the reciprocal relationship (23), is known as a reciprocal medium. We shall
see later that the reciprocal nature of (23) is due to the symmetric nature of
the vector wave Equation (15). Scalar wave equations with similar symmetry
also have an analogous reciprocal relation (see Exercise 1.14).

The reaction (Ei, J j ) and (Hi, Mj) can be thought of as generalized mea­
surements. Physically, Equation (23) states that the field resulting from J 1,

M 1 measured by J 2 , M 2 is the same as the field resulting from J 2 , M 2 mea­
sured by J 1, MI' Examples of reciprocal media are free-space and lossy
media-a medium can be lossy and still be reciprocal! Examples of nonre­
ciprocal media are plasma and ferrite media biased by a magnetic field.

§§1.3.3 Plane Wave in Homogeneous, Anisotropic Media
A plane wave is the simplest of the wave solutions. All wave types can

be expanded in terms of plane waves as shall be shown later in Chapter
2. Therefore, we shall look for a plane-wave solution in a homogeneous,
anisotropic and source-free rnedium. In such a medium, the vector wave
equation from (5a) is

(1.3.24)

To look for a plane-wave solution to (24), we assume E to be of the form

(1.3.25)
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where k is the k vector denoting the direction of propagation of the plane
wave. Then, substituting (25) into (24) yields

(1.3.26)

Next, k x Eo can be written as kK . Eo where K is a tensor:

(1.3.27)

which is an antisymmetric matrix in Cartesian coordinates (see Appendix B
for a review of tensors). Moreover, we can write the Cartesian components
of k in terms of direction cosines to obtain

[

0 - cos f)

k K (e, ¢) == k cos () 0
- sin esin ¢ sin ecos q)

sin esin ¢ ]
- sin () cos ¢ ,

o
(1.3.28)

where k, which is yet to be found, is the length of the k vector. Alternatively,
Equation (26) can be written as

where

(1.3.29)

Do == E' Eo· (1.3.29a)

F(e, ¢) is only a function of angles and tensors 71 and E. Notice that for a
plane-wave solution propagating in a fixed direction, F( e, ¢) is a constant
matrix.

Equation (29) corresponds to an eigenvalue problem where w 2 / k 2 is the
eigenvalue and Do is the eigenvector. Since F is a 3 x 3 matrix, we expect the
above equations to have three eigenvalues and three eigenvectors. However,
from the \7 . D == 0 condition, k . D == O. This can also be seen by dotting
Equation (26) with k and noting that k . k x A == O. Therefore, only two out
of three components of the electric flux D are independent, implying that
only t\VO equations in (29) are independent. Consequently, it will only yield
two eigenvalues and two eigenvectors. This can be shown easily by expressing
the field and the tensors in a coordinate system where the z axis corresponds
to the k direction of the k vector (see Exercise 1.15). Hence, the general wave
solution to (24) is of the form

2

E - a e e'ik 1 T + a e i k 2 ,r - '"""" a,e 'eikj"r
- 1 1 '2 2 e - ~ ] ] '

j=l

(1.3.30)

where k , == kjk, kj is derived frorn the j-th eigenvalue, and ej is derived from
the j-th eigenvector of (29). Because k is different for the two waves, they
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k

e,

Figure 1.3.4 The electric field vectors and the k vector in an isotropic
medium.

have k vectors of different lengths. Moreover, since the phase velocity for a
plane wave is defined by vp == w / k, the phase velocities for the two waves
will be different. These two waves are generally known as type I and type II
waves. Furthermore, their corresponding magnetic field can easily be derived
to be

2 2

H = I:aj(w/i)-l · k, x ejeikj"r = I: ajhjeikj"r.
j=l j=l

(1.3.31)

Note that since F is a function of angles, the eigenvalues kj or the lengths
of the k, vectors change as a function of angle, i.e., k j ( () , ¢). Therefore, the
phase velocity in an anisotropic medium is also a function of angles for each
of the two types of waves. With kj changing as a function of angles, ej also
changes as a function of angles. Furthermore, since \7 . E=/::O in general,
k . E =1= 0 for anisotropic media, unlike the case for isotropic media.

For a homogeneous, isotropic medium, the eigenvalues are degenerate
where k j == wy1i€ and k j . ej = 0 for j == 1,2. The eigenvectors of (29) then
are any two linearly independent vectors e1 and e2 that are orthogonal to
k (Figure 1.3.4). Moreover, el and ez can also be made orthogonal to each
other without loss of generality. The general solution then becomes

E == al(k x c)ei k or + a2(k x k x c)e i k
.
r

, (1.3.32)

where c is an arbitrary constant vector. For instance, if c == z which points
upward, then the above two waves correspond to a horizontal polarization
and a vertical polarization. The first corresponds to a transverse electric
(TE) to z wave while the second corresponds to a transverse magnetic (TlVI)
to z wave.

§§1.3.4 Green's Function
The Green's function of a wave equation is the solution of the wave equa­

tion for a point source. And when the solution to the wave equation due to a
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Figure 1.3.5 The radiation of a source s(r) in a volume V.

point source is known, the solution due to a general source can be obtained
by the principle of linear superposition (see Figure 1.3.5). This is merely a
result of the linearity of the wave equation, and that a general source is just
a linear superposition of point sources.

For example, to obtain the solution to the scalar wave equation in V in
Figure 1.3.5~

(1.3.33)

we first seek the Green's function in the same V, which is the solution to the
following equation:

(\72 + k2
) g(r, r') == -b(r - r'). (1.3.34)

Given 9 (r , r'), 1/J (r) can be found easily fron the principle of linear superposi­
tion, since g(r, r') is the solution to (33) with a point source on the right-hand
side. To see this more clearly, note that an arbitrary source s(r) is just

s(r) = .I dr's(r') b(r - r'). (1.3.35)

which is actually a linear superposition of point sources in mathematical
terms. Consequently, the solution to (33) is just

1jJ(r) = - Jdr'g(r, r') s(r'),

v

(1.3.36)

which is an integral linear superposition of the solution of (34). Moreover, it
can be seen that g(r, r') == g(r', r) from reciprocity irrespective of the shape
of V (see Exercises 1.14, 1.17).
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To find the solution of Equation (34) for an unbounded, homogeneous
medium, one solves it in spherical coordinates with the origin at r'. By so
doing, (34) becomes

(\72 + k2
) g(r) = -b(r) = -b(x) b(y) b(z). (1.3.37)

But due to the spherical symmetry of a point source, g(r) must also be spher­
ically symmetric. Then, for r =1= 0, the homogeneous, spherically symmetric
solution to (37) is given by

eikr e- ikr

g(r) =C- + D-.
r r

(1.3.38)

Since sources are absent at infinity, physical grounds then imply that only an
outgoing solution can exist; hence,

eikr

g(r) = C-.
r

(1.3.39)

The constant C is found by matching the singularities at the origin on both
sides of (37). To do this, we substitute (39) into (37) and integrate Equation
(37) over a small volume about the origin to yield

J Ceikr J Ce ikr

dV \7. \7-r- + dVk2
-

r
- = -1.

6V 6V

(1.3.40)

Note that the second integral vanishes when 6V -+ 0, because dV = 41rr2dr.

Moreover, the first integral in (40) can be converted into a surface integral
using Gauss' theorem to obtain

d eik r

lim41rr 2
-
d
C- = -1,

r-+O r r
(1.3.41)

or C = 1/41r.

The solution to (34) must depend only on [r - r'[. Therefore, in general,

eiklr-r'l

g(r,r') = g(r - r') = I I'
41r r - r'

(1.3.42)

(1.3.43)

implying that g(r, r') is translationally invariant for unbounded, homogeneous
media. Consequently, the solution to (33), from Equation (36), is then

J
eikjr-r'l

1/J (r) = - dr' I I S ( r') .
41r r - r'

v

The Green's function for the scalar wave equation could be used to find
the dyadic Green's function for the vector wave equation in a homogeneous,
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isotropic medium. First, notice that the vector wave equation in a homoge­
neous, isotropic medium is

Vi' x Vi' x E( r) - k2 E( r) == iwfL J (r). (1.3.44)

(1.3.45)

Then, by using the fact that \7 x \7 x E = - \72E + ~\7 . E and that \7 . E ==
O/E = \7. J/iWE, which follows from the continuity equation, we can rewrite
(44) as

V' 2E (r ) + k2E(r) = -iWfl [I + ~;] . J(r),

where I is an identity operator. In Cartesian coordinates, there are actually
three scalar wave equations embedded in the above vector equation, each of
which can be solved easily in the rnanner of Equation (36). Consequently,

E(r) = iWJL.I dr'g(r' - r) [I + V'~;'] .J(r')

v

(1.3.46)

where g(r' - r) is the unbounded medium scalar Green's function. Moreover,
by using the vector identities" \7gf == f\7g+g\7 f and \7·gF = g\7·F+(V'g)·F,
it can be shown that

Jdr'g(r' - r)V" f(r') = - Jdr' [V"g(r' - r)]f(r'),

v v

and

.I dr' [V"g(r' - r)]V" . J(r') = - .I dr' J(r') . V"V"g(r' - r).

v v

Hence, Equation (46) can be rewritten as

E(r) = iW1L.I dr' J(r') . [1 + V'~;'] g(r' - r).

v

(1.3.47)

(1.3.48)

(1.3.49)

It can also be derived using scalar and vector potentials (see Exercise 1.16
and Chapter 7).

Alternatively, Equation (49) can be written as

E(r) = iciu Jdr' J(r') . Ge(r', r),

v

(1.3.50)

7 The first identity is the same as the second identity if we think of F(r) = af(r) where
a is an arbitrary constant vector. Since a is an arbitrary constant vector, we can cancel
it from both sides of the equation to obtain the first identity.
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- [- '1''1']Ge(r',r) = 1+ k2 g(r' - r) (1.3.51)

is a dyad known as the dyadic Green's function for the electric field in an
unbounded, homogeneous medium. (A dyad is a 3 x 3 matrix that transforms
a vector to a vector. It is also a second rank tensor. See Appendix B for
details. ) Even though (50) is established for an unbounded, homogeneous
medium, such a general relationship also exists in a bounded, homogeneous
medium. It could easily be shown from reciprocity that

where

(J 1 ( r ), G e ( r , r'), J 2 ( r')) = (J2 ( r' ), G e ( r' , r ), J 1 ( r ))

= (J1 ( r ), G: (r' , r ), J 2 ( r') ) ,
(1.3.52)

(J i ( r'), G e ( r' , r ), J j ( r )) =JJdr'dr J i ( r') . G e ( r' , r) · J j ( r ),
v v (1.3.52a)

is the reaction between J i and the electric field produced by J i: Notice that
the above implies that"

-t -
G e (r', r) = Ge(r, r').

Then, by taking its transpose, (50) becomes

E(r) = iWfJ-Jdr' Ge(r, r') · J(r').
v

(1.3.52b)

(1.3.53)

Alternatively, the dyadic Green's function for an unbounded, homoge­
neous medium can also be written as

Ge(r,r') = k~ [V' x V' x Ig(r - r') - 16(r - r')).

By substituting (53) back into (44) and writing

J(r) = Jdr'I6(r - r')· J(r'),

we can show quite easily that

\7 x V7 x Ge(r, r') - k2 Ge(r, r') = I8(r - r').

(1.3.54)

(1.3.55)

(1.3.56)

Equation (50) or (53), due to the \7\7 operator inside the integration
operating on g(r - r'), has a singularity of l/lr - r,/3 when r ---t r'. Conse­
quently, it has to be redefined in this case for it does not converge uniformly,

8 Similar relations also hold for scalar wave equation (see Exercise 1.17).
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specifically, when r is also in the source region occupied by J (r). Hence, at
this point, the evaluation of Equation (53) in a source region is undefined.
This singular nature of the dyadic Green's function will be addressed later in
Chapter 7.

§1.4 Huygens' Principle

Huygens' principle shows how a wave field on a surface S determines the
wave field off the surface S. This concept can be expressed mathematically
for both scalar and vector waves. We shall first discuss the scalar wave case
first, followed by the electromagnetic wave case.

§§1.4.1 Scalar Waves

For a 'ljJ (r) that satisfies the scalar wave equation

the corresponding scalar Green's function 9 (r, r') satisfies

(\72 + k2
) g(r, r') == -b(r - r').

(1.4.1)

(1.4.2)

Next, on multiplying (1) by g(r, r') and (2) by 'ljJ(r), subtracting the resultant
equations and integrating over a volume containing r', we have

Jdr [g (r , r') \721jJ (r) - 1jJ (r )\729 (r , r') J = 1jJ (r' ).

v

(1.4.3)

Since g~2'ljJ - 'i/J~2g == \7 . (g\7'lj) - 'i/J\7g) , the left-hand side of (3) can be
rewritten using Gauss' divergence theorem, giving''

1jJ (r') = f dS n . [g (r \ r') \71jJ (r) - 1jJ (r )\79(r , r') J,
s

(1.4.4)

where S is the surface bounding V. The above is the mathematical expression
that once 'lj)(r) and n' \7'ljJ(r) are known on S, then 'l/J(r') away from S could
be found.

If the volurne V is bounded by S and Sin! as shown in Figure 1.4.1, then
the surface integral in (4) should include an integral over Sin!' But when
Sin! ~ 00, all fields look like plane wave. and \7 ~ fik on Sin!' Furtherrnore,

g(r - r') ~ O(l/r),lO when r ~ oo, and 'lj)(r) rv O(l/r), when r ~ 00, if'l/J(r)
is due to a source of finite extent. Then, the integral over Sin! in (4) vanishes,

9 The equivalence of the volume integral in (3) to the surface integral in (4) is also known
as Green's theorem.

10 The symbol "0" means "of the order."
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Figure 1.4.1 The geometry for the derivation of Huygens' principle.

and (4) is valid for the case shown in Figure 1.4.1 as well. Here, the field
outside S at r' is expressible in terms of the field on S.

Notice that in deriving (4), 9(r , r') has only to satisfy (2) for both rand r'
in V but no boundary condition has yet been imposed on g(r, r'). Therefore,
if we further require that g(r, r') = 0 for rES, then (4) becomes

'lj;(r') = - f dS'lj;(r)n· \7g(r,r').

s

(1.4.5)

On the other hand, if require additionally that g(r, r') satisfies (2) with the
boundary condition n· V'g(r, r') = 0 for rES, then (4) becomes

'lj;(r') =f dS g(r, r') ii · \7'lj;(r).

s

(1.4.6)

Equations (4), (5), and (6) are various forms of Huygens' principle de­
pending on the definition of g(r, r'). Equations (5) and (6) stipulate that
only 'l/J( r) or n·V''l/J( r) need be known on the surface S in order to determine
'ljJ(r'). (Note that in the above derivation, k2 could be a function of position
as well.)
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§§1.4.2 Electromagnetic Waves

In a source-free region, an electromagnetic wave satisfies the vector wave
equation

v x V x E(r) - k2E(r) == O.

Moreover, the dyadic Green's function satisfies the equation

\l x \7 x Ge(r, r') - k2 Ge(r, r') == I8(r - r').

(1.4.7)

(1.4.8)

(1.4.12)

Then, after post-multiplying (7) by Ge(r, r'), pre-multiplying (8) by E(r),
subtracting the resultant equations and integrating the difference over volume
V, we have

E(r') = JdV [E(r) . \7 x \7 x Ge(r, r') + \7 x \7 x E(r) . Ge(r, r')] .
v (1.4.9)

Next, using the vector identity that 11

- V· [E(r) x \7 x Ge(r,r') + V x E(r) x Ge(r,r')]

== E(r) . \7 x V x Ge(r, r') - \7 x \7 x E(r) . Ge(r, r'),

(1.4.10)

Equation (9), with the help of Gauss' divergence theorem, can be written as

E(r') = - f d.S ii . [E(r) x \7 x Ge(r, r') + \7 x E(r) x Ge(r, r')]

5

= - f d.S [n x E(r) . \7 x Ge(r, r') + iWf-Ln x H(r) . Ge(r, r')] .
s (1.4.11)

The above is just the vector analogue of (4). Again, notice that (11) is
derived via the use of (8), but no boundary condition has yet been imposed
on Ge(r, r') on S. Now, if we require that n x Ge(r, r') == 0 for r E 5, then
(11) becomes

E(r') = - f dStL x E(r)· \7 x Ge(r,r'),

s

for it could be shown that n x H . G e == H . n, x G e implying that the second
term in (11) is zero. On the other hand, if we require that nx \7 x G e (r, r') == 0
for rES, then (11) becomes

E(r') = -iWll f dS ii x H(r) . Ge(r, r').

s

(1.4.13)

11 This identity can be established by using the identity \7. (A x B) == B· \7 x A - A· \7 x B.
The equality of the volume integral in (9) to the surface integral in (11) is also known
as vector Green's theorem.
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Equations (12) and (13) state that E(r/) is determined if either it x E(r) or
n x H(r) is specified on S.

It can be shown from reciprocity that (Exercise 1.18)

[ G e(r, r")t = Ge(r/, r), (1.4. 14a)

[V x Ge(r, r/)t = V/ X Gm(r/, r), (1.4.14b)

where Gm(r, r') is the dyadic Green's function for magnetic field, and Ge(r, r')
is the dyadic Green's function for electric field. Then, by taking its transpose,
Equation (11) becomes

E(r/) = -V/ x f dSGm(r/,r). ii x E(r) - iWI1 f dSGe(r/,r)· ii x H(r).
s s (1.4.15)

Moreover, Equation (12) then becomes

E(r/) = -V/ x f dSGm(r/,r)· ii x E(r),

s

while Equation (13) becomes

E(r/) = -iwp. f dS Ge(r/, r) . ii x H(r).

s

(1.4.16)

(1.4.17)

The dyadic Green's functions in (12), (13), (16), and (17) are for a closed
cavity since boundary conditions are imposed on S for them. But the dyadic
Green's function for an unbounded, homogeneous medium can be written as

- 1 - -
G(r,r/) = k

2[V
x V x Ig(r - r) - I8(r - r/)], (1.4.18)

\7 x G(r,r') = \7 x Ig(r - r'}, (1.4.19)

Also, for unbounded homogeneous medium, Ge(r, r") == Gm(r, r'). Then, (15)
becomes

E(r/) = - V/ XfdBg(r - r") ii x E(r) +~V/ X V/ Xfas g(r - r") ii x H(r).
s 'tWE s (1.4.20)

The above can be applied to the geometry in Figure 1.4.1 where r' is enclosed
in S and Sin!. However, the integral over Sin! vanishes by virtue of the
radiation condition as for (4). Then, (20) relates the field outside S at r' in
terms of only the field on S.

§1.5 Uniqueness Theorem

The uniqueness theorem provides conditions under which the solution
to the wave equation is unique. This is especially important because the
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solutions to a problem should not be indeterminate. These conditions under
which a solution to a wave equation is unique are the boundary conditions
and the radiation condition. Uniqueness also allows one to construct solutions
by inspections; if a candidate solution satisfies the conditions of uniqueness,
it is the unique solution. Because of its simplicity, the scalar wave equation
shall be examined first for greater insight into this problem.

§§1.5.1 Scalar Wave Equation
Given a scalar wave equation with a source term on the right-hand side,

we shall derive the conditions under which a solution is unique. First, assume
that there are two different solutions to the scalar wave equation, namely,

[\72 + k2(r )] ¢l(r) == s(r),

[\72+ k2(r )] ¢2(r) == s(r),

(1.5.1a)

(1.5.1b)

where k2(r ) includes inhomogeneities of finite extent. Then, on subtracting
the two equations, we have

(1.5.2)

where b¢(r) == ¢l(r) - ¢2(r). Note that the solution is unique if and only if
8¢ == 0 for all r.

Then, after multiplying (2) by 6¢*, integrating over volume, and using
the vector identity \7 . 1/J A == A . \l1/J + 1/J \7 . A, we have

Jit· (6¢/\J6</J)dS - J1\J6</J12dV + Je16</J12dV = 0,

S v v

(1.5.3)

where ii is a unit normal to the surface S. Then, the imaginary part of the
above equation is

':SmJit· (b</J*\Jb</J) dS +J':Sm(k2)lb</J12dV = 0.

5 V

Hence, if ~m[k2(r)] =I 0 in V, and

(i) 8¢ == 0 or ii- \lb¢ == 0 on 5, or

(ii) 8¢ == 0 on part of 5 and ii . \l8¢ == 0 on the rest of 5,

then

(1.5.4)

(1.5.5)J~m[k2(r)]16</J12dV = 0.

v

Since Ib¢1 2 is positive definite for b¢ =1= 0, and ~m(k2) =1= 0 in V,12 the above
is only possible if 8¢ == 0 everywhere inside V.

12 More specifically, ~m[k2(r)] > 0, V rEV, or SSm[k2(r)] < 0, V rEV.
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Therefore, in order to guarantee uniqueness, so that cPl = cP2 in V, either

(i) ¢1 = ¢2 on S or n.V'¢1 = n. V'¢2 on S, or

(ii) cPl = cP2 on one part of S, and n·V'cPl = n· \1¢2 on the rest of S.

The specification of 4> on S is also known as the Dirichlet boundary condition,
while the specification of ii- \74>, namely, the normal derivative, is also known
as the Neumann boundary condition. In words, the uniqueness theorem
says that if two solutions satisfy the same Dirichlet or Neumann boundary
condition or a mixture thereof on S, the two solutions must be identical.

When ~m(k2) = 0, Le., when k2 is real, the condition 84> = 0 or n· \18¢ =
oon S in (3) does not necessarily lead to 84> = 0 in V, or uniqueness. The
reason is that solutions for b¢ = ¢I - ¢2 where

J1\784>12 dV = Jk2184>12 dV (1.5.6)
v v

can exist. These are the resonance solutions in the volume V (see Exercise
1.19). These resonance solutions are the homogeneous solutionsl" to the wave
Equation (1) at the real resonance frequencies of the volume V. Because
the medium is lossless, they are time harmonic solutions which satisfies the
boundary conditions, and hence, can be added to the particular solution of
(1). In fact, the particular solution usually becomes infinite at these resonance
frequencies if S(r) :f; O.

Equation (6) implies the balance of two energies. In the case of acoustic
waves, for example, it represents the balance of the kinetic energy and the
potential energy in a volume V.

When ~m(k2) =1= 0, however, the resonance solutions of the volume V
are exponentially decaying with time for a lossy medium [~m(k2) > 0], and
they are exponentially growing with time for an active medium [~m(k2) < OJ.
But if only time harmonic solutions ¢1 and 4>2 are permitted in (1), these
resonance solutions are automatically eliminated from the class of permissible
solutions. Hence, for a lossy medium [~m(k2) > 0] or an active medium
[~m(k2) < 0], the uniqueness of the solution is guaranteed if we consider
only time harmonic solutions, namely, two solutions will be identical if they
have the same boundary conditions for ¢ and it· \1¢ on 8. 14

When S --+ 00 or V --+ 00, the number of resonance frequencies of V be­
comes denser. In fact, when 8 --+ 00, the resonance frequencies of V become a

13 "Homogeneous solutions" is a mathematical parlance for solutions to (1) without the
source term.

14 The nonuniqueness associated with the resonance solution for a lossless medium can be
eliminated if we consider time domain solutions. In the time domain, we can set up an
initial value problem in time, e.g., by requiring all fields be zero for t < 0; thus, the
nonuniqueness problem can be removed via the causality requirement. The resonance
solution, being time harmonic, is noncausal.
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continuum irnplying that any real frequency could be the resonant frequency
of V. Hence, if the medium is lossless, the uniqueness of the solution is not
guaranteed at any frequency, even appropriate boundary conditions on S at
infinity, as a result of the presence of the continuum of resonance frequen­
cies. One remedy then is to introduce a small loss. With this small loss
[~m(k) > OJ, the solution is either exponentially small when r ~ 00 (if a
solution corresponds to an outgoing wave, eikr

) , or exponentially large when
r ---f 00 (if a solution corresponds to an incoming wave, e- ikr ) . Now, if the
solution is exponentially small, namely, keeping only the outgoing wave solu­
tions, it is clear that the surface integral term in (4) vanishes when S ---f 00,

and the uniqueness of the solution is guaranteed. This manner of imposing
the outgoing wave condition at infinity is also known as the Sommerfeld
radiation condition (Sommerfeld 1949, p. 188). This radiation condition
can be used in the limit of a vanishing loss for an unbounded medium to
guarantee uniqueness.

§§1.5.2 Vector Wave Equation

Similar to the uniqueness conditions for the scalar wave equation, analo­
gous conditions for the vector wave equation can also be derived. First, as­
sume that there are two different solutions to a vector wave Equation (1.3.5),
i.e.,

\7 X 71- 1
. \7 x E 1(r ) - W

2{. E1(r) = S(r),

\7 x 71- 1
. \7 X E 2(r) - w2

( . E 2(r) = S(r ),

(1.5.7a)

(1.5. 7b)

where S(r) == iw J(r) - \7 x Ti- 1
. M(r) corresponds to a source of finite

extent. Similarly, ]l and € correspond to an inhomogeneity of finite extent.
Subtracting (7a) from (7b) then yields

(1.5.8)

where bE = E 1 - E 2 . The solution is unique if and only if 8E == O. Next,
on multiplying the above by 8E* ~ integrating over volume V, and using the
vector identity A· \7 x B == -\7 . (A x B) + B· \7 x A, we have

-Jn· (bE' x Ji- I
. \7 x bE) dB +J\7 x bE' . Ji- I

. \7 x bEdV

5 v

- w2 JbE' . € · bE dV = O.
v (1.5.9)

Since \7 x bE = iw 71' bH, the above can be rewritten as

iw Jn' (bE' x bH) ss+ w2 J(bH' . Jit · bH - bE' . €. bE) dV = O.
s v (1.5.10)
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Then, taking the imaginary part of (10) yields

~m {iW!n' (t5E* x t5H) as }

iw
2 J- 2 [t5H*· Cjit - Ji) · t5H + t5E* · (It - l) · t5E] dV = O.

v (1.5.11)

But if the medium is not lossless (either lossy or active), then lit f:. Jl
and Et f:. E [see (1.1.2b)J, and the second integral in (11) may not be zero.
Moreover, if

(i) it x 8E = 0 or it x 8H = 0 on 5, or

(ii) it x 8E = 0 on one part of 5 and it x bH = 0 on the rest of S,

the first integral in (11) vanishes. In this case,

w
2 J"2 [t5H*· i(JLt - JL) · t5H + t5E* · i(lt - l) · t5E] dV = O.

v

(1.5.12)

In the above, i(p} - li) and i(e t - €) are Hermitian matrices. Moreover,
the integrand will be positive definite if both II and € are lossy, and the
integrand will be negative definite if both li and € are active (see Subsection
1.1.5). Hence, the only way for (12) to be satisfied is for bE = 0 and bH = 0,
or that EI = E 2 and HI = H 2 , implying uniqueness.

Consequently, in order for uniqueness to be guaranteed, either

(i) it x E I = ii x E2 on 5 or it x HI = it X H 2 on 5, or

(ii) it x EI = it X E 2 on a part of 5 while n x HI = n x H 2 on the rest
of S.

In other words, if two solutions satisfy the same boundary conditions for
tangential E or tangential H, or a mixture thereof on 5, the two solutions
must be identical.

Again, the requirement for a nonlossless condition is to eliminate the real
resonance solutions which could otherwise be time harmonic, homogeneous
solutions to (7) satisfying the boundary conditions. For example, if the ap­
propriate boundary conditions for 8E and 8H are imposed so that the first
term of (10) is zero, then

J(t5H* · Jit · t5H - 8E* ·l· bE) dV = O.
v

(1.5.13)

The above does not imply that bE or bH equals zero, because at resonances, a
perfect balance between the energy stored in the electric field and the energy
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stored in the magnetic field is maintained. As a result, the left-hand side of
the above could vanish without having bE and bR be zero, which is necessary
for uniqueness. But away from the resonances of the volume V, the energy
stored in the electric field is not equal to that stored in the magnetic field.
Hence, in order for (13) to be satisfied, bE and bH have to be zero since
each term in (13) is positive definite for loss less media due to the Hermitian
nature of Jl and E.

When V -+ 00, as in the scalar wave equation case, some loss has to be
imposed to guarantee uniqueness. This is the same as requiring the wave to
be outgoing at infinity, namely, the radiation condition. Again, the radiation
condition can be irnposed for an unbounded medium with vanishing loss to
guarantee uniqueness.

Exercises for Chapter 1

1.1 Show that Equations (1.1.12) to (1.1.15) can also be obtained from Equa­
tions (1.1.1) to (1.1.4) by Fourier transforms. In this case, we define a

oc

fieldA(r,t)== J dwe-iwtA(r,w).
-00

1.2 (a) The fundamental uni ts in electromagnetics can be considered to be
meter, kilogram, second, and coulomb. Show that 1 volt, which is 1
watt/amp, has the dimension of (kilogram meter2)/(coulomb sec").

(b) From Maxwell's equations, show that flo has the dimension of (second
volt)/(meter amp), and hence, its dimension is (kilogram meter)/
(coulomb/] in the more fundamental units.

(c) If we assign the value of I~o to be 47r instead of 47r x 10-7 , what would
be the unit of coulomb in this new assignment compared to the old
unit? What would be the present value of 1 volt and 1 amp in this
new assignment?

1.3 Show that for two time harmonic functions,

(A(r, t), B(r, t)) = ~ ~e[A(r)B*(r)J,
2

where A(r) and B(r) are the phasors of A(r, t) and B(r, t).

1.4 By putting an electrostatic field next to a magnetostatic field, show that
E x H is not zero, but the quantity cannot possibly correspond to power
flow.

1.5 Assume that a voltage is time harmonic, i.e., V(t) = Vocoswt, and that
a current I(t) = II coswt + I Q sinwt, i.e., it consists of an in-phase and a
quadrature component.

(a) Find the instantaneous power due to this voltage and current, namely,
V(t)I(t).
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(b) Find the phasor representations of the voltage and current and the
complex power due to this voltage and current.

(c) Establish a relationship between the real part and reactive part of the
complex power to the instantaneous power.

(d) Show that the reactive power is due to the quadrature component of
the current, which is related to a time-varying part of the instanta­
neous power with zero-time average.

1.6 Show that the matrices i(71t - Ji) and i(et - e) are either zero, positive,
or negative definite. Explain the physical interpretation of each case.

1.7 Find another set of replacement rules different from Equation (1.1.36)
that will leave Maxwell's equations invariant.

1.8 (a) Derive Equation (1.2.5).

(b) In one dimension, a pressure gradient p(x) (force/unit area) is es­
tablished. Show that the force on an elemental sheet between x and
x+~x is (P(x)-p(x+~x )]A where A is the area of the elemental sheet.
Hence, show that the force per unit volume is [P(x) - p(x + ~x)]/~x,

implying that the force density F; = -{}p/{}x.

(c) Apply the same derivation to a cube and show that F = -YIp.

1.9 (a) In hydrodynamic problems, it is easier to formulate a concept if one
moves with the particles in a fluid. For example, if the density is
described by g(r, t), in the coordinate system which moves with a
fluid particle, then r(t) is a function of time as well. Consequently,
the total change in density in the neighborhood of the particle that
one observes is affected by r being a function of t as well. This total
change of g with respect to t is usually denoted gt g(r, t). Show that

D ag
Dt Q(r, t) = ot + v · \7 Q.

(b) The pressure in a fluid is a function of both the density g and entropy
S, i.e., p(g, B). If one follows a fluid particle's motion, the entropy in
the vicinity of the fluid particle is constant. This can be denoted by
~~ = O. From this, deduce that

Dp {}pDe {}p DB
Dt = oQ Dt + oS Dt

and then
op op [Og ]- + v· \lp = - - + v· \lg .ot ag at

Hence, derive Equation (1.2.13).

1.10 Explain why Equation (1.2.20) is not equivalent to three scalar wave
equations if E is decomposed into three components not in the Cartesian
coordinates.
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1.11 Sketch the wavefront of Equation (1.2.33) in three dimensions and ex­
plain why it is called a conical wave,

1.12 Using Equations (1.2.28) and (1.2.40), establish the relationship in
Equation (1.2.40a).

1.13 Show that a recurrence relationship similar to (1.2.34) for the solutions
of (1.2.40) is

1.14 For a scalar wave equation, \7 . p-l(r)\1¢(r) + k2¢(r ) == s(r):

(a) What is the boundary conclition at an interface where p is discontin­
uous?

(b) Show that a reciprocal relationship (¢l(r), s2(r)) == (¢2(r), sl(r)) ex­
ists.

1.15 By considering the case \v here k is pointing in the z direction, prove
that Equation (1.3.29) has only two nontrivial eigenvalues, and hence,
only two nontrivial eigenvectors. Find these eigenvalues and eigenvectors.

1.16 By letting B == \1 x A and E == - \1¢+iwA, and starting from Maxwell's
equations, derive an expression similar to (1.3.49).

1.17 (a) Define a Green's function to be a solution of \1. p-l(r)\7g(r, 1") +
k 2 g(r ,r' ) == -8(r - 1") and show that the solution to the equation
\7 . p-l(r)\11j;(r) + k 21j; (r ) == s(r) can be written as

'l/;(r) = - Jdr' g(r, r') s(r').

(b) Using the result of Exercise 1.14, show that g(r, 1") == g(1", 1').

1.18 (a) In the manner of Equation (1.3.52), show that [G(r, r')Jt == G(r', r)
for a dyadic Green's function defined over a bounded region.

(b) Define a magnetic field dyadic Green's function such that

H(r) = iWE Jdr' Grn(r, r') . M(r').
v

From the reciprocity requirement that (M 2 , HI) == -(J1 , E2 ) , show
that [\1 x Ge(r, rf)p == \/f X Grn(r f, r).

1.19 For the lossless scalar wave equation in a homogeneous medium like
(1.5.1):

(a) Find the resonance solutions to a box of dimension a x b x d, with
homogeneous Neumann boundary condition (ft· \1¢ == 0) on the sides
of the box.
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(b) Show that the resonance solutions satisfy (1.5.6).

(c) At resonance, show that the nontrivial difference between two solu­
tions is still a solution satisfying the boundary condition.

(d) Describe what happens to the resonance solutions when a, b, and
d ---+ 00.
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CHAPTER 2

PLANARLY LAYERED MEDIA

Compared with other inhomogeneous media, waves in planarly layered
media have been studied most intensively because they are the simplest of
the inhomogeneous media. Electromagnetic waves propagating in a planarly
layered, isotropic medium can be reduced to the study of two uncoupled
scalar wave equations. These scalar wave equations can be reduced to one­
dimensional wave equations. Furthermore, their simple nature also allows for
the use of many mathematically elegant techniques for their solutions. For
example, the field resulting from a source excitation in a planarly layered
medium can be expressed in terms of Fourier-type integrals. Hence, asymp­
totic expansion methods can be used to simplify such integrals, providing
further insight into the problern.

Examined in this chapter are the solutions to waves in planarly layered
media and the associated analytic techniques often used in conjunction with
them. Many books have been written on this and related subjects (Sommer­
feld 1949; Brekhovskikh 1960; Banos 1966; Clemmow 1966; Tyras 1969; Wait
1970, 1971, 1982; Yeh and Liu 1972; Felsen and Marcuvitz 1973; Kong 1975,
1986; Yeh 1988). Many other works are listed in the further readings for this
chapter. The reader is assumed here to have the basic knowledge of complex
variables (e.g., Hildebrand 1976).

§2.1 One-Dimensional Planar Inhomogeneity
When the electromagnetic properties of an isotropic medium, J.L and E, are

varying only in one direction, e.g .. the z direction, the vector wave equations
need not be solved in their full forms, In fact, for the source-free case, the vec­
tor wave equations can be reduced to two scalar equations that are decoupled
from each other. Moreover, they characterize two types of waves, namely, the
transverse electric (TE) waves and the transverse magnetic (TM) waves.
More specifically, for the TE waves, the electric field is transverse to the z
direction, while for the TM waves, the magnetic field is transverse to the z
direction.

§§2.1.1 Derivation of the Scalar Wave Equations
The electric field in the TE waves is directed in the xy plane. Assuming

that the electric field is linearly polarized so that it points only in a fixed
direction, then the coordinates can always be rotated about the z axis to
make the electric field point only, e.g., in the y direction. In this case, E = Ey
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and the vector wave equation for the electric field in a source-free medium
becomes

(2.1.1)

Since o
\7 · €Ey = 8y €(z)Ey = 0, (2.1.2)

this implies that 8/8yEy = o. After extracting the y component of (1), we
consequently obtain

(2.1.3)

which is the scalar wave equation describing linearly polarized TE waves in
planarly layered media.

Yet another way of characterizing a TE wave is to use the Hz component
of the magnetic field, since for TE waves, Hz f:. 0 while E, = O. To derive the
corresponding equation for Hz, we first note that the vector wave equation
for the magnetic field in an inhomogeneous medium is

(2.1.4)

Then, assuming that J-l and f. are functions of z only, we can extract the z
component of (4) to show that (see Exercise 2.1)

(2.1.5)[
a2 82 8 a ]

8x2 + 8y2 + JL(z) 8/,,-1(Z) 8z + W
2

JL€ JLHz = O.

If 82/8y2 = 0, however, which is the case for the TE wave considered in (3),
then Equations (3) and (5) are the same partial differential equations. The
reason is that Ey and p.H; describe the same physical phenomenon, namely,
the TE waves.

Similarly, from the duality principle, for TM waves, the governing equa­
tion for Hy is

(2.1.6)

(2.1.7)

Moreover, the TM waves can also be characterized by Ez , which is governed
by

[
a2 a2 8 a ]

8x2 + 8y2 + €(z)8z€-l(Z) 8z + W
2

JL€ €Ez = O.

Note that the TE and TM wave equations are decoupled from each other.
Hence, in a planar, one-dimensional inhomogeneity, the vector wave equations
reduce to two simpler scalar wave equations, describing TE and TM waves
separately.
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Because of the 82 /8x 2 terms in (3) and (6), they must admit solutions of
the form

[
Ey] == [e y(z) ] e±ikxx,n, hy(z)

(2.1.8)

for all z. As the medium is translationally invariant in the x direction, the
phase matching condition has to be satisfied in the x direction; namely, the
solution for all z's must have the same phase variation, e±ikxx, in the x di­
rection. Alternatively, the form of (8) can be derived from (3) and (6) using
the separation of variables.

Under this assumption. (3) and (6) become ordinary differential equations

[
d -1 d 2 2]

J.L dzJ.L dz + W J.LE - kx ey = 0, (2.1.8a)

(2.1.8b)[
d -1 d 2 2]

Edz E dz + W J.LE - kx hy = 0,

which correspond to one-dimensional problems, Furthermore, when J-L and E

are arbitrary functions of z ~ many different methods may be used to solve
the above equations. For instance, they may be solved with a finite-difference
method.

Consider first the case in which J-L and E are piecewise constant functions
of z. In this case, (8) can be solved first in each piecewise constant region
and a unique solution is found later by matching boundary conditions across
the discontinuities at the interfaces. For example, the solution of (8), when
J-L and f. are constants, is a linear superposition of exp( ±ikzz) where k, =
(W2JlE - k;)1/2.

The boundary conditions for ey across a discontinuity could be derived
from (8a). To do so, first note that the term involving the derivatives has
to be finite since all the other terms are finite in the equation. This is only
possible if (dIdz )J.L -1 (d / dz )ey is a fini te quantity at the interface of the two
regions, or that ey and J-l-l(d/dz)e y are continuous quantities at the interface.
Hence, at an interface between region 1 and region 2, the following boundary
conditions should hold, namely,

(2.1.9a)

Similarly, for hy the boundary conditions are

(2.1.9b)

These boundary conditions can also be derived from the fundamental
boundary conditions of Maxwell's equations, which require that ii x E and
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z

Region I

-----------..-----------.x
Region 2

Figure 2.1.1 Reflection and transmission of a plane wave at an in­
terface.

it x H be continuous in a source free region. However, the above illustrates
that these boundary conditions are, in fact, buried in (8a) and (8b).

§§2.1.2 Reflection from a Half-Space

A half-space with two piecewise constant regions is the simplest example
of a planar, one-dimensional inhomogeneity. Consider first a TE wave inci­
dent on a half-space as shown in Figure 2.1.1; the problem can be reduced to a
one-dimensional problem by letting E y = ey(z)eikxx in both regions as in (8).
But in the upper half-space, both incident and reflected waves are present;
hence, the general expression in the upper half-space is a linear superposition
of exp(±ik1zz), which can be written as

(2.1.10)

where RT E is the ratio of the amplitude of the reflected wave to the amplitude
of the incident wave. In the lower half-space, however, only a transmitted
wave is present; hence, the general expression is

(2.1.11)

where TTE is the ratio of the amplitude of the transmitted wave to the
amplitude of the incident wave at z = o. Note that in (10) and (11),
k, = (k~ - k2 ) 1/ 2 where k~ = w2

11.. f. .
1Z t x' t ,-t 1·

On invoking boundary conditions (9a), at z = 0, we arrive at

k1Z(1_ RTE) = k2ZTTE.
~l ~2

(2.1.12a)

(2.1.12b)
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Solving the preceding two equations gives us the Fresnel reflection and
transmission coefficients,

RT E = f.L2 klz - f.L 1k2z ,

112klz + 111k2z '
(2.1.13a)

(2.1.14a)

(2.1.14b)

T T E == 2J-l2
klz

. ()2.1.13b
J-L2 k1z + J-l1 k2z

These coefficients were first derived by Fresnel in 1823 in a slightly less general
form (see Born and Wolf 1980). Similarly, for the TM fields, the reflection
and transmission coefficients are

R™ = f.2klz - f.1k2z ,

t2 k l z + t 1k2z

2E2klzTTiV! == _
t2 klz + E1k2z

Alternatively, the above can be derived from the duality principle. It is im­
portant to note that RT E and TTE are reflection and transmission coefficients
for the electric field, while R™ and TTAI are the reflection and transmission
coefficients for the magnetic field.

If k, > k2 , there exist values of kx such that k, > kx > k2 , implying that
k2z == (k~ - k;) 1/2 is purely imaginary, while k1z = (ki - k;) 1/2 is purely real.
In this case, the numerator of (13a) or (14a) is a complex number that is
the complex conjugate of the denominator. Hence, the magnitude of RTE or
RT M equals 1. In other words, all the energy of the incident wave is reflected.
This phenomenon is known as total internal reflection.

For J-l2/J-ll =1= 1 or t2/t1 =1= 1, there exist values of kx such that RTE or R™
equals zero. Then, the corresponding angle for which the reflection coefficient
equals zero is known as the Brewster angle (see Exercise 2.2), since it was
first noted by Brewster in 1815. Since most materials are nonmagnetic, i.e.,
112/ J-ll = 1, the Brewster angle effect is more prevalent for TM waves than for
TE waves.

§§2.1.3 Reflection and Trensmission in a Multilayered Medium

A planar, inhomogeneous half-space with J-l and f. varying as a function of
z only can be modeled by a finely layered medium, where the electromagnetic
property is piecewise constant in each region (see Figure 2.1.2). Before solving
the general problem, consider first the more specific problem of the reflection
of a TE wave from a three-layer medium (see Figure 2.1.3); the wave in region
1 can, as before, be written as

(2.1.15)

where R12 is a reflection coefficient that is the ratio of the upgoing wave
amplitude and the downgoing wave amplitude at the first interface z = -dl'
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Reflection from an N-Layer Medium

z

Region ttc x

fLl' E I

Region 2 t t fL2' E2

Region 3 t t fL3' E3

Region 4 t t J-L4' E4

Region N-I t t flN-I,EN-1

Region N t fLN ,EN

-dN -I

Figure 2.1.2 Reflection and transmission in a multilayered medium.

Region I

Region 2

----------------- z =- d2
Region 3

Figure 2.1.3 Reflection from a three-layer medium

Note that the extra phase factor in the second term in (15) ensures that this
ratio is properly defined.

The wave in region 2 has a similar form,

(2.1.16)

where R23 is the Fresnel reflection coefficient for a downgoing wave in region 2
reflected by region 3, because region 3 extends to infinity in the -z direction.
The superscript TE for R23 is ignored here, since it is understood from the
context that TE waves are being discussed.

The wave in region 3 can be written as

e - A e-ik3ZZ
3y - 3 . (2.1.17)
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Since region 3 extends to infinity, there can only be a downgoing wave in this
region.

The unknowns AI, A2~ A 3, and R I2 are found by imposing constraint
conditions at the interfaces. First, by tracing the propagation of waves, note
that the downgoing wave in region 2 is a consequence of the transmission
of the downgoing wave in region 1 plus a reflection of the upgoing wave in
region 2~ that is, at the top interface, z == -d1 , the constraint condition is

(2.1.18)

Observe that the first term is the transmission of the downgoing wave am­
plitude in region 1 at z == -dl' i.e., AleiklZdl via the Fresnel transmission
coefficient T12 . Furthermore, the second term is the reflection of the upgo­
ing wave amplitude in region 2 at z == -d1 , i.e., A2R23e2ik2Zd2-ik2zdl via the
Fresnel coefficient R21.

Next, notice that the upgoing wave in region 1 is caused by the reflection
of the downgoing wave in region 1 plus a transmission of the upgoing wave
in region 2. Consequently, at the interface z == -d1 , we have the constraint
condition

(2.1.19)

From (18), A2 can be solved for in terms of AI, yielding

(2.1.20)

Then, on substituting (20) into (19), we derive that

(2.1.21)

Here, R l 2 is the generalized reflection coefficient for the three-layer medium
that relates the amplitude of the upgoing wave to the amplitude of the down­
going wave in region 1. It includes the effect of subsurface reflections as well
as the reflection from the first interface.

To elucidate the physics better. Equation (21) can be expanded in terms
of a series,

R- - R + T R rr: e2ik2z(d2-dl) + T R2 R rt» e4ik2Z(d2-dl) +
12 - 12 12 23.121 -' 12 23 21.121 ....

(2.1.22)

The first term in the above is just the result of a single reflection off the
first interface. The n-th term above is the consequence of the n-th reflec­
tion from the three-layer medium (see Figure 2.1.4). Hence, the expansion
of (21) into (22) renders a lucid interpretation for the generalized reflection
coefficient. Consequently, the series in (22) can be thought of as a ray series
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Region I

Region 2

Region 3

(2.1.23)

(2.1.24)

Figure 2.1.4 Geometric series 'of multiple reflections in a three-layer
medium.

or a geometrical optics series. It is the consequence of multiple reflections
and transmissions in region 2 of the three-layer medium. It is also the con­
sequence of expanding the denominator of the second term in (21). Hence,
the denominator of the second term in (21) can be physically interpreted as

a consequence of multiple reflections within region 2.

Now, if an additional layer is added below region 3, we need only replace
R23 in Equation (21) by R23 (a generalized reflection coefficient that incor­
porates subsurface reflection), for in the previous derivation, R23 is the ratio
between upgoing and downgoing waves in region 2. Therefore, if a subsur­
face layer is added in region 3, this ratio will just become R23 . In general,
for an N-layer medium, the generalized reflection coefficient at the interface
between region i and region i + 1, Ri ,i + l ' can be written as

- r-."+lR·+ l '+2 ~'+1 ·e2iki+l,z(di+l-di)R D. 't,'t '1.,'1. 'I. ,'I.

i,i+1 = ~ li,i+1 + -- 2 'k (d d )1 - Ri+l,i~+1,i+2e 'I. i+l,z i+l - i

Furthermore, by using the facts that Tij == 1+~j and ~j == - Rj i , the above
can be simplified as (see Exercise 2.3)

- Rt,i+l + it+l,i+2e2iki+l,Z(di+l-dd

Rt,i+l = R - 2"k (d d )1+ i,i+l~+1,i+2e 'I. i+l,z i+l- i

Notice that the above are recursive relations that express Ri ,i + l in terms of

Ri + 1,i+ 2 ' Such recursive relations are attributed to Stokes (see Bellman and
Wing 1975).

The wave in the i-th region assumes the form

(2.1.25)

which is the generalization of (15) and (16). Since RN ,N + l == 0, Equation (23)
or (24) can be solved recursively for Ri ,i + l in all the regions.
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In the same manner as Equation (20), we can also write Ai in terms of
A i - 1 of the adjacent layers as

where

(2.1.26)

(2.1.26a)

Here, Si-l,i is known for all the regions since Ri ,i + l is known for all the regions.
Since Al is known in region 1~ we can derive Ai for all the regions as

A e i klZdi - l - A eiklZdlS eik2z(d2-ddS e i ki- 1 z(d i- 1-di-2)Si-I-' 12 23 ... -,' i-l,i

i-I

- A eiklZdl IT eikjz(dJ-dJ-l)S· .
- 1 J.J+l,

j=1

(2.1.27)

where we assume do == d-, Once Ai and Ri,i+ 1 are known in all the regions,
the field everywhere can be derived easily via Equation (25).

A generalized transmission coefficient for a layered slab can be defined as

N-l

T - IT eikjz(dJ-dj-dS· .
IN - ),J+l,

j=1

where we have assumed do == d1 . In this manner,

(2.1.28)

(2.1.29)

that is, the downgoing wave amplitude in region N at z == -dN - 1 is just
TIN times the downgoing wave amplitude in region 1 at z = -d1 . Moreover,
reciprocal property can be derived for TIN (see Exercise 2.4).

A general inhomogeneous profile can be replaced by many fine layers of
piecewise constant regions and the field obtained everywhere via the above
method. The rule of thumb is then to approximate the layers such that they
are much thinner than the wavelength of the wave in the medium.

Notice that in the above example, TE waves have been assumed. There­
fore, all the reflection and transrnission coefficients are of the TE type. But
the same analysis holds true for TM waves, where the reflection and trans­
mission coefficients would just be of the TM type.

§§2.1.4 Ricatti Equation for Reflection Coefficients

Equation (23) is the formula for the generalized reflection coefficient that
relates the upgoing wave to the downgoing wave at z = -di . In the limit
when the inhomogeneous medium is very finely layered, Equation (23) is
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(2.1.30)

(2.1.30a)

reducible to an ordinary differential equation. To see this, consider the case
of a finely layered medium where the thickness of each layer is Ll. Then, by
expressing the reflection coefficient and the generalized reflection coefficient at
the boundary Z = -di as R(z) and R(z) respectively, and ki+1,z as kz(z - Ll),
Equation (24) can be written as

- R(z) + R(z - Ll)e2ikz(Z-A)A
R(z) = - ,

1 + R(z)R(z - Ll)e2ikz(z-A)A

where from (13) and (14),

R(z) = kz(z)jp(z) - kAz - ~)jp(z - ~)

kz(z)/p(z) + kz(z - Ll)/p(z - Ll)'

and p(z) = J-L(z) for TE waves while p(z) = f(Z) for TM waves. In the limit
when Ll ~ 0 to recover a continuous profile, we have

and
R(z - Ll) ~ R(z) - LlR'(z), (2.1.31)

where the prime denotes the derivative with respect to the z variable. Then,
in this limit, (30) becomes

-() -() -'( ) . ( -() (kz/p)' (kz/p)' -2
R z -::=. R z - ~R z + au», z)R z + ~2(k / ) - ~ (k / ) R (z).

z p 2 z P (2.1.32)

Next, by equating the first order terms, we conclude that

-, . - (kz/p)' -2
R (z) = 2zkz (z)R(z) + 2(k

z
/p) [1 - R (z)]. (2.1.33)

(2.1.34)

The above is now an ordinary differential equation for R(z). Because of the
R2(z ) term, it is a nonlinear differential equation known as the Ricatti equa­
tion. It can be solved, for example, by the Runge-Kutta method (Hildebrand
1976) as an initial value problem with R(z = zm) = 0 where Zm is the lower
boundary of the inhomogeneous slab (see Figure 2.1.5).

In the above, R(z') is the generalized reflection coefficient at z' assuming
that J-L(z) and f(Z) are constants for z > z' and that the constants are the
values J-L(z') and f(Z') (see Figure 2.1.5). However, it is sometimes desirable
to derive an ordinary differential equation for Ro{z'), a generalized reflection
coefficient which assumes that {L(z) = {Lo and f(Z) = EO for z > z', In other
words, free-space is present for z > z' (see Figure 2.1.5). Moreover, given
R(z), one can find Ro(z) easily via the relationship

Ro(z) = Ro(z) + J:(z) ,
1 + Ro(z)R(z)
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I
I
I
I
I

zm

(0 )

I
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1--- R(z')
I
I
I
z'

I
I
I
I
Zm

I
I
I
I
I

Z'

(b)

(2.1.34a)

Figure 2.1.5 (a) Construction of R(z) in Equation (33) assumes
that the J-l and E are constants J-l(z'), E{Z') to the right of z', (b)
Construction of Ro(z) in Equation (36) assumes that u and E are J-lo
and fa to the right of z'.

where

R ( )
_ koz / Po - kz ( Z ) / P(z )

a Z - ,
koz/Po + kz(z)jp(z)

and koz and Po are the values of kz and p in free-space. In view of (30), (34)
is arrived at by adding a slab of zero thickness that has properties of /-l( z),
t(z). Obviously, Equation (34) can be inverted, yielding

R(z) = -Ro(z) + J:o(z).
1 - Ro(z)Ro(z)

(2.1.35)

Next, by substituting (35) into (33), we arrive at (see Exercise 2.5)

- 2ik (z) [- ] [ -]
R~(z) = 1 _ ~6(Z) Ro(z) - Ro(z) 1 - Ro(z)Ro(z) · (2.1.36)

The above is another Ricatti equation for Ro(z). It can also be solved as an
initial value problem using the Runge-Kutta method (see Exercise 2.6). It
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(2.1.38)

(2.1.37)

(2.1.39)

has the advantage of not involving derivatives of (kz/p). An equation similar
to (36) was derived by Barrar and Redheffer (1955) using transmission line
theory.

§§2.1.5 Specific Inhomogeneous Profiles
When the inhomogeneous, planar profile is analytic and continuous, the

ordinary differential equations in (8a) and (8b) may have closed-form solu­
tions in terms of special functions. This is especially true for the TE case
where the medium may be assumed to be nonmagnetic, that is, J1 = J10 is a
constant. Various forms of €(z) in (8a) that admit closed-form solutions have
been tabulated in the literature (Tyras 1969).

Consider the case of a linear profile as an example. In this case, assume
that

€(z) = a + bz.

Equation (8a) for a nonmagnetic material then becomes

[::2 + A + BZ] ey = 0,

where A = w2J-La - k; and B = w2J-Lb. The above can be simplified with a
change of variable by letting

1 A
'TJ = B3(Z + B)'

Then, (38) will become

[dd:2 + 'TJ] ey = O.

The above differential equation is known as the Airy equation, and the
corresponding solutions are Airy functions Ai( -1]) and Bi( -1]) (see Abramo­
witz and Stegun 1965; Olver 1974). Hence,

ey = ClAi( -1]) + C2Bi( -1]), (2.1.40)

where Ai( -1]) and Bi( -1]) are Airy functions of the first and second type.'
Moreover, when the arguments of the Airy functions are large, they have
asymptotic expansions of the form

A ·( ) 1 _1 _1 _1 x !
1, x f"V '2 1r 2 X 4 e 3 , X --t 00,

Ai(-x)"'7f-~x-isin(~x~+~), x~oo,

B .( ) _1 _1 1x~
1, X f"V tt 2 X 4 e 3 , X --t 00,

Bi( -x) '" 7f- ~ x: i cos (~x~ + ~), x ~ 00.

1 Airy functions can also be related to Bessel functions of fractional order.

(2.1.41a)

(2.1.41b)

(2.1.41c)

(2.1.41d)
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Az =--
8

---------...,...~-+-----------~ z

Figure 2.1.6 A linear profile.

Here, ~~"'-I" means "asymptotic to". Notice that T/ as a function of z is as
shown in Figure 2.1.6; hence, T/ -+ -00 when z -... -00, and T/ ---t +00 when
z ---t +00. Therefore, when z -+ -00, we have

(2.1.42a)

(2.1.42b)

In other words, Ai( -T/) corresponds to an exponentially decaying wave while
Bi( -T/) corresponds to an exponentially growing wave. But if the wave source
is at z == +00, an exponentially growing solution is not expected when z ---t

-00. As a result, C2 = 0 in Equation (40). Consequently, the solution is

(2.1.43)

(2.1.44)

Similarly, when z -+ +00, TJ -+ +00, and we have

Ai( -1]) '"" 7r-~1]-~ sin 01]~ + ~) , 1] - +00,

which corresponds to a standing wave resulting from a superposition of inci­
dent and reflected waves on the far right.

The physical interpretation of the above observation is that when a wave
is incident from the right into the profile shown in Figure 2.1.6, the wave sees
an optically less and less dense medium. Consequently, the wave is slowly
refracted, and finally at z where T/ == 0, total internal reflection occurs, and
the wave is totally reflected. Therefore, this gives rise to a standing wave to
the right and an evanescent wave to the left.

§2.2 Spectral Representations of Sources

The previous section shows how the reflection of a plane wave from a
layered medium can be calculated. However, a plane wave is an idealization
that does not exist in the real world. In practice, waves are nonplanar in na­
ture as they are generated by finite sources, such as antennas and scatterers.



58 PLANARLY LAYERED MEDIA

Fortunately, these waves can be expanded in terms of plane waves. Once this
is done, then the study of non-plane-wave reflections from a layered medium
becomes routine. In the following, we show how waves resulting from a line
source or a point source can be expanded in terms of plane waves.

§§2.2.1 A Line Source

Consider a scalar wave equation with a line source,

[

{)2 {)2 ]
8x2 + 8y2 + k; ¢(x, y) = -8(x) 8(y). (2.2.1)

(2.2.2)

Because of the cylindrical symmetry of the problem, the above equation is
solved most conveniently in the cylindrical coordinates, i.e.,

[
{)2 1 {) ]
8p2 + P8p + k; ¢(p) = -8(p),

where 6(p) = 6(x)6(y).

Outside the source region, the right-hand side of (2) is zero, and we have
a Bessel equation of zeroth order. Therefore, in order to have an outgoing­
wave solution that satisfies the radiation condition, the Hankel function of
the first kind is chosen for ¢(p) with e-iwt time dependence. In other words,

(2.2.3)

The constant C may be found by matching the singularity of the Hankel
function at p = 0 to the line source.f Hence, it can be shown that

(2.2.4)

In addition, Equation (1) can be solved by the Fourier transform tech­
nique. Hence, for a fixed y, assuming that the Fourier transform of ¢(x, y)
exists, then ¢(x, y) is expressible as a Fourier inverse transform integral such
that

(2.2.5)
-00

Consequently, on substituting (5) into (1), and using the fact that

00

8(x) = 2~ J dkx e
ikr x

,

-00

2 See Equation (1.3.41) on determining C [see also Exercise 2.8{a)].

(2.2.6)
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Since (7) is satisfied for all x, we must have

[
d2 2]-d
y

2 + ky ¢(kx , y) = -8(y), (2.2.8)

where k~ = k~ - k;.

Outside the source for lyl > 0, the solution of (8) is the homogeneous
solution exp(±ikyY)' The solution, however, must have discontinuous second
derivatives at y = 0 in order to yield the singularity on the right in (8).
Therefore, by matching the singularity at y = 0, the above yields the solution

(2.2.9)

if only the outgoing-wave solution is considered. This is necessary to satisfy
the radiation condition at infinity. Hence, (5) becomes

(2.2.10)

The above integral is undefined for the following reason: Since ky =
(k~ - k;)1/2, there are branch-point singularities at kx = ±kp • But the path
of integration of the Fourier inverse transform is on the real axis on the
complex kx-plane. So if kp is real, then the branch-point singularities are
on the real axis, rendering the integral in (10) undefined. To overcome this
ambiguity, loss is assumed in the medium so that kp = k~ + ik~ has a small
positive imaginary part. In this case, (4) will correspond to an outgoing,
decaying wave. Furthermore, the branch-point singularities are now located
off the real axis (see Figure 2.2.1)~ and the Fourier inverse transform in (10)
becomes unambiguous.

By the uniqueness of the solution to the partial differential equation (1), 3

(10) must also be equal to (4) since both of them satisfy (1). Moreover,
with the introduction of a small loss, both are exponentially small at infinity,
satisfying the radiation condition. Hence, we arrive at the identity (see a
related formula in Watson 1944, p. 178)

(2.2.11)

3 See Chapter 1, Subsection 1.5.1.
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Fourier Inversion Contour

Figure 2.2.1 Fourier inversion contour for Equation (11).

The right-hand side of (11) could be interpreted as an integral summation
of plane waves propagating in different directions including evanescent waves.
Furthermore, these plane waves satisfy the dispersion relation k~ = k; + k~.

Hence, Equation (11) is also the plane-wave expansion of a cylindrical wave.
Also, a similar expression can be derived for the Hankel function of the second
kind (Exercise 2.8).

A small loss is assumed in the derivation because the wave field (4) is
actually not absolutely integrable over all x if the medium is lossless, i.e.,

00J dx I¢(x, y)1 ---. 00.

-00

This can be seen from (3) where the field decays only as 1/pl/2 when p ~

00. Hence, strictly speaking, the Fourier transform ¢(kx , y) may not exist,
which is further born out by the fact that ¢(kx , y) ~ 00 when kx ~ kp (see
Papoulis 1962, p. 9).4 If we assume a small loss, however, the wave field
becomes absolutely integrable, and (5) is then well-defined. Despite this fact,
the identity (11) can still be used for a lossless medium provided that the
path of integration is stipulated as shown in Figure 2.2.2. With this path
of integration, the lossless solution can be thought of as the limiting case of
the lossy medium solution, and the integral in (11) is well-defined even for a
lossless medium.

Furthermore, since ky = (k~ - k;)1/2, ky could be a complex number.
Hence, in order to satisfy radiation conditions of having only outgoing waves

4 Note that the real and imaginary parts of H~l) (kpp) satisfy condition 2 on page 9 of
Papoulis (1962). Hence, a Cauchy principal value integral may be used to yield a unique
value for the singular integral.
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in the integrand, we have to ensure that ~m[ky] > 0 and Re[ky] > 0 over this
path of integration. Observe that the introduction of a small loss ensures
that the radiation condition is satisfied. Because if a medium is lossy, any
incoming wave must be exponentially large at infinity. Such a wave cannot be
included in the Fourier representation (5) as it is not absolutely integrable.
Hence, the representation (5) excludes incoming waves, further ensuring the
radiation condition which is necessary for the uniqueness of the solution (see
also Chapter 1, Section 1.5).

In addition, other integral identities for Bessel functions are derivable
from (11). To do so, first aSSUITle that Iyl == O. Then, x == p in the cylindrical
coordinates, and Equation (11) becomes

(2.2.11a)

The second equality just follows from folding the integral from -00 to 00 to an
integral from 0 to 00. Observe that the real part of the left-hand side is Jo(kpp)

when kp is pure-real, since H~l)(X) == Jo(x) + iNo(x), where Jo(x) (Bessel
function) and No(x) (NeU111ann function) are real-value functions when x is
real. It can be shown, however, that when Ikxl > kp , the right-hand side is
pure-imaginary; hence, taking only the real part of the right-hand side, we
have

(2.2.12)

Next, by letting kx = kp sin a, then ky = Jk~ - k~ sin2 a = kp cos a, and
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~ ~

Jo(kpp) = ~ j daeikppsino: = ~ j dacos[kppsina].

-j 0

(2.2.13)

Equation (13) is now an integral identity that is often used for Bessel func­
tions. Furthermore, it can be written as

1r

1 J Ok °Jo(k p) = - da e' ppslno.
p 27r

-Tr

(2.2.14)

Since the integrand is a 27r periodic function and the integration is over 27r,
the starting point of the integral is unimportant as long as the interval of
integration is 21r. Hence,

(2.2.15)

Because eikppcos(o-c/» = eikpop (where k p = xkpcosa + ykpsina, p =
xpcos¢ + ypsin¢, and 0 < a < 27r), it is a plane wave propagating in
the direction kp • Consequently, the last integral has the pleasing physical
interpretation that a Bessel function, which represents a standing cylindrical
wave, is an integral linear superposition of plane waves propagating in all
directions.

Furthermore, using the property of the raising operator that (see Exercise
2.9)

- :p [:x + i ~] Bn(kpp)ein<t> = Bn+l(kpp)ei(n+lJr!>, (2.2.16)

where Bn(x) is a solution of the n-th order Bessel equation, we can show that

21r

In(kpp)ein<t> =~ Jda eikppcos(o-c/»+ino-inj,
211'"

o

(2.2.17)

which is also an integral summation of plane waves. The above is an impor­
tant integral identity for In(x). Alternatively, via a change of variable, it can
be written as

2Tr

In(kpp) =~Jda eikppcoso+ino-inI. (2.2.18)
27r

o
The above formula is also given by Whitaker and Watson (1927). In addition,
it is useful for deriving Hankel transforms from Fourier transforms (Exercise
2.10).
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§§2.2.2 A Point Source
The spectral decomposition or the plane-wave expansion of the field due

to a point source could be derived in a manner similar to that of a line source.
A different approach will be taken here, however, in order to illustrate a new
technique.

First, notice that the scalar wave equation with a point source is

[
82 8

2
8

2
2]

8x2 + 8y2 + 8z 2 + kO ¢(X, y, z) = -8(x) 8(y) 8(z). (2.2.19)

The above equation could then be solved in the spherical coordinates, yielding
the solution (see Chapter 1, Subsection 1.3.4)

ei kor

¢(r) == -.
41Tr

(2.2.20)

Next, assuming that the Fourier transform of ¢(x, y, z) exists, we can write

00

A.(x Y z) == _1_ ifj dk dk dk ~(k k k )eikxx+ikyY+ikzz
l.f/ " (211" )3 x Y Z l.f/ z : y, Z •

-00

(2.2.21 )

Then, using the above, together with the Fourier representation of the delta
function, we convert (19) into

00

Jfj dk dk dk [k2 - k2 - k2 - k2]:i..(k k k )eikxx+ikyy+ikzz
x Y Z 0 x y z l.f/ x, Y' Z

-00

ex)

= - JJJ dkxdkydkz eikxx+ikyY+ikxz.

-00

Since the above is equal for all x, y ~ and z, we must have

Consequently, we have

00

-1 J~fj eikxx+ikyY+ikzz

¢(x, y, z) = (271")3 r dk kg - k; - k~ - k;-
-Xl

(2.2.22)

(2.2.23)

(2.2.24)

In the above, if we examine the kz integral first, then the integrand has
poles at kz == ±(k5 - k; - k;)1/2. Moreover, for real ko, and real values of
kx and ky , these two poles lie on the real axis, rendering the integral in (24)
undefined. However, if a small loss is assumed in ko such that ko = kb + ik~,
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c

{;~k2 -k 2 -k 2o x y
x

Fourier Inversion Contour

Figure 2.2.3 The integration along the real axis is equal to the inte­
gration along C plus the residue of the pole at (k5 - k; - k;) 1/2 .

then the poles are off the real axis (see Figure 2.2.3), and the integrals in
(24) are well-defined. The reason is that ¢(x, y, z) is not strictly absolutely
integrable for a lossless medium, and hence, its Fourier transform may not
exist. But the introduction of a small loss also guarantees the radiation
condition and the uniqueness of the solution to (19) (see Section 1.5), and
therefore, the equality of (20) and (24), just as in the case of Equation (11).

Observe that in (24), when z > 0, the integrand is exponentially small
when ~m[kz] ~ 00. Therefore, by Jordan's lemma, the integration for k;
over the contour C as shown in Figure 2.2.3 vanishes. Then, by Cauchy's
theorem, the integration over the Fourier inversion contour on the real axis is
the same as integrating over the pole singularity located at (k5 - k; - k;)1/2,
yielding the residue of the pole (see Figure 2.2.3). Consequently, we have

z > 0, (2.2.25)

where k~ = (k5 - k; - k;)1/2. Similarly, for z < 0, the integral is equal to the

pole contribution at - (k5 - k; - k;)1/2. As such, the result for all z can be



§2.2 SPECTRAL REPRESENTATIONS OF SOURCES

Figure 2.2.4 The k., and the p vector on the xy plane.

written as

00

i 11 eikxx+ikyy+ik~ lzl
¢(X,Y'Z)=2(27f)2 dkxdky k~ ,allz.

-00
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(2.2.26)

By the uniqueness of the solution to the partial differential equation (19)
satisfying radiation condition at infinity, we can equate (20) and (26), yielding
the identity

00

ei kor _ i 11 eikxx+ikyy+ikz [z]
-- - - dkxdky k '

r 2~ z
-oc

(2.2.27)

where k2 + k 2 + k2 == k2 or k == (k 2 - k2 - k2
) 1/ 2 The above is known as thex y z 0' z 0 x y .

Weyl identity (Weyl 1919). To ensure the radiation condition, we require
that ~m[kz] > 0 and ~e[kz] > 0 over all values of kx and ky in the integration.
Furthermore, Equation (27) could be interpreted as an integral summation
of plane waves propagating in all directions, including evanescent waves. It
is the plane-wave expansion of a spherical wave.

In (27), we can write k, == xkp cos a+fjkp sin a, p == xpcos¢+ypsin¢ (see
Figure 2.2.4), and dkxdky == kpdkpdo: Then, kxx+kyY == kp'p == kpcos(a-¢),
and we have

r
(2.2.28)

where kz == (kg - k; - k~)1/2 == (k6 - k~)1/2. Then, using the integral identity
for Bessel functions given by (15), namely,

27i

Jo(kpp) = -+-/ do eik pp cos( a-¢) ,
...1f •

o

(2.2.29)
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(28) becomes
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Figure 2.2.5 Sommerfeld integration path.

(2.2.30)

00

e
i kor

. J k-r- = i dkp k: JO(kpp)eikzlzl.

°
The above is also known as the Sommerfeld identity (Sommerfeld 1909;
1949, p. 242). Its physical interpretation is that a spherical wave can be
expanded as an integral summation of conical waves or cylindrical waves in
the p direction, times a plane wave in the z direction over all wave numbers
kp. This wave is evanescent in the ±z direction when kp > ko.

By using the fact that Jo(kpp) = 1/2[H~1)(kpp) + H~2)(kpp)], and the re­
flection formula that H~1)(ei7rx) = -H~2)(x), a variation of the above identity
can be derived as

(2.2.31 )

-00

Since H~l)(X) has a logarithmic branch-point singularity at x = 0, and
k, = (k5 - k~)1/2 has algebraic branch-point singularities at kp = ±ko, the
integral in Equation (31) is undefined unless we stipulate also the path of
integration. Hence, a path of integration adopted by Sommerfeld, which is
even good for a lossless medium, is shown in Figure 2.2.5. Because of the
manner in which we have selected the reflection formula for Hankel functions,
Le., H~1)(ei7rx) = -H~2)(X), the path of integration should be above the
logarithmic branch-point singularity at the origin.

§§2.2.3 Riemann Sheets and Branch Cuts
The functions ky = (k~ - k;)1/2 in (11) and k, = (k6 - k~)1/2 in (31) are

double-value functions because, in taking the square root of a number, two
values are possible. In particular, ky is a double-value function of kx , while k;
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1m [f] 1m [z]

Bottom .A~~
Riemann Riemann

Sheet Sheet
Re [f]

/
Re [z]

Re [f] < 0 d Branch
Point

Branch Cut

Figure 2.2.6 The complex 1 and z planes where 1 = ZI/2. The right­
half plane of the 1 plane is mapped onto the top Riemann sheet while
the left-half plane is mapped onto the bottom Riemann sheet. The
points A and B are mapped as shown.

is a double-value function of kp . Consequently, for every point on a complex
kp plane in Figure 2.2.5, there are two possible values of kz . Therefore, the
integral (31) is undefined unless we stipulate which of the two values of k; is
adopted in performing the integration.

A multivalue function is denoted on a complex plane with the help of
Riemann sheets. For instance, a double-value function such as k, is assigned
two Riemann sheets to a single cornplex plane. On one of these Riemann
sheets, k, assumes a value just opposite in sign to the value on the other
Riemann sheet.

As an illustration, consider the function j(z) = z~, which is a double­
value function. By letting z = ce'", where c and eare real, then 1(z) = VC ei~,
where c and VC are positive real constants. Hence, 1(z) is a periodic function
of e with period 411". Note that for e = 3

2
11" and e = -~, which denote the

same point on the complex z plane, l(z) has two possible values of VCe i ¥­
and VC e-if respectively. For the sake of clarity, Riemann sheets are used
on the complex z plane to distinguish between these two values: the values
of 1(z) associated with -11" < e < Jr are assigned to the top Riemann sheet,
while the values of 1(z) associated with 11" < e < 311" are assigned to the
bottom Riemann sheet on the complex z plane.

For -1r < e< 11", the argument of 1(z) varies between - ~ and ~. Conse­
quently, the right-half plane of the complex 1 plane maps to the top Riemann
sheet. Similarly, the left half of the complex 1 plane maps to the bottom Rie­
mann sheet (see Figure 2.2.6). Since the points z = ce-i 7r and z = cei7r , which
denote the same point on the complex z plane, are assigned two different
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values of f(z)~ as shown by the mappings of the points A and B, there is a
discontinuity in j(z) at z = ce±i7r. Moreover, this discontinuity is denoted by
a branch cut. A branch cut always emanates from a branch point and ends
at infinity or another branch point. Since ~e[f] = 0 on this branch cut, this
branch cut is also denoted as the ~e[f] = 0 branch cut. Topologically, one
may think of the top Riemann sheet on the complex z plane a consequence of
stretching the right-half plane of the complex j plane, and sewing together
the ~e[j] = 0 line, forming a seam as shown in Figure 2.2.6.

Despite the aforementioned discontinuity, j(z) can still be a continuous
function of () when () varies continuously from -00 to 00. For example,
imagine that one walks on the top Riemann sheet. When () varies from 0
to 1r ~ the branch cut is then encountered at () = 1r. But to maintain the
continuity of j(z), one needs to switch from the top Riemann sheet when
() = n: to the lower Riemann sheet when () = 1r+. Then, the values of j(z)
between these two points are now continuous. To maintain the continuity
of j(z) when () varies from 31T- to 31r+ (when 1r < () < 31r, one is in the
lower Riemann sheet), again, one switches to the top Riemann sheet from
the bottom Riemann sheet. Hence, for 31r < () < 51r, the values of j(z) are
again the same as for -1r < () < n since they are on the same Riemann sheet.
That is to say, the values of j(z) for every value of z do not assume more than
two values. On the other hand, for a multivalue function such as In z, which
can assume infinitely many values for one point on the complex z plane, an
infinite number of Riemann sheets is needed to define the function uniquely.

In the integral (31), the values of kz have to be such that ~m[kz] > 0 over
the path of integration in order to satisfy the radiation condition. Hence,
it is expedient to define a top Riemann sheet on the complex kp plane on
which ~m[kz] > O. The path of integration and the integrand are then
unambiguously defined over this Riemann sheet. The corresponding bottom
Riemann sheet is then defined by ~m[kz] < 0, and the branch cut that
separates these sheets is defined by ~m[kz] = O. To find such a branch cut,
first assume that ko = kb + ik~, kp = k~ + ik; so that ko and kp are both
complex numbers. Then,

kz = (k5 - k;)~ = (kb2 - k~2 + 2ikbk~ - k~2 + k;2 - 2ik~k;)L
(2.2.32)

In order for k, to be real, or ~m[kz] = 0, the conditions are that

k~k; = kbk~, k~2 - k;2 < kb2- k~2. (2.2.33)
Consequently, the above equations define rectangular hyperbolas that

pass through the branch points ±ko as shown in Figure 2.2.7. They define
the branch cuts as shown.

The upper-half plane where ~m[kz] > 0 on the complex kz plane maps
to the upper Riemann sheet on the complex kp plane. Furthermore, the real
axis of the complex kz plane defined by ~m[kz] = 0 maps to the branch cuts
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Figure 2.2.7 The definition of the ~m[kz] == 0 branch cuts.

on the complex kp plane, and the imaginary axis of the complex kz plane
maps to the loci defined by ~e[kz] == 0 on the complex kp plane. Because
kz == (k5 - k;)~, there are two values of kp , namely, ±kp , that correspond
to each value of kz . Therefore, the real k, axis maps to two branch cuts
while the imaginary k; axis maps to two loci on the complex kp plane, as
shown in Figure 2.2.7. 5 Moreover, the points A, B, and C on the complex kz

plane map to the top Riemann sheet on the complex kp plane as shown (see
Exercise 2.11).

With this mapping, the transformation from the upper-half complex kz­

plane to the top Riemann sheet of the complex kp-plane is clear-the first

5 Another way of saying this is that since kp = (k5 - k;) t, i.e., kp is a double-value
function of kz , there will be two values of kp for every value of kz . It is important to
note that we have the symmetric property that kp is a double-value function of kz while
kz is also a double-value function of kp .
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Figure 2.2.8 The mapping of the first and second quadrant in the
upper-half complex kz-plane onto the complex kp-plane.

quadrant of the complex kz-plane maps to the white area as shown in Figure
2.2.8. The second quadrant of the complex kz-plane maps to the shaded area
as shown. Therefore, with this choice of the branch cut, the Sommerfeld
integration path is always in the first quadrant of the complex kz-plane.
Better still, in this quadrant, ~e[kz] > 0, ~m[kz] > 0, and the radiation
condition is always ensured. This choice of the branch cut is sometimes
referred to as the Sommerfeld branch cut. Alternatively, a ~e[kz] = 0 branch
cut can also be chosen for this type of problem if one so wishes (Exercise
2.12). Finally, note that for (31), there exists a logarithmic singularity at
the origin due to the Hankel function. The Sommerfeld integration path is
always on the principal branch of this logarithmic singularity (see Subsection
2.2.2).

Another useful integral identity similar to (31) is (see Exercise 2.13)

(2.2.34)

-00

The above is obtained by deforming the contour of integration from the Som­
merfeld integration path to wrap around the branch cut. Alternatively, it
can also be derived by Fourier transforming (19) in the z direction first, and
obtaining the identity in a manner similar to that in Subsection 2.2.1.

In addition to using Fourier transforms to obtain integral identities, Han­
kel transforms sometimes can be used directly (Exercise 2.14).

§2.3 A Source on Top of a Layered Medium
Section 2.1 indicates that plane waves reflecting from a layered medium

can be decomposed into TE-type plane waves, where E; = 0, Hz f; 0, and
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TM-type plane waves, where Hz == 0, Ez i=- O. One also sees how the field
due to a point source can be expanded into plane waves in Section 2.2. In
view of the above observations, when a point source is on top of a layered
medium, it is then best to decompose its field in terms of waves of TE-type
and TM-type. Then, the nonzero component of E, characterizes TM waves,
while the nonzero component of Hz characterizes TE waves. Hence, given a
field, its TM and TE components can be extracted readily. Furthermore, if
these TM and TE components are expanded in terms of plane waves, their
propagations in a layered medium can be studied easily.

The problem of a vertical electric dipole on top of a half space was first
solved by Sommerfeld (1909) using Hertzian potentials, which are related to
the z components of the electromagnetic field. The work is later generalized
to layered media, as discussed in the books listed at the beginning of the
chapter. Later, Kong (1972) suggested the use of the z components of the
electromagnetic field instead of the Hertzian potentials.

§§2.3.1 Electric Dipole Fields

The E field in a homogeneous medium due to a point current source
directed in the a direction, J == &I£b(r), is derivable via the vector potential
method or the dyadic Green's function approach. Such a source is also known
as a Hertzian dipole. Then, using the dyadic Green's function approach, the
field due to a Hertzian dipole is given by [see Equation (1.3.50)]

(
_ \7\7) e

ik r

E(r) = iWJL I + k2 .aU 47rr' (2.3.1)

where If is the current moment and k == wVfiE, the wave number of the
homogeneous medium. Furthermore, from \7 x E == iWJ.LH, the magnetic field
due to a Hertzian dipole is given by

eik r

H(r) == \7 x &1£-.
47fT

(2.3.2)

With the above fields, their TM and TE components can be derived easily.

(a) Vertical Electric Dipole (VED)

A vertical electric dipole shown in Figure 2.3.1 has & == z; hence, the TM
component of the field is characterized by

_ iWJ.Llf (2 82) e
ik r

E, - k2 k + 8 2 '
47f Z T

and the TE component of the field is characterized by

(2.3.3a)

(2.3.3b)
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z

Region I -.-----------. x
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Figure 2.3.1 A vertical electric dipole over a layered medium.

implying the absence of the TE field. Next, using the Sommerfeld identity
(2.2.31) in the above, and after exchanging the order of integration and dif­
ferentiation, we have"

(2.3.4)

after noting that k; + k; = k2• Notice that now Equation (4) expands the z
component of the electric field in terms of cylindrical waves in the p direction
and a plane wave in the z direction. Since cylindrical waves actually are
linear superpositions of plane waves [see Equation (2.2.11)], the integrand in
(4) in fact consists of a linear superposition of TM-type plane waves. The
above is also the primary field generated by the source.

Consequently, for a VED on top of a stratified medium as shown, the
downgoing plane wave from the point source will be reflected like TM waves
with the generalized reflection coefficient Rf2M • Hence, over a stratified
medium, the field in region 1 can be written as

00 3

E - -Ii J dk ~H(l)(k p) [eiklzlZI + R-TMeiklZZ+2iklZdl]
Lz - 8 p k 0 P 12 ,

1fW€1 1z
-00

(2.3.5)

where k1z = (kr - k~)~, and kr = W
2J-l1f.l' the wave number in region 1.

The phase-matching condition dictates that the transverse variation of
the field in all the regions must be the same. Consequently, in the i-th

6 By using (2.2.31) in (3a), the 8 2 j8z2 operating on ei k
% 1%1 produces a Dirac delta function

singularity. We will postpone the discussion of this singularity until the chapter on
dyadic Green's function.
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region, the solution becomes

00 3

·E· = -If J dk ~H(l)(k p)A· [e-ikiZZ + R-!'(v.f eikiZZ+2ikiZdi]
El 1-Z 8 p k 0 P 1, 1-,1-+ 1 .

1rW l z
-00

73

(2.3.6)

Notice that Equation (6) is now expressed in terms of EiEiz because EiEiz

reflects and transmits like Hi y , the transverse component of the magnetic

field or TM waves (see Section 2.1). Therefore, R[/1-1 can be calculated using
(2.1.24), and Ai could be obtained using (2.1.26) (see Exercise 2.15).

This completes the derivation of the integral representation of the electric
field everywhere in the stratified medium. These integrals are sometimes
known as Sommerfeld integrals. The case when the source is embedded in a
layered medium can be derived similarly (Exercise 2.16, Section 2.4).

(b) Horizontal Electric Dipole (HED)

For a horizontal electric dipole pointing in the x direction, 0: == x; hence,
(1) and (2) give the TM and the TE components as

iIf 82 eik r

E -----­
z - 41rWE 8z8x T '

If 8 eik r

Hz == ----.
41r 8y r

(2.3.7a)

(2.3. 7b)

Then, with the Sommerfeld identity (2.2.31), we can expand the above as

iIf
E, == ±-- cos ¢

81rWf

ex::

J
-ex::

(2.3.8a)

H
.If.-+.

z = 't-Sln~
81r

oo

J
-:x;

(2.3.8b)

Now, Equation (8a) represents the wave expansion of the TM field, while (8b)
represents the wave expansion of the TE field. Observe that because E, is
odd about z == 0 in (8a), the downgoing wave has an opposite sign from the
upgoing wave. At this point, the above are just the primary field generated
by the source.

On top of a stratified medium, the downgoing wave is reflected accord-
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ingly, depending on its wave type. Consequently, we have

(2.3.9b)
-00

00

E =~ cos A. J dk k2H(l)(k. p) [±eiklzlzi - k™ eiklZ(Z+2dl)]
lz 8 "P P pIP 12 ,

7rW€l -00 (2.3.9a)

00 2

H = iIi sin A. Jdk ~H(l)(k p) [eiklZIZI + R-TEeiklz(Z+2dl)]
lz 8 "P P k 1 P 12 .

7r lz

Notice that the negative sign in front of ilf2M in (9a) follows because the
downgoing wave in the primary field has a negative sign.

§§2.3.2 Magnetic Dipole Fields
For the sake of completeness, we shall also give the expressions due to

point magnetic dipoles. A point magnetic dipole can be simulated by a small
electric current loop antenna. Furthermore, the field it generates is dual to
that of a Hertzian dipole. The dual of an electric dipole with moment P is
J-LIA where I A is the magnetic moment of a loop of area A carrying a current
I. But for a Hertzian dipole, If = fdQ/dt = -iwQf = -iwP. Hence, the
replacement of If ~ -iwJ-LIA, and the consequent use of duality will yield
the magnetic dipole results.

(a) Vertical Magnetic Dipole (VMD)
A vertical magnetic dipole on top of a layered medium produces only a

TE field. Consequently, we have

-00
(2.3.10a)

(2.3.10b)

where A is the area of the small electric current loop simulating a magnetic
dipole.

(b) Horizontal Magnetic Dipole (HMD)
For a horizontal magnetic dipole pointing in the x direction, the expres­

sions for the fields are

The field in each region for each of the above cases can be derived by a
method similar to (6). This follows from the fact that the propagation of the
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TE and TM waves through a layered medium are completely decoupled from
each other-they are only coupled at the source.

The above are field solutions written in cylindrical coordinates. When the
solutions in Cartesian coordinates are required, we need only use the Weyl
identity instead of the Sommerfeld identity in (1) and (2) (see Exercise 2.17).
Finally, given the field due to a point source, the field due to a sheet source
can be easily obtained by convolution (Exercises 2.17, 2.27).

§§2.3.3 The Transverse Field Components

Given the integral representations of the z components of the electro­
magnetic field, the integral representation of the other components of the
electromagnetic fields can also be derived in each of the homogeneous layers
(Kong 1972). In general, the field in a homogeneous layer is of the form

oc

E(r) = J dkpE(kp,r),
--:)()

00

H(r) = J dk; lI(kp, r ).
_.'X)

(2.3.12a)

(2.3.12b)

In the above, each spectral component, E(kp , r) or lI(kp , r), IS also a
solution of Maxwell's equations. Consequently, by writing

E(kp , r) == Es(k p , r) + iEz(kp , r),

H(kp , r) == Hs(k p , r) + zHz(kp , r),

(2.3.13a)

(2.3.13b)

and letting \7 = \7s + i %z' where the subscript s indicates transverse to the
z components of the vector, Maxwell's equations become

(v" + i :z) x (E" + iEz ) = iWJ1 (H s + iHz ) ,

( V s + z:z) x (lIs + zRJ = -iwE(Es + zEz ) ,

(2.3.14a)

(2.3.14b)

where Jl and f. are constants. Moreover, after equating the transverse com­
ponents in (14a) and (14b), we have

- a - -
V s x iEz + az z X E s = iWJ1H s , (2.3.15a)

(2.3.15b)
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(2.3.16)

Then, on taking tzzx(15a) and eliminating tzz x Hs from the resultant
equation with (15b), we obtain

8 A t"7 "E-. 8
2

" "E- 2 E- . t"7 AH-
8zzxvsxz Z+8z2zXZX s=WjjE s-ZWjjvsXZ z :

Since Es in general has e±ikzz dependence, 82/ {)z2 --t -k; in the above. Con­
sequently, after simplifying the above with the appropriate vector identity,
we have

Furthermore, from duality, it follows that

Hs(kp,r) = 2 1 k2 [Vs88iIz +iWEZ x Vs-i3z].
W jj€ - z Z

(2.3.17a)

(2.3.17b)

It is important to emphasize that the quantities in (17a) and (17b) are the
integrands of the integral representations of the field. Hence, the equations
are to be applied to each spectral component individually, but not to the
integral as a whole (see Exercise 2.15).

§2.4 A Source Embedded in a Layered Medium
From the above analysis, it is apparent that the problem of a source on

top of a layered medium is equivalent to a one-dimensional problem. This
is even the case when a source is embedded in a layered medium. Consider
first a point source radiating in an unbounded medium, the Z variation of the
solution, as exemplified by (2.3.4) and (2.3.8), is of the form

F(z, z') = eikzlz-z'l. (2.4.1)

If, instead, the source is now in region m as shown in Figure 2.4.1, then
the z variation of the solution in region m is augmented by an upgoing wave
plus a downgoing wave, namely,

(2.4.2)

The last two terms are due to reflected waves at the boundaries z = -dm - 1

and z = -dm . To find Bm and D m , constraint conditions can be derived for
the waves at z = -dm - 1 and z = -dm .

The downgoing wave for z > z' is a consequence of the reflection of the
upgoing wave for z > z', at z = -dm - 1. Mathematically, this relationship
can be expressed as

(2.4.3)
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Region m -Source,z=zl

(2.4.4)

------------------ -d m
Region m+ I

------------------ -d m+I

Region N-I

Region N

Figure 2.4.1 A source embedded in a multilayered medium.

Similarly, for z < z', a relationship can be written between the upgoing wave
and the downgoing wave at z == -d"n, namely,

D e- i km zdm - R- [eikmzldm+z'l + B eikmzdm]
m - 171,rn+1 m'

Then, solving for Is.; and o; from (3) and (4) yields

B e i k m z dm - l == is [eikmzldm-l+z/l + eikmz(r17n-~n-l)R- eikmzldm+z/l]!VI
rn .l~,Tn-1 / m,Tn+1 m,

(2.4.5a)

D e-ikmzdm == fj [eikmzldm+z" + eikmz(dm-dm-dR eikmzldm-l +Z'I] NI
m .1 Lrn,m+1 m,m-1 m s

(2.4.5b)

where NI - [1 - R- D e2i)\,mz(dm-rlm-l)] -1m - m,Tn+l.lfJrn,m-l .

After substituting (.5) back into (2), and bringing all the terms under a
common denominator, we can show that (2) becomes (Exercise 2.18)

[e
- i,k m z ZI

-L eikmz(zl+2rlm)R- ]
I -rn,rn+l

. [eikmzz + e-ikmz(z+2r1m-d D. _]!VI. z > z'.,.lv,H,m 1 tn ,

[e i k rnz ZI .L e-'ikntz(zl+2dm--l)R- ]
I m,rn-1

. [e-ikmzz + eikmz(z+2dm)R- ] iII z < z .
'rn,'rn+1 rn s A./

(2.4.6a)

(2.4.Gb)
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Note that Fii z ;z') == F_(z', z), implying the satisfaction of reciprocity.

Furthermore, if the field in region n < m is desired, the recursive method
of Subsection 2.1.3 can be used to find the field in region n. Hence, for region
n < m, the field could be written as

(2.4.7)

Moreover, using the fact that

(2.4.8)

an equation derived similar to (2.1.26), we can recursively relate the upgoing
wave amplitude in region n to the upgoing wave amplitude in region m at
z == -dm - 1 , which is obtained from (6a) as

A+ - [e-ikmzz' + eikmz(z'+2dm)R- ] M-
m - m,m+l m'

Similarly, for region n > m, the field is

A- [e-iknzz + R- e2iknzdn+iknzz]
n n,n+l .

A recursive relation similar to (8) is then

(2.4.9)

(2.4.10)

(2.4.11)

where Si--l i is the same as Si-l,i defined in (2.1.26a), and Ai is the amplitude
of the downgoing wave in region i > m. Consequently, using (11), this
downgoing wave amplitude can be recursively related to that in region m at
z == -dm , which, from (6b), is

A~ = [eikmzz' + e-ikmz(z'+2dm-d Rm,m-l] Mm. (2.4.12)

Yet another method exists for finding A~ or A~ in region n using the gen­
eralized transmission coefficient Tm n defined in (2.1.28). For example, it can
be used to determine A~ by imposing a constraint condition at z == -dm - 1 ·

To do so, note that at z == -dn , A~ is a consequence of the transmission of
the upgoing wave at region m at z == -dm - 1 given by (9) plus a reflection of
the downgoing wave in region n, namely,

A+e-iknzdn == i: A+e-ikmzdm-l + A+ i} R e-2iknzdn-l+iknzdn
n mn m n .1 Ln,n+l n,n-1 .

(2.4.13)

Then, solving for A~ in terms of A~ given by (9) yields

A+ - eiknzdnrr e-ikmzdnt-l [e-ikmzz' + eikmz(z'+2dm)R ]Al /VI
n - .1 m n m,m+l 'm Tl:'

(2.4.14)
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Consequently, the field in region n at z due to a source in region m at z'
is

F+(z, z') = [eiknzz + e-iknz(z+2dn-d Rn,n-l] eiknzdn'tnne-ikmzdm-I

. [e-ikmzzl + eiknu(zl+2dm)R- ] M- M-
111,m+l m n ,

Z E region n, z' E region m, n < m.
(2.4.15)

This form of the solution has the advantage of being more symmetrical than
those given in the literature (Kong 1986, p. 309).

In a similar manner, A~ for n > m can be determined, yielding

F ( ') [e-iknzz + eiknz(Z+2dn)R-. ] e-iknzdn-lr]; eikmzdm- z, z == n,n+l .lynn

. [eikmzz' + e-i,kmz(z'+2dm-l)R- ] M- M-
'Tn,m-l m ti ,

Z E region n, z' E region m, n > m.
(2.4.16)

From the above, we can further show that k:: F+(z, z') == t
n
: F_(z', z) where

z' E Rm, z ERn, and R, stands for region i (see Exercise 2.18).

Some sources generate a field that is odd-symmetric about z' in a h01110­
geneous medium. So, instead of (1), the field is

F(z, z') == ±eikzlz-z'l, (2.4.17)

The solution for this case can be obtained from the above solution by differ­
entiating with respect to z',

§2.5 Asymptotic Expansions of Integrals

Even though the solutions of a source over or embedded in a layered
medium have been expressed in terms of Fourier-type integrals, not much
physical insight into these integrals is gained other than that they are integral
summations of transmitted and reflected plane or cylindrical waves. These
integrals can, however, be subject to approximations, giving rise to simpler
expressions. These simpler expressions offer a better understanding of these
waves. They are the asymptotic approximations that can be derived via
mathematical techniques which we shall describe next.

A number of these mathematical techniques are also discussed by many
authors (Brekhovskikh 1960; Tyras 1969; \iVait 1970, 1971; Yeh and Liu
1972; Kong 1975, 1986). Furthermore, many scientists have also used such
techniques to obtain better physical interpretation of such integrals. S0111e of
these works are listed in the references.

§§2.5.1 Method of St.et.iotinry Phase

The method of stationary phase is useful in deriving the leading-order
approximation to an integral whose integrand is rapidly oscillating. Such
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(0)

(b)
A»I

Figure 2.5.1 A rapid oscillation of the integrand as a function of t
because A is large.

rapid oscillations render the numerical integration of the integral difficult.
In this case, an asymptotic approximation may be the best way to obtain
numerical values for the integral.

As an example, consider an integral

00

I = J dt f(t) g().., t),
-00

(2.5.1)

where g(A, t) can be integrated in closed form, but not f(t)g(A, t). Further­
more, if

(2.5.2)

(""-I" means "asymptotic to") then when A is large, g(A, t) is a rapidly oscil­
lating function of h, and hence, of i, where h(t) may be a function of t as
shown in Figure 2.5.1a. As a result, the real part of the function g(A, t) will
look like that shown in Figure 2.5.1b. Also, the imaginary part of g(A, t) has
the same feature. If h(t) has a stationary point at t = to, Le.,

h'(to) = 0, (2.5.3)

it varies least slowly as a function of t at t = to; hence, g(A, t) is least rapidly
oscillating at t = to. Furthermore, we assume that when A ~ 00, f(t) is a
more slowly varying function compared to g(A, t).
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If the integrand is rapidly oscillating, the contribution to the integration
is small because of the cancellation of the positive and negative parts of the
integrand. However, this cancellation is least at to where the integrand is least
rapidly oscillating. Therefore, most of the contribution to the integration
will come from the neighborhood of to. Consequently, the integral can be
approximated as (see Chew 1988)

00

I '" I(to) / dt g(>', t), >. - 00,

-00

(2.5.4)

because f(t) is approximately a constant in the neighborhood of to. Moreover,
since g(A, t) has a closed-form solution, a simple algebraic approximation is
obtained for I. This approximation is asymptotic in the sense that it becomes
better when A becomes larger.

As an example, let us consider the asymptotic approximation of the in­
tegral (2.3.4)

I == /00 dk k~ H(l)(k p)eikzlzl. (255)
P k

z
a P ••

-00

Note that the integrand resembles the integrand of the Sommerfeld identity.
Furthermore, when P and z -t 00, the integrand becomes a rapidly oscillating
function of kp , because

(1) {£ 'k '7fHo (kpp) r-;» -k- e' PP-'l4, P -t 00, (2.5.6)
7r pP

and eikzlzl are both rapidly oscillating functions of kp • Hence, the rapidly
oscillating part of the integrand becomes

H~l)(kpp)eikzlzl '" J 2 e-if+ikpp+ikzlzi, p, z - 00. (2.5.7)
1Tkp p

The stationary-phase point, i.e., the point of least rapid oscillation, is
found from

d
dk [kpp + kzlzjJ = O. (2.5.8)

p

Then, using the fact that k, == (k2 - k~)~, the stationary-phase point is found

at p.
kps == k 1 == k SIn (), (2.5.9)

(p2 + z2)2

and () == sin- 1(p/ r ), r == (p2+Z2)~. Note that () is the observation angle in the
spherical coordinates. Moreover, in (5), k~ ~ k~skp around the stationary­
phase point, and it can be rewritten

00

I rv k2 / dk kpH(l)(k ) ikzz = 2k
2

sin
2

() ikr _
ps P k 0 pP e . e, r 00.

z zr
-00

The latter equality is a consequence of the Sommerfeld identity.

(2.5.10)
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In fact, Equation (2.3.4) has a closed-form expression given by (2.3.3a).
The above is only the leading-order approximation of (2.3.3a) when r ~ 00.

The method of stationary phase offers a quick way to obtain a leading-order
approximation of an integral. For example, it can be used to derive the
approximations for (2.3.9a) and (2.3.9b) (see Exercise 2.19). But to obtain
higher-order approximations, we use the method of steepest descent. The
method of stationary phase physically implies that only the spectra in the
vicinity of the stationary phase point interfere constructively to contribute
to the field at an observation point.

§§2.5.2 Method of Steepest Descent

(a) Infinite Integrals

The method of steepest descent, or the saddle-point method, deals with
the asymptotic expansion of an integral of the kind (see also Erdelyi 1956;
Copson 1965)

I =1eAh(t) f(t) di, (2.5.11)

where C is an infinite contour on a complex plane. The stationary-phase point
in this case may be complex; hence, the intuitive argument of the stationary
phase method may not apply here.

If h(t) has a stationary point at t = to, implying h'(to) = 0, then,

h"(t )
h(t) - h(to) ~ (t - to)2-t- + ... , t ---. to, (2.5.12)

i.e., h(t) - h(to) is quadratic around the stationary point. This then suggests
a change of variable to s such that

-S2 = h(t) - h(to). (2.5.13)

Note that Equation (13) performs a mapping from the complex t plane to
the complex s plane (see Figure 2.5.2). Moreover, the point to is mapped to
s = 0 on the complex s plane, while the contour C on the t plane maps to
the contour C' on the complex s plane.

On the real axis of s, the function h(t) - h(to) is purely real and negative;
hence,

eAh(t) = e-As2+Ah(to). (2.5.14)

Notice that on this path, which corresponds to the path P on the complex
t plane, eAh(t) has a constant phase. Hence, P is also called the constant­
phase path. Furthermore, eAh(t) has a maximum at s = 0, or t = to, and is
exponentially small on the real axis away from s = 0, or away from t = to
on the constant phase path P. But on the imaginary axis on the complex s
plane, e-

As2 becomes exponentially large, and so does eAh(t). Therefore, the
function eAh(t), when A ~ 00, looks like a saddle at the point t = to on the
complex t plane and s = 0 on the complex s plane respectively. Hence, this
point is also known as the saddle point. The constant-phase path on which
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p

c

til

I,
I
I

(2.5.15)

Figure 2.5.2 The mapping from the complex t plane to the complex
s plane.

the function eAh(t) descends steeply away from the saddle point is also known
as the steepest-descent path.

With the change of variable in (13), (11) becomes

I = e)"h(to) .I e-).,·,2 F(s) ds,

C'

where
dt

F(s) == f(t)-. (2.5.16)
ds

The path of integration can be further deformed from C' to the real axis
provided that the contributions to the integral over the paths A and B in
Figure 2.5.2 are vanishingly small at infinity by invoking Jordan's lemma.
However, in deforming the contour, the contribution due to any singularity
enclosed between the paths C' and P' needs to be included. Hence, (15)
becomes

oo

J = e)"h(to) .I e _).,s2F( s) ds + i;
-()()

(2.5.17)

where I p is the contribution from the singularities enclosed between the con­
tours C' and P'.

More specifically, the saddle-point contribution to I is

00

Is = e)"h(to) .I e-).,s2 F(s) ds.

-CX)

(2.5.18)

Observe that when A ---+ 00, e-;\<'1
2

is exponentially small away from s == 0 on
the path of integration. This implies that most of the contribution to the
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integral is from around s == O. Hence, F( s) can be expanded into a Taylor
series about the origin to obtain

(2.5.19)

The above is only an approximation because a Taylor series usually has a
finite radius of convergence, while the integration above is over an infinite
range.

Consequently, by integrating the above term by term, and applying the
formulas

00

Js2m+le-~s2ds == 0 m == 0 1 2 ..., , , ,
-00

00

J 2m -~s2d - (2m)! E
s e s-ml22m>..mY>" m=O,1,2,· ..

-00

(2.5.20a)

(2.5.20b)

[which is obtainable by converting the above into a gamma function inte­
gral (Abramowitz and Stegun 1965; also see Exercise 2.20)], we obtain the
asymptotic expansion of Is as

I rv e>'h(to) E [F(O) + F"(O) + F(iv)(O) + ... ] ,\~ 00.
8 V>.. 4,\ 32,\2 '

(2.5.21 )

dt t-toFurthermore, from (12), (13), and (16), one can show that -d Is=o == lim - ==
8 8-+0 8

Jh/~;o) , and

~F(O) = f(to)y h"(iJ'

Hence, the leading-order approximation to (21) is

(2.5.22)

-27r
A~ 00

Ah"(to) , , (2.5.23)

which usually agrees with the approximation given by the stationary phase
method. The above method is also known as the saddle-point method.

(b) Semi-Infinite Integrals

For a semi-infinite integral,

1= Je>'h(tlf(t)dt,

c

(2.5.24)
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-----~llr------_+_----~~-------.t'

Figure 2.5.3 The case for a semi-infinite integral. Pa is the steepest­
descent path passing through a while P is the steepest-descent path
passing through the saddle point at to.

where C is as shown in Figure 2..5.3, the complete path of integration may
not be deformed to pass through the saddle point. The path, however, may
be deformed through a constant-phase path that passes through a, i.e., Pa

plus a path P that passes through the saddle point at to. Assuming that no
singularity is enclosed in the course of deforming the integration path, we
then have

I = JeAh(t) f(t) dt +JeAh(t) f(t) dt.

r, P

(2.5.25)

The second integral above, which is an infinite integral, can be evaluated
by the saddle-point method as described previously. To evaluate the first
integral, which is a semi-infinite integral, we perform the following transfor­
mation:

-s == h(t) - h(a). (2.5.26)

Unlike (13), a linear transformation is chosen because h(t)-h(a) ~ (t-a)h'(a)
when t ~ a; namely, h(t) - h(a) is linear around a. Then, the first integral
becomes

where -1 < a < 1 and

00

I - eAh(a) I -AS a F( ) d
(1 - • e s s s,

()

0' (' f ( ) dtsFs)== t-.
ds

(2.5.27)

(2.5.28)

In (27), the possibility of a factorizable algebraic branch point at t == a is
allowed, i.e., when t ---t a, we aSSUD1e that f(t) r-:» (t - a)aB. In such a case,
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transformation (26) leads to an integrand of the form as shown. Moreover,
the positive real axis of the s plane maps onto the path Pa on the complex t
plane since P; is the constant-phase path. On the real saxis, h(t) - h(a) is
purely real from (2b), and hence, e)"h(t) has only a constant phase.

When .,\ ---. 00, most of the contributions to the integral would come from
around s = o. Hence, one can Taylor series expand F( s) about s = 0, and
obtain a series expansion for fa as in (19), yielding

00

J
o

Then, using the fact that

00

e-A8 L so+nF(n)(O)/n! ds.
n=O

(2.5.29)

00

J -)..8 n+od r(n + 1 + 0:)e s s=-----
.,\n+l+o '

o

where I'(z) is a gamma function, we have

(2.5.30)

I f'V )"h(a) [F(O) f(1 + 0:) F'(O) f(2 + 0:) F"(O) f(3 + 0:) ... ] x-.
a e .,\1+0 + .,\2+0 + 2.,\3+0 + , 00,

(2.5.31)
which is an asymptotic expansion of fa when .,\ ---. 00 (see Exercise 2.21).

Since f(t) I'V (t - a)O B, when t ---. a, it can be shown that

dt I = lim t - a = __I_
ds 8=0 t~a S h'(a)

which can be used to show that

[
-1 ]0+1

F(O) = h'(a) B, (2.5.32)

where Band 0: are derived from the fact that f(t) f'V (t - a)O B, when t ---. a.
The above can then be used to find the leading-order term in (31).

A point is in order on the convergence of the series (21) and (31). These
series are usually not convergent for the following reason. As mentioned
before, when F(s) is replaced by its Taylor series approximation, the Taylor
series of a function usually has a finite radius of convergence. Hence, the
Taylor series representation is only good over a finite domain in s. But
the paths of integration in both (19) and (29) are over infinite domains.
Therefore, the right-hand sides of (19) and (29) are not rigorously valid, and
these series, in general, diverge. Such a series, which is characteristic of an
asymptotic expansion, is also known as a semiconvergent series.

How would one know how many terms to include in the approximations?
To gain familiarity with this, one examines the integrand of the n-th term
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in (19). Note that in the n-th term of the integrand, sne- As
2

peaks around
s == ~. Therefore, as the higher order terms in the series are computed,
the contribution comes from points farther and farther away from the origin.
If the radius of convergence of the Taylor series is R, then in order for the
n-th term to be effective in the approximation, we require that

~ «R. (2.5.33)

(2.5.34)

The radius of convergence of the Taylor series is given by the distance of
the nearest singularity to the origin. Hence, the criterion (33) could also be
written as

~ «Ispj,

where Ispl is the distance of the nearest singularity from the origin on the
complex s plane.

Similarly, for the n-th term in the series (31) to be effective, we require
that

(2.5.35)

It is clear now that if a singularity is close to the origin either in (18) or
(27), it may render the asymptotic expansion useless unless A is very large. In
such a case, it will be better to use a uniform asymptotic expansion method
to derive the asymptotic approximation of the integral. Uniform asymptotic
expansions are usually expressed in terms of special functions.

§§2.5.3 Uniform Asymptotic Expansions

As observed previously, when a singularity moves close to a saddle point,
the asymptotic expansion obtained by the method of steepest descent is not
uniformly valid because the radius of convergence of the Taylor series di­
minishes in (19) or (29). Hence, to obtain an asymptotic expansion that is
uniformly valid for all distances between the singularity and the saddle point,
we resort to the uniform asymptotic expansion.

First, consider an integral of the form

I = J(t - tb)kj(t)e)"h(t)dt,

c

(2.5.36)

where k < 1 and C is an infinite contour. Notice that in the integrand, there
could be an algebraic branch-point singularity or a pole singularity at t == ti:
For example, if k = 1/2, then a square-root branch-point singularity exists
at ti: On the other hand, if k == -1, then a simple pole singularity is at tb.
Furthermore, assume that a stationary-phase point exists at t = to such that
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h'(to) = O. Then, using the transformation -82 = h(t) - h(to), we obtain, via
a change of variable,

where

I = e>'h(to) !(s - sb)kF(s)e->.s2 ds,

C'

(2.5.37)

(2.5.38)F (s) = (t - tb ) k f (t) dt .
S - Sb ds

Notice that the point Sb is the image of tb on the complex S plane. The contour
C' is the image of C on the complex S plane. Because of the rational form
(t - tb)/(S - Sb), F(s) does not have a singularity at 8 = Sb. Furthermore,
the stationary-phase point at to on the complex t plane is now mapped to
the origin on the complex s plane.

There are now two critical points on the complex 8 plane, the saddle
point at S = 0, which is also the stationary-phase point, and the singularity
at s = Sb. Both of these critical points are essential in affecting the value
of the integral. Then, using a method developed by Bleistein (1966),7 we
approximate F(8) with a polynomial that interpolates these critical points.
Consequently,

(2.5.39)

Notice that the last term vanishes at 8 = 0, the saddle point, and 8 = Sb,

the singularity, implying that the polynomial in the first two terms exactly
reproduces the value of F( 8) at the critical points. Then, solving for '0 and,1 gives

(2.5.40)

Consequently, (37) becomes

I = e>'h(to)! (s - Sb)k[rO + ,1 (s - sb)]e->.s2 ds

C'

+ e>'h(to) !(s - Sb)k+1 sF1(s)e->.s2 ds.

C' (2.5.41 )

Furthermore, using integration by parts, we can show that the second
integral is of the order 1/A smaller than the first integral. In particular, the

7 See also Bleistein and Handelsman (1975). Stickler (1976) also discussed a method to
yield a uniform approximation.
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(2.5.43)A~ 00.

Hence, 12 is of the same form as the first integral in (41) except that it is
scaled down by 1/A. As a result, the leading-order approximation to I is

I '" e>'h(to) J(s - Sb)kbo + /'1 (s - sb)]e->.s2 ds,

Cf

Next, with the change of variable to u == IV: (s - Sb), we have

2 00

e A[h(to)- sbJ J [ 'V uk 'V U k+1] (u 2 rx: )1 ,0 J1 - T+v2ASbU d
'" IV: (2).)k/2 + (2).)(k+I)/2 e u:

-00

A~ 00.

(2.5.44)

This change of variable shifts the location of the singularity to the origin.
Moreover, the saddle point is now located at u == -IV: Sb (see Figure 2.5.4).

In (44), the path of integration is above the origin if the original path
C' in (43) is above the singularity; and it is below the origin if the original
path C' in (43) is below the singularity.8 Finally, the above integrals can be
evaluated in terms of W functions, namely,"

00

Wk(v'2>:s/J) = Juke~(~+v'25.sbu)du. (2.5.45 )

-ex)

The preceding function will have differing values depending on whether
the path of integration is above the origin or below the origin. In particular,
the W function is related to the parabolic cylinder function via

8
2

Wk (v'2>:Sb) = ,J2;ei f k+>. -fDk (iv'2>:Sb)'

if the integration path is above the origin, and

(2.5.46a)

(2.5.46b)

8 This assumes that A is positive real.

9 Bleistein refers to this function as a Weber function. Since "Weber function" is the
name reserved for another function (see Abramowitz and Stegun 1965), we shall call
this the W function.
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(a ) 1m [uJ

-./21Sb (Saddle Point)
•

Integroti on Path, Image of C
on the Complex u Plane

--------..-----------.Re [u]

Singularity

-mSb (Saddle Point)•
Singularity

----------4.-..---------,.. Re [u]

( b )

Integration Path, Image
of C on the Complex
u Plane

Figure 2.5.4 Two possible cases of integration paths, which are the
images of C on the complex u plane. (a) Integration path is above
the singularity, and (b) integration path is below the singularity.

if the integration path is below the origin (Gradshteyn and Ryzhik 1965, p.
1064). Hence, the leading-order uniform asymptotic expansion to I is

eA[h(tO)-s~] [10 ( 11 ]
I '" .;v.. (2,X)k/2 Wk ro Sb) + (2,X)(k+l)/2 Wk+l (ro Sb) , ,X -+ 00.

(2.5.47)
Since the effect of the singularity is taken into account in the above approxi­
mation, it is uniformly valid for all Sb, the distance between the saddle point
and the branch point.

When .;v.. Sb » 1, or the distance between the saddle point and the sin­
gularity is large compared to 1/.;v.., Equation (47) can be simplified using
the large argument expansion of the parabolic cylinder function. However, a
parabolic cylinder function has different large argument expansions depend­
ing on the phase of its argument. Then, assuming that Izi » 1 and Izl » k
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(Gradshteyn and Ryzhik 1965, p. 1065),

31r
[arg z] < 4'

1r 51r
- < arg z < -
4 4'

1r 51r
- - > arg z > - -.

4 4

91

(2.5.48a)

(2.5.48b)

(2.5.48c)

The phenomenon of different large argument behavior depending on the
phase of the argument is known as Stokes' phenomenon (Olver 1974, p. 240).
Note that the second terms in (48b) and (48c) are similar except for a phase
of e2i7r k • Hence, if k is an integer, corresponding to a pole type singularity in
(45), then (48b) and (48c) are identical. If k is fractional, however, implying
an algebraic branch-point singularity in (45), then (48b) and (48c) would be
different. This difference is the result of a branch-cut integral because cases
(a) and (b) in Figure 2.5.4 differ by a branch-cut integral. Moreover, the
second term in (48b) and (48c) will only dominate if [arg zl > 347r; otherwise,
it would be exponentially small cornpared to the first term.

Now, assume that the path of integration is above the origin on the
complex u plane. Then, the W function is represented by (46a), and the
location of the saddle point, u == - J2X ei; is in the first quadrant on the
complex u plane (see Figure 2.5.4a), i.e., ~ > arg (-J2X Sb) > O. Moreover,
the argument of the parabolic cylinder function in (46a) is in the fourth
quadrant. Consequently, a large argument approximation for the parabolic
cylinder function that is uniformly valid in the fourth quadrant is given by
(48a). As a result,

w, (ro Sb) r'V~eAS~ ( - ro Sb) k .

Next, by substituting the above into (47), we have

e,\h(to) [ ]
I r'V J2X 'Yo~ (-Sb)k + 'Y1~ (-Sb)k+l ·

Using the definitions of 10 and II given in (40), the above becomes

I "'" E eAh(to)F(O)(-Sb)k
V~ .

(2.5.49)

(2.5.50)

(2.5.51 )

On comparing (51) with the leading-order term in (21), we see that the
above is just the leading-order saddle-point approximation of the integral
in (37) (see Exercise 2.23). Hence, the leading-order uniform asymptotic
expansion reduces to the leading-order term in the asymptotic expansion de­
rived by the steepest-descent method when Sb is large. Notice that there is
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only a saddle-point contribution because, in the method of steepest descent,
no singularity is enclosed in the course of deforming the original integration
path to the steepest-descent path, since the original path and the saddle point
are both above the origin.

On the other hand, if the original integration path is below the singular­
ity as show in Figure 2.5.4b, then (46b) would be used for the W function.
Furthermore, if the saddle point is in the first quadrant, then the argument
of the parabolic cylinder function in (46b) is in the second quadrant. Conse­
quently, a large argument expansion for the parabolic cylinder function which
is uniformly valid in the second quadrant is given by (48b). In this case,

wk(mSb) '" J2;e"s~ (-mSbf + r~:~) (-msb) -k-l, mSb~ 00.

(2.5.52)

(2.5.53)

But when A ---+ 00, the last term in the above can be neglected. Hence, using
the definition of 1'0 and 1'1, and the fact that h(to) - s~ = h(tb), we have
eventually

~
eAh(tb) 27ri

I '" - e"h(to)F(O)(-Sb)k+ In\ k 1 F(Sb), m Sb ~ 00.
A V2A r(-k)(2A) +2(-Sb)k+l

(2.5.54)
The first term is again the saddle-point contribution. Now, the second
term arises because when the original path of integration is deformed to the
steepest-descent path that passes through the saddle point, the contribution
from the singularity has to be included, since the original path of integration
is below the origin (see Exercise 2.23).

In the above, note that when Sb is small, the uniform asymptotic expan­
sion does not treat the saddle-point and the singularity contributions sepa­
rately. In fact, they are indistinguishably buried in (47). However, when the
saddle point and the singularity are far apart, the large argument expansion
of the W function can be used to arrive at (51) or (54), where a saddle-point
contribution and a singularity contribution are identifiable in the context of
the steepest-descent method. Furthermore, whether a singularity will con­
tribute is accounted for by the definition of the W function for two different
cases in (46a) and (46b). Note further that the singularity contribution in
(54) is the leading-order contribution from the singularity; it can be an al­
gebraic branch-point singularity or a pole singularity depending on the value
of k.
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§2.6 Dipole Over Layered Media-Asymptotic Expansions

Having shown the theory behind asymptotic expansions of integrals, we
shall next show the use of the technique for the asymptotic expansions of
Sommerfeld integrals. Sommerfeld integrals in general contain branch-point
and pole singularities in addition to saddle points. Because of the presence
of branch-points on the complex plane, the analysis of Sommerfeld integrals
is often complicated by the presence of Riemann sheets. Hence, a good grasp
of the Riemann sheet concept in addition to the asymptotic expansion theory
is essential here.

We shall first illustrate the asymptotic expansions with an integral that
has only branch-point singularities. Next, integrals with pole singularities
in addition to branch-point singularities will be considered. Later, the case
where a singularity could be close to the saddle point, hence necessitating
the use of uniform asymptotic expansions, will be illustrated.

§§2.6.1 Dipole Over Half-Space (VMD)

For a nonmagnetic mediurn where J-L == J-Lo is a constant, the asymptotic
expansion of the TE wave due to a point source is more benign than that
of the TM wave. Hence, let us consider a source that will generate only TE
waves, namely, a vertical magnetic dipole. Because of the TE nature of its
field, a VMD over a half-space has a field that can be characterized by Hz
only. Consequently, we have [see (2.3.10a)],

00 3

H2z = - i~: J dkp ::z H61\kpp)T'0Ee-ik2Z(z+dtl+iklzdl,

-00

(2.6.2)

where

T
T E _ 2k1z
12 -

k1z + k2z '
(2.6.3)

and k. == (k~ - k2)1/2zz 'l P •

Notice that the asymptotic expansion of the primary field in (1) gives rise
to a spherical wave as in (2.5.10). The reflected wave field in (1) is, however,
given by

00

J
-ex)

(2.6.4)

which is more complex than that for the primary field. There are two branch
points in this integrand, and the branch cuts associated with them are as
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Figure 2.6.1 ~m[kiz] = 0 branch cuts, the steepest-descent paths
through the saddle point, the branch point, and the Sommerfeld in­
tegration path.

shown in Figure 2.6.1. Here, only the branch cuts in the first quadrant are
considered, as it will become evident that only they are the important ones.
Then, when p, z, and d, are large, a stationary-phase point, or a saddle point
is located at [analogous to (2.5.9)]

(2.6.5 )

where OJ = sin-1(f-), and rJ = [p2 + (z + 2d1)2]1/2. Therefore, the stationary­
phase point is located at kps < kl . The constant-phase path, or the steepest­
descent path that passes through the saddle point, is shown in Figure 2.6.1
as 8 1 (see Exercise 2.24). Furthermore, the constant-phase path that passes
through the branch point k2 is 82 .

By virtue of Jordan's lemma and Cauchy's theorem, we can deform the
contour from the Sommerfeld integration path (SIP) to the paths 8 1 and 3 2 .

Notice that the region enclosed by 3 1 , 3 2 , and SIP is analytic except for the
possible occurrence of pole singularities. But it can be proved that for the
integrand of (4), no poles are in this enclosed region. Hence, the integration
over the SIP is the same as the integration over 81 and 32 . Moreover, the
contribution from the two vertical paths vanishes by virtue of Jordan's lemma
when they tend to infinity. Consequently, the contribution to H~ has two
parts, one from the saddle point, and the other from the branch point at k2 ,

given by
H R - H RS H RB

l z - lz + lz· (2.6.5a)
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Source

Direct
Wave (p, z)

~---.II- Reflected Wave
I
: z + 2d l

Figure 2.6.2 Direct wave, reflected wave, and the image point for a
dipole over a half-space.

The leading-order saddle-point contribution is the same as that one would
have obtained using the method of stationary phase. Hence, by inspection of
the integral in (4), and comparison with the integral in (2.5.5), we have

(2.6.6)

where kps is given in (5) and T/ == [p2 + (z + 2d1 )2]1/2.

In the above, Rf2E is evaluated with kp == kps = k, sinO[. Therefore,
expression (6) represents a spherical wave that emanates from a point at
(p, z) == (0, -2d1 ) , which is the image point of the source at (p, z) = (0,0).
Moreover, the wave is attenuated by the Fresnel reflection coefficient for a
plane wave incident at angle () I on the half-space, as shown in Figure 2.6.2.

If k1/sin ()/ < k2 as shown in Figure 2.6.1, the branch-point contribution,
which manifests itself as a branch-cut integral, has to be included. This
branch-cut integral is deformed to integrate along 52 as shown in the figure.
To calculate the branch-cut integral, note that the function k2z in Rf2E as­
sumes opposite signs on the parts of 52 that are on different Riemann sheets.
Therefore, the integration on different Riemann sheets can be combined into
a single integral, yielding

H RB == _ iIA Jdk k~ H(ll(k p)ei k1Z(z+2dI) [RT E+ _ R T E - ]
1z 8 p k 0 p 12 12'

IT S2 lz (2.6.7)

where 52 starts at k2 and extends to infinity, and

RT E + _ RT E - _ k 1z - k2z _ k 1z + k2z _ -4k 1zk2z _ -4k1zk2z

12 12 - k1z + k2z k 1z - k2z - kIz - k~z - kr - k~ .
(2.6.8)
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The superscripts + and - above indicate the values of Rf2E on the top and
the bottom Riemann sheets respectively.

But when p is large, the integrand in (7) can be replaced by

H R B '" ifA J2 Jdk k! eikpp+ik!z(z+2dIl k2z P -4 00
lz 21T" it:P P P k? - k~ ' .

52 (2.6.9)

Moreover, the integral in (9) is a semi-infinite integral. Then, on comparing
(9) with the first integral in (2.5.25), we identify A with t i, and h(t) with
i [kpp/r/ + k1z(z + 2dl )/ r/ ].

As a result, by letting -s = h(t) - h(a), or equivalently,

-AS = ikpp + iklAz + 2dd - ik2P - iJk~ - k~ (z + 2d1 ) , (2.6.10)

Equation (9) becomes

where

and

(2.6.11)

(2.6.12a)

(2.6.12b)

(2.6.13)

Since k2z = Jk~ - k~ ' f(kp) has a branch-point singularity at kp = k2·
Moreover, from (12b), we note that

f( k ) '" ik~j2 (kp - k2)~ k -4 k
P k2 _ k2 ,p 2·

1 2

Consequently, B in (2.5.32) is identified as

ik~j2

(k?-k~)'

and Q = 1/2 in (2.5.32). Then, the leading-order expansion of (11) using the
first term in (2.5.31) is (Exercise 2.25)

[ ]
~

i 1f •• 3

H RB I Ae 4" eik2P-Jk~-ki (z+2dt} 1, zk2
lz f"V Ok 2 2 .

21rvP P +~ (z + 2dd k1 - k2 (2.6.14)
2 1

This branch point contributes to a wave that has a special physical in­
terpretation. Notice that this wave is exponentially decaying away from the
surface at z = -die Furthermore, in the p direction, it has the phase velocity
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Figure 2.6.3 Physical interpretation of the lateral wave.

of medium 2. Since it is only observed close to the surface, it is a surface
wave. If z and d1 are small but p is large so that both the source and the
observation points are close to the surface, then along the surface, the wave
has a form of

eik2P- y'k~ -ki (z+2dI)

HfzB ~ C -' 2' (2.6.15)
p

indicating an algebraic decay of 1/p2 in the p direction. This surface wave
is also known as the lateral wave or the head wave (see Brekhovskikh 1960;
Tyras 1969; Tamir 1972, 1973; Aki and Richards 1980).

Figure 2.6.3 illustrates the physical interpretation of such a wave. To
interprete the result, recall that a point source emanates a spectrum of cylin­
drical waves or plane waves, some of which are propagating, while some are
evanescent in the z direction. But the propagating part of the spectrum is
always transmitted at an angle smaller than the angle of incidence because
k2 > k, (see Figure 2.6.3a). Hence, the largest transmitted angle due to
a propagating wave in medium 1 is at Be, the critical angle due to a wave
incident at grazing in region 1. If the wave is to be transmitted at an an­
gle greater than Be, it has to come frorn an evanescent wave in region 1.
Therefore, the evanescent part of the spectrum is needed to excite a wave
propagating in the lateral direction parallel to the boundary, which is the
lateral wave (see Figure 2.6.3b). But this wave is propagating in medium 2;
hence, it has the phase velocity of rnedium 2. Moreover, it is evanescent in
medium 1; therefore, it is observed in medium 1, and excited by a source in
medium 1 if only both the source and the observation points are close to the
interface.
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Alternatively, the lateral wave could be thought of as a part of the spher­
ical wave in medium 2 that is propagating along the interface, and is being
refracted back as evanescent waves. It has an algebraic decay of p-2, which
is faster than the decay of a spherical wave, because of an interference effect
near the interface. As a result of the p-2 decay, the branch-point contribution
is of higher order compared to the saddle-point contribution.

The transmitted field given by (2) can be approximated in a comparable
manner (see Exercise 2.26; also see Subsection 2.6.4). Similarly, integral
representations of the Weyl type can also be approximated (Exercise 2.27).

§§2.6.2 Dipole Over Half-Space (VED)

A VED produces TM waves rather than TE waves. In this case, the field
is characterized by E z , and we have

00 3

E == -If, Jdk 5:-n (1 )(k p) [eiklZlzl + RT/vfeiklZZ+2iklZdl]
1z 8 p k 0 P 12 ,

7rWt1 lz
-00

where

(2.6.16)

(2.6.17)

The asymptotic expansion of E i z above will be very similar to the asymp­
totic expansion of H1z except that now, RTff may have a pole. For instance,
R'[;M will be infinite if

(2.6.18)

On squaring (18) and making use of the facts that kfz == kr - k~ and that
k~z == k~ - k;, we can solve for kp to obtain

(2.6.19)

Since the Brewster angle condition for which Rftf == 0 is given by t2klz ==
t 1k2z , (19) is also the condition for the zero of Rf,f. Therefore, the pole and
the zero of the function RTff are at the same location on the complex kp

plane. Because the integrand of (16) is a multivalued function with four
possible values for each value of kp , the pole and zero must be on different
Riemann sheets. Moreover, for J-li == J-L2, the Brewster angle is given by

(2.6.20)

For such a case, the pole or zero is located at k p < k 1 . However, for the
pole to exist, the real parts and the imaginary parts of k 1z and k 2z have to
be opposite in signs if tl and t2 are predominantly real. As a result, the pole
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Sommerfeld Integration
Path

Figure 2.6.4 Location of the Sommerfeld poles at kp = kp . This is
also the location of the zeroes but on different Riemann sheets.

cannot be concurrently on the top sheets of the Riemann sheets of k1z and
k2z , or concurrently on the bottom sheets of the Riemann sheets of k1z and
«;

The locations of the pole and the zero are shown in Figure 2.6.4. The
pole is located on

(i) the top Riemann sheet of k1z and the bottom Riemann sheet of k2z ;

and

(ii) the bottom Riemann sheet of k1z and the top Riemann sheet of k2z '

The zero is located on

(i) both the bottom Riemann sheets of k1z and k2z ; and

(ii) both the top Riemann sheets of k1z and k2z '

This pole is also sometimes known as the Sommerfeld pole, or the Zenneck
surface wave pole, because it could be associated with the Zenneck surface
wave.!" When the Sommerfeld integration path is deformed to the path 51,
the dashed part of 51 to the left of k1 is on the bottom sheets of both the
Riemann sheets of k1z and k2z ' Hence, this pole does not contribute to the
asymptotic expansion of E l z '

However, when (2 < O~ which is possible in a plasma medium, this pole

10 An extensive discussion of this pole was given by Banos (1966). Discussion of the
Zenneck wave was given by Tyras (1969), and Hill and Wait (1978).
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Figure 2.6.5 The surface plasmon case where E2 < O. kp is now on
the top Riemann sheet.

corresponds to the surface plasmon mode that is observed in optical scattering
and absorption on metallic surfaces as discussed in Boardman (1982) and P.
Yeh (1988, p. 332). In this case, if IE21 > El' then kp > k1, and a careful study
shows that the pole can in fact be on the topmost Riemann sheet. Hence, it
may be enclosed in the course of deforming the contour of integration from
the real axis to the steepest-descent path as shown in Figure 2.6.5. In this
case, the asymptotic expansion of E 1z consists of a saddle-point contribution
such as the spherical wave in (6) plus a residue of the pole contribution.
Hence, if the residue of the reflected wave term in (16) is taken, we have the
following term

E RP _ -If k~ H(1)(k p)eiklZP(z+2dl)ATM
lz - 8 k 0 p ,

7rWEl lzP
(2.6.21 )

(2.6.22)

where k1z P == (kr - k~)1/2 == inlP is imaginary since kp > k1, and ATM ==

27riRes [Rf2M (kP )J, where "Res" stands for "residue of."

In the limit when kpp is large, this wave becomes

Ef'/ IV -If k~ J 2 eikpp-a\p(z+2dIlA™,
81fWEl k1z P i1fkp p

Since the field decays exponentially away from the interface, it is a surface
wave. It is also evanescent in region 2 since E2 < O. Furthermore, if the media
are lossless, this wave decays only algebraically in the p direction just like a
cylindrical wave, because it is actually guided by the interface and does not
radiate. Hence, the only decay in the p direction is from the algebraic spread­
ing of the cylindrical wave which gives rise to a 1/VP decay. As mentioned
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Figure 2.6.6 A vertical magnetic dipole (VMD) over a three-layer
medium.

previously, this wave is also known as the surface plasmon mode. It is again
excited by the evanescent part of the source spectrum. Hence, it will not be
excited if d, is large or if the source is far away from the interface. It is a
good example of an electromagnetic wave guidance by one interface alone.

From the above analysis, we observe that the Zenneck surface wave is
difficult to excite since it is not on the appropi iate Riemann sheet on the
complex kp plane. However, the proximity of the Zenneck surface wave pole
(Sommerfeld pole) to the saddle point can affect the nature of the direct wave
and reflected wave in Figure 2.6.2.

§§2.6.3 Dipole Over a Slab
Consider the case of a vertical magnetic dipole over a slab as shown in

Figure 2.6.6. In this case, the field in the upper half-space is given by

. 00 ~3

H == _'lIA J dk ~H(l)(k p) [eiklZlzl + RTEeiklZ(Z+2dl)]
1z 8 p k 0 P 12 ,

7r lz
-00

where

(2.6.23)

R T E + RTEe2ik2z(d2-dd
kT E == 12 23 (2 6 24)

12 1 _ RTERTEe2ik2z(d2-dd' · .
21 23

Now, ilf2E is a function of k3z as well as k1z and k2z ' However, ilf2E can be
shown to be an even function of k2z despite the complicated appearance of
(24).11 Hence, (24) can only be a function of k~z' Consequently, ilf2E is not
a double-value function of k2z but is only a double-value function of k1z and
a double-value function of k3z ' As a result, the multivalue function ilf2E can
be properly defined with only branch cuts for k1z and k3z (considering only
the first quadrant) and four Riemann sheets.

(a) Normal Mode Expansion
Next, the pole singularities of the integrand as a consequence of (24) have

11 This point is discussed further in Subsection 2.7.1. See also Exercise 2.28.
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Figure 2.6.7 The locations of poles of a slab for guided modes, kgi ,

and leaky modes, kli , and the saddle point, kps , on the complex kp

plane.

to be identified in order to find the asymptotic expansion of H 1z ' The poles
of (24) are given by the equation

1 - RTERTEe2ik2Z(dz-dtl - 0
21 23 - • (2.6.25)

Physically, the above implies that a wave, after reflecting from the top and
the bottom interfaces, together with a phase shift through the slab, should
become in phase with itself again. This is precisely the guidance condi­
tion (sometimes referred to as the transverse resonance condition) for guided
modes in a dielectric slab. Therefore, these poles on the complex kp plane
are actually related to the guided modes of a dielectric slab. Moreover, since
kiz = (kl- k;)1/2, Equation (25) is just a function of kp • Hence, the roots of
(25) can be solved for numerically on the complex kp plane.

If k2 > k1 > k3 , however, the roots of (25) corresponding to guided modes
at kp = kgi have to be such that k1 < kgi < k2, because a guided mode in
medium 2 is evanescent both in media 1 and 3. In other words , k1z and k3z

are pure imaginary and total internal reflections occur at both the top and
bottom interfaces. The locations of these poles are shown in Figure 2.6.7
with k3 < k1< k2 [see also Exercise 2.27(f)].

The number of guided-mode poles of a slab depends on the frequency
and the thickness of the slab. For instance, there are a large number of
gu ided-mode poles at high frequencies and a fewer number of poles at low
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Figure 2.6.8 The physical picture of a leaky mode, The radiation
damping on the mode gives it an apparent exponential growth in the
z direction. The mode gets weaker as it propagates in the p direction
due to radiation damping.

frequencies. Moreover, the thicker the slab, the more guided-mode poles
there are. Hence, if a number of guided-mode poles exist between k, and
k2 , this nurnber must be smaller when the frequency is lowered. Therefore,
as the frequency gradually lowers, some of the poles must disappear from
the k1 < kp < k2 region in Figure 2.6.7. This is impossible unless the poles
migrate to the left. As a pole migrates gradually to the left, it reaches a
point when the pole is at ku < k1 . In such a circumstance, k1z is no longer
pure-imaginary, and total internal reflection disappears at the top interface.
Furthermore, the mode can no longer be guided, as it must radiate into
medium 1. Consequently, the corresponding mode decays in the p direction
due to radiation damping. Therefore, kLi must have a positive imaginary part
indicating a decaying mode. Such a mode is then known as a leaky mode,
since it leaks energy into medium 1 (see Hessel 1969; Tamir 1969). Because it
attenuates when it propagates, the "rays" that it radiates gradually become
weaker, as shown in Figure 2.6.8. As a result, if we fix p to observe the field
behavior in the z direction, an exponential growth is seen in the z direction.
This is only possible if ~m[klz] < 0 for this mode. Therefore, it has to be at
the bottom Riemann sheet of k1z while it could still be on the top Riemann
sheet of k3z ' The proper location of the leaky mode kn is shown in Figure
2.6.7.

When the integration path is deformed from the original path of inte­
gration to the steepest-descent path passing through the saddle point at
kp = k, sin eJ [the saddle point is the same as given by Equation (5)], a
k3 branch-point contribution will be included if k1sin OJ > k3 . Furthermore,
by noting the point where the steepest-descent path crosses the real axis, the
guided-mode contribution will be included if k, /sin ()I < kgi , the location of
the i-th guided mode. On the other hand, the leaky mode will be included if
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Lateral Wave

Figure 2.6.9 The lateral wave and its association with 0c, the critical
angle.

k, sin 0/ > kli where kli is the location of the leaky mode.P Hence, the leaky
mode is only observed for 0/ greater than or approximately equal to OL where

O . -1 (kl i )L = sin k;.

The angle ()L is shown approximately in Figure 2.6.8 since to be strictly
correct, it is a complex number. Consequently, even though the leaky mode
is exponentially growing in the z direction for a fixed p, it is not observed for
all z, (It should be noted here that if the saddle point is close to a singularity,
the uniform asymptotic expansion of the integral needs to be used in deriving
the asymptotic approximations.)

The k3 branch point in Figure 2.6.7 gives rise to a lateral wave that
propagates in medium 3 parallel to the interface and refracts back to medium
1 as shown in Figure 2.6.9. But it is only observed when

O . -1 (k3 ) 0> SIn k
1

= C.

The expansion of the field in terms of the guided mode of the slab is known
as the normal-mode approach (see, e.g., Pierce 1965; Wait 1970; Tsang and
Kong 1973).

(b) Geometrical Optics Series
When d2 - d, is very large, or the frequency is high, there are many

guided modes inside the slab. Consequently, the expansion of the field in

12 The imaginary part of kli is assumed to be small so that the inequality is still meaningful.
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terms of the guided modes becomes laborious as it is necessary to search for
the locations of these modes. In this case, it is more expedient to expand (24)
in terms of a geometrical optics series in the manner of (2.1.22) and evaluate
the integral term by terrn. By doing so, the reflected field becomes

00

H R = - iIA J dk k; H(l)(k p)eiklZ(z+2ddR
l z 8 p k 0 p 12

1r lz
-00

. T RmRm-1rp e2imk2z(d2-dd
12 23 21 .121 .

(2.6.26)

The first term in the above is just the same as the reflected wave from a
half-space whose asymptotic expansion has been found previously. The other
terms are the consequence of multiple reflections.

To find the asymptotic expansions of the multiply reflected field in (26),
the stationary-phase point or the saddle point of the integrand is required.
Observe that if both the source point and the observation point are close
to the top interface, so that z and d, are small, then the rapidly oscillating
part of the integrand comes from H6 1

) (kpp) and e2irnk2z(d2-dd. Then, using
the large argument expansion of the Hankel function, the saddle point for the
integrand of the m-th term of the series is at [analogous to (2.5.9)]

(2.6.27)

where

() . -1 ( P )
tri = sin -;:;;;, ,

rrn = Jp2 + 4m 2 (d2 - d1 ) 2 .

Consequently, the leading-order saddle-point contribution for the m-th term
is

(2.6.28)

Physically, the saddle-point contribution of the m-th term in the series
can be thought of as the contribution from a spherical wave with wave number
k2 emanating from the m-th image point of the source as shown in Figure
2.6.10. Here, rm is the distance from the image point to the observation point.
Moreover, the m-th image is due to m-th subsurface reflection of the spherical
wave generated by the source. Note that all the reflection and transmission
coefficients are evaluated at kp = kpsm = k2 sin ()rn for the m-th image.
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Figure 2.6.10 Physical interpretation of the geometric ray series.

In addition to the above contribution, there are branch-point contribu­
tions from k1 and k3 for each of the multiple reflection terms in (26), corre­
sponding to lateral waves. [For an N-Iayer medium, there are branch-point
contributions from only k, and kN (see Subsection 2.7.1 for further discus­
sions ).]

Expanding the field in terms of images or rays is known as the geometrical
optics or ray optics approach (Wait 1970). In contrast, the normal-mode
approach is good when the wavelength is long compared to the slab thickness.
But the geometrical optics approach is good for short wavelengths. When the
wavelength is neither long nor short, a combination of the normal mode and
geometrical optics approaches could be used and this is known as the hybrid
ray-mode approach (Felsen 1981).

For a vertical electric dipole that excites TM waves, the corresponding R12

and R23 in (26) contain the Zenneck surface wave pole. Moreover, the order
of the pole increases with increasing m. Even though the pole is not enclosed
when the path of integration is deformed to the steepest-descent path, it
influences the saddle-point contribution. In this case, uniform asymptotic
expansions have to be used in deriving the approximation of the field [Chew
and Kong (1981, 1982)].

§§2.6.4 Example of Uniform Asymptotic Expansion
-Transmitted Wave in a Half-Space

In the previous examples, the steepest-descent or the stationary-phase
method has been used to find the leading-order asymptotic expansion of the
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Figure 2.6.11 The steepest-descent path (SDP) through the saddle
point at kp = k2 sin (). When k2 sin () ~ k1, we would have to use the
uniform asymptotic expansion for the integral.

field. In many cases, however, these leading-order approximations may not
be valid if a singularity is close to the saddle point [see (2.5.34) and (2.5.35)].
For example, when the dipole is over a slab, as can be seen from Figure
2.6.7, a leaky pole or the branch point k3 may be close to the saddle point.
Another example is the expression given by (28), which may not be uniformly
valid due to the presence of singularities in the vicinity of the saddle point.
In these cases, uniform asymptotic expansions are needed to derive uniform
approximations for the integrals.

Consider first the integral given by Equation (2). Assuming that d1 ~ 0,
or small, so that the source is close to the interface, then the dominant rapid
oscillations in the integrand are coming from Hal) (kpp )e-ik2ZZ. Next, using
the large argument approximation of the Hankel function, one can show that
the saddle point is given by kp == kps = k2sinB, where () = sin- 1(plr) and
r = (p2 + z2)1/2. Moreover, there are branch-point singularities at k1 and k2.
The steepest-descent path through the saddle point together with the branch
points are shown in Figure 2.6.11, where it is assumed that k1 < k2 • Note
that if k2 sin () > k1, then the k1 branch-point contribution has to be included
similarly as in the case of the k3 branch-point contribution in Figure 2.6.7.
The fact is when k2 sin (1 ~ k1, i.e .. the saddle point is in the vicinity of the
branch-point singularity, the steepest-descent method breaks down. Hence,
when B~ Be = sin- 1(k

1/k2 ) , a uniform asymptotic approximation is needed.

Now, assuming that p --t 00, one can use the large argument approxima-
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tion for the Hankel function in (2) to arrive at
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{¥P
00 5/2

H I A 2~ Jdk k p ik p-ik z2 r-;» -- - e P 2z

z 41f 1fP P k1z + k2z '

-00

(2.6.29)

where it is assumed that d1 == 0, or that the source is right at the interface.
Next, we multiply the numerator and the denominator of the integrand by
k 1z - k2z to arrive at

H rv _ I A {¥Pi 1 Joodk k 5/ 2(k _ k )eikpp-ik2ZZ
2z 4 k2 k 2 P P 1z 2z .

1T tt p 1 - 2
-00

(2.6.30)

In the above, the term involving k1z has a branch-point singularity at k1

and a saddle point at k2 sin B which can be close together. Hence, to arrive
at an approximation valid for all f), a uniform asymptotic approximation is
required. Consequently, the integral involving only k1z is expressible as

00

I = Jdkpk~/2(kl - kp)1/2(k1+ kp)1/2eikpP-ik2ZZ.

-00

(2.6.31 )

Next, by comparing (31) with (2.5.36), kp is identified with t, A with r ==
J p2 + Z2, h(t) with ikp(p/r) - ik2z(z/r), tb with k l , k with 1/2, and f(t)
with ik~/2(kl + kp)1/2. Furthermore, in (2.5.37), we identify -AS~ = Ah(tb) ­

Ah(to) = ik1P - iJk~ - kr z - ik2r. Then, the uniform asymptotic approxi­
mation to I is given by (2.5.19):

In the above, because the original path of integration, the SIP in Figure
2.6.11, is below the singularity, (2.5.46b) is used for the definition of the W
functions above.

When vIr Sb is large, (2.5.48) will be used to obtain the approximation
to Equation (32). Depending on whether the saddle point k2 sin B is larger or
smaller than k1 , Sb will have different phases. The different phases imply that
different large argument approximations are needed from Equation (2.5.48).
Consequently, a branch-cut contribution will surface in the large argument
approximation when k2 sin f) > k1• From the second term of (2.5.54), however,
it is seen that the branch-point contribution is of the form

(2.6.33)
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Figure 2.6.12 The behavior of waves generated by a point source
placed on top of a half-space, where k, < k2 .

Notice that the above is a conical wave. It is observed only for () > ()c ==
sin -1 (k 1 / k2 ) .

The other term in Equation (30) does not have a branch point close to the
saddle point. A subsequent steepest-descent analysis of this term then yields
a spherical wave exp(ik2r)/r analogous to (2.5.10) or (6) [see also Exercise
2.26(c)].

Hence, with the information from (2.5.10), (6), and the above, we see
that when a dipole is at the interface of a half-space, it will generate waves,
which are sketched approximately in Figure 2.6.12. The source will generate
spherical waves, which are due to saddle-point contributions, both in medium
1 and medium 2. Since k2 > k1 , the wavelength of the wave will be smaller
in medium 2. Hence, at the interface, the phases of the spherical waves do
not match with each other. To compensate for this, lateral waves, which are
due to the branch-point contributions, are generated in each region. Conse­
quently, the lateral wave observed in rnedium 1 travels in the p direction with
the phase velocity of medium 2, and hence is evanescent in region 1, since
k2 > k1. It is also known as the inhomogeneous surface wave. In medium 2,
the lateral wave travels with the phase velocity of medium 1 in the p direc­
tion. Since k2 > k1 , however, it is also propagating in the z direction. Hence,
the lateral wave forms a conical wave in medium 2. The fact is that a lateral
wave in a half-space is induced by the spherical wave in the other half-space.
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In medium 2, the lateral wave is observed only for f) > f)e, because only
then the branch-point contribution at k 1 in Figure 2.6.11 needs to be included.
Consequently, there is a boundary which delineates the existence and absence
of the lateral wave. This is known as the shadow boundary. It is when the
observation angle is at the shadow boundary, i.e., 0 == Oe, that the saddle
point coincides with the branch point k1. Therefore, in this vicinity, a uni­
form asymptotic approximation to the field is required. Moreover, it is well
known that geometrical optics or ray optics theory breaks down at shadow
boundaries. Hence, the simple stationary-phase method or steepest-descent
method only reproduces geometrical optics theory. Note further that at the
shadow boundaries, i.e., 0 == Oe, the lateral waves are "phase-matched" to the
spherical waves.

Another place where uniform asymptotic approximation is useful is in the
approximations of Equations (23) and (26) (see Exercise 2.29 and 2.30; also
see Chew and Kong 1981, 1982; Chew and Gianzero 1981).

§§2.6.5 Angular Spectrum Representation

This section shall not be complete without mentioning the angular spec­
trum representation (Born and Wolf 1980, p. 562). Notice that if a large
argument approximation to the Hankel function is used, Equation (4) for a
VMD becomes

(2.6.34)

By letting kp == k1 sin 0:, then k1z == (kr - k;)1/2 == k1 cos 0:. Furthermore, by
letting p == TI sin f)I, (z + 2dl ) == rt cos f)I, we convert (34) into

(2.6.35)

The above is an integration over all possible angles of 0: that correspond
to -00 < kp < 00. Here, a is the angle the vector k, == pk1 sin a + ik1 cos a
makes with the z axis. Hence, when -k1 < kp < k1 , a ranges between - ~ to
~. But when Ikpl > k1 , a becomes complex. Consequently, the path r is as
shown in Figure 2.6.13. Moreover, it is easy to show that the saddle point of
the integrand is at a == f)I; the steepest-descent path that passes through the
saddle point is shown in Figure 2.6.13.

Notice that in the angular spectrum representation, k1z == k1 cos ex is no
longer a double-value function, implying that the branch point at kp == k1 is
now removed. But the branch point at kp == k2 is transformed to

. -1 k2 7( of)
0: == SIn k

1
== 2" - 2 B,
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Figure 2.6.13 The steepest-descent path (SDP) on the complex a
plane in angular spectrum representation.

where

-1 (k2
)BB = cosh k

1
'

Figure 2.6.13 shows the Re[k2z J == 0 branch cut. Hence, when the original
path of integration is deformed to the steepest-descent path, the k2 branch­
point contribution has to be included if k2 sin e/ > k1 .

The result derived using the angular spectrum representation is the same
as that from kp representation (see Exercise 2.31). The advantage of the
angular spectrum representation is that the exponential term in the integrand
of (35) is simpler.

§2.7 Singularities of the Sommerfeld Integrals

The integrands of the Sommerfeld integrals have singularities on the com­
plex kp plane. As has been shown, these singularities affect the results of
asymptotic expansions and uniform asymptotic expansions. They also af­
fect the definition of the integration paths if the Sommerfeld integrals are to
be evaluated numerically. Therefore, it is worthwhile to discuss the general
properties of these singularities.

There are two basic types of singularities-the pole singularities and the
branch-point singularities. The pole singularities correspond to guided modes
in the layered medium, The branch points, as will be shown in Chapter 6,
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Figure 2.7.1 There could only be branch points associated with k1z

and kN z in an N-Iayer medium.

correspond to radiation modes. These radiation modes form a continuum of
modes.

In addition, for the layered medium, the branch points are only associ­
ated with the outermost regions, as will be shown in the next subsection.
Subsequently, we shall show bounds on the locations of the pole singularities
of the integrand. This knowledge is useful when one wishes to numerically
integrate the Sommerfeld integrals, or even when the asymptotic expansion
of the integral is desired.

§§2.7.1 Absence of Branch Points

In a three-layer problem, the reflection coefficient is an even function of
k2z , and hence, is only a multivalue function due to k1z and k3z , which are
double-value functions of kp •13 Therefore, branch points only exist at kp = kl

and kp = k3 (see Exercise 2.28). It turns out that even for an N-Iayer medium
as shown in Figure 2.7.1, the generalized reflection coefficient R12 is still only
a multivalue function due to k1z and kN z , although from Equation (2.1.23),
it appears to be a double-value function due to all kiz , as kiz = (k; - k~)1/2

is a double-value function.

To prove that R12 is not a double-value function due to kiz , it has to be
shown that the value of Rl 2 is unaffected when the sign of kiz changes. This
can be seen from the following argument. In solving for R12 , for instance, we

13 Results in this subsection can also be proved using integral equations. Since integral
equation will be introduced later, we provide an alternative proof here. Proof by direct
algebraic manipulation is also given by Felsen and Marcuvitz (1973).
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write down the general field expression in the i-th region as
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(2.7.1)

Then, Ai and B, are determined by matching boundary conditions at each
interface, which in turn determine R12 . Now, if the problem were solved over
again by switching the sign of ki z in region i, where i =1= 1 and i =I N, then
the field in the i-th region is still represented by a superposition of upgoing
and downgoing waves as in (1). Hence, if the solution of the problem is again
solved for using the same set of boundary conditions. By the uniqueness
principle, there could only be one unique solution, since the field in the i-th
region is still represented by a complete se_t of waves, namely, upgoing and
downgoing waves. Therefore, the value of R 12 found will be unchanged, and
it will not depend on the sign of kiz where i t= 1 and i t= N. In other words,
R12 is indeed not a double-value function due to kiz , where i t= 1 and i =1= N,
even though ki z is a double-value function of kp •

In region N, however, the field expression is

(2.7.2)

Hence, if the sign of kN z were switched, an upgoing wave in region N would
ensue. Therefore, a completely different boundary value problem is being
solved in this case. Consequently, the value of R12 obtained would be dif­
ferent. Hence, R12 is a double-value function of kN z since its value changes
when kN z switches sign.

Similarly, if the sign of k1z in region 1 is switched, the roles of the upgoing
and the downgoing waves would be reversed. Hence, R12 ( - k1z ) =I R12(k1z ) .

In particular, since the roles of upgoing and downgoing waves are swapped,

(2.7.3)

By the same token, if the sign of k iz is switched, the roles of Ai and B, in (1)
are reversed; therefore,

(2.7.4)

Even for the case when the source is embedded in a layered medium
(Exercises 2.15,2.28), it follows from the uniqueness principle that the branch
points are always associated with the outermost layers for the integrands of
the Sommerfeld integrals.

The fact that branch points are only associated with the outermost layers
also has a physical significance. It was seen previously that branch points are
physically associated with lateral waves; hence, it implies that a lateral wave
propagates only at the outermost boundaries because it is actually the part
of a spherical wave close to the interface of a half-space. Therefore, a lateral
wave cannot exist if a spherical wave cannot exist. Since a spherical wave
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exists only in an unbounded region, a lateral wave is always associated with
an unbounded region 1 or N. Here is an example for which the results of
mathematics and physics are in perfect harmony with each other!

As a final note, the above proof is also adaptable to cylindrically layered
media (Chew 1983).

§§2.7.2 Bounds on the Locations of Singularities
In performing the asymptotic expansion and numerical integration of a

Sommerfeld integral, it is imperative to know the locations of the singularities
of the integrand on the complex kp plane. Subsection 2.7.1 shows how the
branch-point singularities are easily identified since they are related to the
outermost, unbounded regions in a layered medium. The pole locations are
more elusive. Their domain, however, can be ascertained via an energy con­
servation argument in a manner similar to that used in quantum scattering
(Newton 1966, p. 367).

The poles of the integrand of a Sommerfeld integral correspond to guided
modes of a layered medium. Furthermore, the integrand of a Sommerfeld
integral satisfies (2.1.8a) or (2.1.8b) (depending on whether it is a TE or TM
wave) with kp replacing kx . For example,

(2.7.5)

where ¢(z) represents the integrand of a TM wave as in (2.3.6). Then, on
multiplying (5) by ¢*(z) and integrating from -00 to +vo, and assuming ¢(z)
to be the field of a guided mode and kp its corresponding wavenumber, we
have

00 20000-JdZE-
1 I~~ I + Jdz k

2
t -

11¢12 - k; JdZE-
11¢12 = 0,

-00 -00 -00

(2.7.6)

where integration by parts has been used to simplify the first term in (6).
These integrals converge because ¢(z) represents a guided mode whose field
vanishes as Izi ---+ 00.

Next, after taking the real part of (6), we have

00 00 00 2Jdz~e(k;t-l)I¢21 = Jdz~e(k2t-l)/¢12 - Jdz~e(t-l) I~~I ·
-00 -00 -00 (2.7.7)

Since ~e(€-l) > 0, then

00Jdz ~e(k;t-l) /¢1 2 <
-00

00

J dz~e(k2t-l)I¢12.
-00

(2.7.8)
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But
00 001dz~e(k~Cl)I4>12 2': min ~e(k~Cl) 1dz 14>1 2,
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(2.7.9a)

and

-00 -00

00 001dz~e(k2E-l)I4>12 < max ~e(k2E-l) 1dzl4>1 2, (2.7.9b)

-00 -00

(2.7.12)

(2.7.11a)

where min or max f(z) is the minimum or maximum of f(z) respectively for
-00 < z < 00. Therefore, (8) implies that

min ~e(k~E-l) < max ~e(k2E-l). (2.7.10)

Because ~e(k~E-l) == ~e(k~)~e(E-l) - C;Sm(k~)c.sm(E-l), we have

min ~e(k~E-l) 2: ~e( k~) min ~e(E-
1)

- c.sm(k~) max c.sm(E-
1),

(2.7.11)

if 5Re(k~) and c.sm(k~) are positive. In arriving at the above, we have used

min [a(z) + b(z)] ~ min a(z) + min b(z),

and that
. [A ()J {A min b(z), if A > 0,nun b z ==

A max b(z), if A < O.

As ~m(E-
1) S 0 for a passive medium, we have

min ~e(k~E-l) 2: ~e(k~) min ~e(E-1), if ~m(k;) > 0

and (10) becomes

?Re(k~) min ?Re( £-1) < max ?Re(k2c- 1
) , (2.7.13)

defining an upper bound for 5Re(k~) as shown in Figure 2.7.2(a) if k; is a
solution of (5). A tighter bound than the above is arrived at if ~e(k~) < 0
but it is encompassed by the above bound.

Similarly, by taking the imaginary part of (6), we have
00 00 00 21dz~m(k;E-l)I4>,2 = 1dzCSm(k2E- 1)14>1 2 - 1dz~m(E-l) I~~I .

-00 -00 -00

(2.7.14)
Equation (14) implies that

00 00

max CSm(k;E- 1
) 1dz 14>1 2 2': min ~m(k2E-l) 1dz 14>1 2

-00 -00

_ max ~m(E-l) 100

dz I ~~ 1

2

-00 (2.7.15)
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The preceding inequality also implies that

max ~m(k;E-l) 2: min ~m(k2E-l) - max ~m(E-l)7],

where
00 2 00

7J = Jdz I~~I / Jdzl¢1
2

.

(2.7.16)

(2.7.16a)

-00 -00

(2.7.19)

Since ~m(k~E-l) == ~m(k~)~e(E-l) + ~e(k~)~m(E-l), therefore,

max ~m(k~E-l) ~ ~m(k;) max me(E-1) + me(k~) max ~m(E-l),

(2.7.17)
if C;Sm(k~) and We(k~) are positive. In arriving at the above, we have used
max [a(z) + b(z)] ~ max a(z) + max b(z). Consequently, from (16) and (17),

~m(k~) max ~e(E-l) 2: min ~m(k2E-l) - max ~m(E-l)[1]+ ?Re(k~)].

(2.7.18)

If ?Re(k;) > 0, the right-hand side of the above is positive because ~m(E-l) ::;
a for a passive medium. Hence, ~m(k~) is bounded from below by a positive
number.

From (5) and (16a), note that k~ --+ -lkp/ 2 rv -1] when Ikpj -t 00. Hence,
the above bound is invalid when Ikpl --+ 00 because ~e(k;) < O. But when
~e(k~) and ~m(k~) are negative, using the equivalence of (11a) for "max",
the equivalence of (18) is

~m(k~) min ~e(E-l) 2: min ~m(k2E-l) - max ~m(E-l)1]

- min ~m(E-l)~e(k~).

Since k~ --+ -1] when Ikpl -t 00, the last two terms in the above become

1] [min ~m(E-l) - max ~m(E-l)], Ikpl--+ 00.

Moreover, since 1] is a large number, the inequality (19) is approximately

SSm(k;) min We(E- 1
) 2: 7] [min SSm(E-1

) - max ~m(E-l)], Ikpl --+ 00.

(2.7.20)

Equations (18) and (20) together give us a lower bound locus as shown in
Figure 2.7.2(a), since TJ rv -k~, when Ikpl ~ 00.

From (14), in a manner similar to deriving (16), we can further deduce
that

min ~m(k~E-l)::; max ~m(k2E-l) - min ~m(E-l)1]

Similar to (17), vre have

min SSm(k~E-l) 2: SSm(k~) min ?Re(E-1) + We(k~) min C;Sm(E- 1
) ,

(2.7.21)

(2.7.22)
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Figure 2.7.2 Possible pole locations on the complex k~ and kp planes.

if C;Sm(k~) and Re(k~) are positive. Equation (21) together with (22) yields

CSm(k;) min ~e(t-l) ~ max SSm(k2
t -

1
) - min CSm(t- 1)[17 + Re(k;)].

(2.7.23)

When Re(k~) < 0, similar to (19) and (20), we have approximately

SSm(k;) min ~e(t-l) :S 7J [max SSm(t-1
) - min CSm(t-1) ] . (2.7.24)

Equations (24) and (23) together define a upper bound locus for SSm(k~) as
shown in Figure 2.7.2(a).

The possible region of pole locations is then defined as shown in Figure
2.7.2(a). Since a straight line on k; plane maps into a hyperbola on a kp plane,
the possible pole locations on the complex kp plane are as shown in Figure
2.7.2(b) (see Exercise 2.32). (These bounds simplify for TE waves in the case
of nonmagnetic material as shown in Exercise 2.32.) If the SSm( t- 1) = 0 but
SSm(k2 ) =1= 0, then the bounds given by (16) and (21) simplify since the second
terms on the right-hand sides equal zero. Consequently, the upper and lower
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bound loci for ~m(k~) reduce to straight lines. As a result, the possible pole
locations are as those shown in Figure 2.7.4.

Notice that the bounds for C;Sm(k~) become looser when ~e(k~) --t -00,

as shown in Figure 2.7.2(a). However, since k~ ---+ -TJ when Ikpl --t 00, tighter
bounds should exist for ~m(k~) when Ikpl ---+ 00.

§§2.7.3 Numerical Integration of Sommerfeld Integrals

Even though asymptotic methods greatly accelerate the process of field
calculation, they have the weakness of being problem specific. For instance,
asymptotic expansions often have to be rederived for different geometries.
One way of computing the field in a robust manner so that the computer
program works under a wide variety of conditions is by the numerical inte­
gration of Sommerfeld integrals.

To save computation time, Sommerfeld integrals are often folded to range
from 0 to 00. For example, Equation (2.3.5) can be folded by the reverse
process of going from (2.2.30) to (2.2.31). Then it becomes

The integrand has branch points and poles which could be right on the
real axis if the medium is lossless. But the error of an integration routine,
e.g., the Simpson's rule (Hildebrand 1974), is proportional to the derivatives
of the integrand. Therefore, at the singularities, the error of integration
is intolerable. One way of defining a robust numerical integration path is
shown in Figure 2.7.3. By Cauchy's theorem, the integral value is unchanged
along this new integration path. Adaptive Simpson's rule or Romberg's rule
(Hildebrand 1974) whereby the discretization of the integration step is chosen
to adapt to the oscillations in the integral can be used to integrate such
integrals.

Note that when z == 0, the first term of the integrand in (25) is nonconver­
gent; and hence, numerical integration is impossible. This term is the direct
field term which has a closed-form expression because it is the response of a
point source in a homogeneous medium. The reason for its nonconvergence
is similar to that given after Equation (2.2.11). In other words, the z == 0
plane contains the source-point singularity rendering the Fourier transform
of the field nonabsolutely integrable.

When the observation point is far from the source point, however, the
integrand becomes a rapidly oscillating function of kp , which is the motivation
behind the stationary phase method. Numerically, such a rapidly oscillating
integrand can be integrated with Filon quadrature (Hildebrand 1974). One
way of avoiding this oscillation is to integrate the Sommerfeld integral along
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Figure 2.7.3 A robust way of defining a numerical integration path
for the Sommerfeld integrals.

the steepest-descent path. For example, we can rewrite (2.6.4) as

(2.7.26)

(2.7.27)

(2.7.28)

where r t = [p2 + (z + 2d1) 2]1/ 2 , (27) becomes, via a change of variable,

H R - _ ifA iklT/ Jd dkp k~ H" (l)(k )RT E -AS
2

l z - 8 e sdk 0 pP 12 e .
~ S lz

C

Moreover, kp can be found in closed form in terms of s via (27) and the
integral in (28) is well defined. C is the mapping of the real axis on the
complex kp plane to the complex s plane. If (28) is now deformed to integrate
along the real axis on the s plane, it would be equivalent to integrating along
the steepest-descent path as shown in Figure 2.6.11 on the kp plane. We
must, however, include contributions from singularities encountered when
deforming the integration path.

By integrating along the steepest-descent path, a certain amount of book­
keeping is still necessary because the contributing-pole locations need to be
found. An alternative method is to deform the integration path to a path
that asymptotically approaches the steepest-descent path when Ikpl --t 00,
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Figure 2.7.4 A fast convergent integration path where pole tracking
is unnecessary.

but no singularities need to be enclosed in the course of deforrnation.l" As
shown in the previous subsection and Exercise 2.32, the poles can only be
in the shaded region as shown in Figure 2.7.2(b). Hence, by deforming the
integration path to one shown in Figure 2.7.4, where the end points of the
integration are asymptotic to the steepest-descent path, we can avoid exces­
sive bookkeeping of having to keep track of the poles on the complex kp plane
and, at the same time, obtain good convergence in the integral.

Another way of numerically integrating the Sommerfeld integral is to
integrate along the branch cuts (which requires pole tracking). This avoids
the slow convergence of the integral when z and z' are equal or are close to
an interface. Yet another method is to subtract out the slowly convergent
part of the integral and integrate it in closed form. Sometimes, a pole close
to an integration path gives rise to poor numerical convergence, but it can
be subtracted from the integrand to be evaluated in closed form to accelerate
convergence (see Exercise 2.33).

The integral (26) resembles a Fourier transform with the kernel ei kpp •

Hence, if the field values at numerous p are required, the fast Fourier trans-

14 This path was first proposed by G. Minerbo.
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form (FFT, see Oppenheim and Schafer 1975) can be used to evaluate the
integral (Lee et al. 1986; Franke and Swenson 1989). Moreover, when p is
large, ei kpp is rapidly oscillating, requiring a high sampling rate to reduce the
aliasing effect. Since the factor multiplying ei kpp is costly to evaluate in the
event of a high sampling rate, interpolations of the factor for high sampling
rate can reduce the cost.

§2.8 WKB Method
The WKB method'" is named after Wentzel, Kramers, and Brillouin even

though others before them have used similar ideas. It is a high-frequency
method of obtaining approximate solutions to an equation of the form

(2.8.1)

where k;(z) == k2(z) - k; == k2(z) cos" B(z) if we let kx == k(z) sin B(z). Notice
that for a TE wave propagating in a nonmagnetic, one-dimensional inhomo­
geneity, the equation is already in the form of (1). For TM waves, however,
the equation is

(2.8.2)

(2.8.3)

The above could be cast into a form similar to (1) via the transformation
1

¢ == £-21/J. Then, one can show that

d2 d2 _ 1 d?jJ d _1 _ 1 d2

dz2 ¢ = 'l/J dz2 t 2 + 2 dz dz E 2 + £ 2 dz2 1/J ·

Furthermore, we deduce from (2) that

£7j; = -k2. " -1 dE d7j;
dz? z 0/ + £ dz dz .

On substituting into (3), we have

d
2 [2 1d

2 _1]-¢ + k - £2 -£ 2 .rh == 0dz2 z dz? '+' •

Equation (5) is similar to (1) except for the

(2.8.4)

(2.8.5 )

1 d2
1

£2 -£-2
dz2

term. This term appears only in TM waves because, unlike TE waves, TM
waves have a z component of the electric field which gives rise to polariza­
tion charges due to the variation in £(z). When the frequency is very high,

15 This topic is discussed in books on layered media and quantum mechanics.



122 PLANARLY LAYERED MEDIA

however, k; = ~ cos () ---t 00, and the third term in (5) could be neglected if
€(z) is sufficiently smooth, or

(2.8.6)

In this case, both TE and TM waves may be described by Equation (1).

§§2.8.1 Derivation of the WKB Solution
Equation (1) is a one-dimensional wave equation. The solutions are waves

with exponential dependence. Hence, consider first a solution of the form

Then, it follows that

¢"(Z) = {iWT"(Z) - [WT'(z)]2}Aeiwr (z ) ,

and (I) becomes
iWT"(Z) - [WT'(z)]2 + k;{z) = O.

(2.8.7)

(2.8.8)

(2.8.9)

The above problem can be solved via the use of a perturbation series by
letting

Note that

1
T(Z) = TO{Z) + -Tl(Z) + ... , W ---t 00.

W
(2.8.10)

iWTg{Z) «k;(z), W ---t 00, (2.8.11)

because k; is proportional to w2 • Therefore, after substituting (10) into (9),
collecting leading-order terms when W ---t 00, we have

(2.8.12)

where s, = kz/w, which is independent of frequency. Also, s, is sometimes
known as the slowness of a wave. Consequently, on solving (12), one arrives
at

z

TO(Z) = ±Jdz' sz(z') + Co·

ZQ

By collecting terms of first order in (9), we have

iWTg(Z) - 2WT~(Z)T;(Z) = O.

This gives

Tl(Z) = ~ InT~(Z) + C1 = ~ In sAz) + Cl±'

(2.8.13)

(2.8.14)

(2.8.15)
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Finally, using (13) and (15) in (10) results in

Z

r(z) == ± Jdz' Sz(Z') +~ Insz(z) + C±,
2w

ZQ

123

(2.8.16)

or that the general leading-order or the first-order approximation to (7) is of
the form

¢(z) '" ~ exp [iW JZ sz(z') dZ'] + ~ exp [-iW JZ sz(z') dZ'] .
v s, Zo V s, ZQ (2.8.17)

The integration constants C± in (16) can be absorbed by A±.

The first term in (17) corresponds to a right-going wave because its phase
is increasing with distance. Similarly, the second term in (17) corresponds to
a left-going wave. Moreover, the integral in the exponents implies that the
phase gained by a wave going from Zo to z is proportional to

Z

iwJsz(z') dz',

Zo

(2.8.18)

which is an integral summation of all the phases gained locally at z' over
the range from Zo to z. This physical picture is true only if the multiple
reflections of the wave can be neglected as it is propagating. Furthermore,
Equation (11) shows that this physical picture, which corresponds to the
leading-order solution, is only valid if

(2.8.19)

or
d. 27r
dz In k, (z) « k, = A

z
· (2.8.20)

Hence, this physical picture breaks down if the frequency is not high or if
s, ~ o.

The factor 1/;S; is essential for energy conservation. For instance, in

the normal incidence case, where s, == S == J /-LE(z) , the forward-going wave
solution becomes

(2.8.21 )

Moreover, if this is a TE wave, and ¢+(z) represents Ey, for example, then
the power flow in this wave is

(2.8.22)
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Figure 2.8.1 WKB solutions exist in regions I and III, but not in
region II. However, a solution can be found by asymptotic matching.

which is a constant, since /l is a constant as nonmagnetic material is assumed.
The above implies energy conservation, which is a consequence of including
the 1/VS; term in the solution.

Note that when Sz = 0, the solution becomes infinite because the inequal­
ity (19), the criterion for the validity of the WKB solution, is violated. This
case corresponds to the () = 1r /2 case implying the onset of critical reflections.
Hence, the WKB solution cannot be used at a place where critical reflection
occurs.

Because of their physical interpretations, Equation (12) is also known as
the eikonal equation as in ray optics, and Equation (14) is also known as the
transport equation, which is essential for energy conservation. These equa­
tions can be generalized to higher dimensions albeit with more complexity
(Exercise 2.34; also see Kline and Kay 1965; Bremmer and Lee 1984).

§§2.8.2 Asymptotic Matching

Consider a profile with k2(z) as shown in Figure 2.8.1, with an obliquely
incident wave (kx > 0) from the right. In this case, k;(z) = k2(z) - k;.
Here, kx has to be a constant for all z due to the phase matching condition.
Moreover, assuming that the wave satisfies Equation (1), then the WKB
solution can be derived for the above problem. But for k; > k~, k, = 0 at
z = (, and the condition (11) or (19) is violated. In such a case, the WKB
solution can only be written down in region I to the right of ( , and in region
III to the left, but not in region II; in region II, the WKB solution breaks
down. Nevertheless, region II can be approximated very well by a linear
profile region whose solution is expressible in terms of Airy functions. Then,
the concept of asymptotic matching'" can be used to patch the solutions in
all the three regions together.

16 The idea of asymptotic matching is embodied in the idea of matched asymptotic expan­
sions (Van Dyke 1975; Bender and Orzag 1978).
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Consequently, the WKB solution in region I is
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<PI(Z) r-;» ~ exp [iW /z sz(z/) dZ'] + ~ exp [-iW JZ sAz') ". .
VS;.( v s z ( (2.8.23)

Since Zo in (17) is arbitrary, it is chosen so that Zo == ( in (23). In region III,
since k; > k2 , s, == ia, is pure-imaginary; however, the inequalities (19) and
(20) can still be met. As such, we can write the WI<:B solution in region III
as

(2.8.24)

In the above, only the solution that is exponentially decaying in the - z
direction is included. Here, the exponentially growing solution in the - z
direction is eliminated since there is no source at z ---* - 00.

In the vicinity of (, k; is approaching zero linearly, and hence:

k; rv [2 (z - (), z ---* (. (2.8.25)

Because k; is proportional to w2
, D is also proportional to w2 . Subsequently,

around (, Equation (1) becomes

Next, by letting 7] == S1~ (z - (), (2G) becomes

[
d2 ]

d'()2 + '(I <P = 0,

(2.8.26)

(2.8.27)

which is the Airy equation we have already encountered in Subsection 2.1.5.
Therefore, the solution in the vicinity of (, or region II, is

¢II(Z) <» CAi( -7]). (2.8.28)

The Bi( -7]) solution is eliminated because it is exponentially growing when
7] ---* -00, and hence, is unphysical due to the absence of a source at z ~ -00.

The unknowns A±, B_, and C in (23): (24), and (28) can be related to each
other through asymptotic matching.

Since the profile tends to k1 when z ---* +00, the field to the far right is
of the form

(2.8.29)

where k 1z == Jki - k~. Here, R, a reflection coefficient that relates the
amplitude of the reflected wave to the incident wave at z == 0, is the unknown
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to be sought. Moreover, R and cPo can be related to A± in (23) via the
following observation.

The integrals in the exponents in cPI can be rewritten as

z z z

w! sAz') dz' = k1Z! dz' + ![wsz(z') - k1zl dz'.

( ((

(2.8.30)

Note that the second integral tends to be a constant when z ~ 00, because
WS z - k1z ~ 0, when z ~ 00. Hence, (30) becomes

z

w! sz(z') dz' "oJ k1zz + a, z --+ 00,

(

where
00

a = ! [wsAz') - k1zl dz' - k1z(
(

is a constant independent of z, Therefore, for large z, (23) becomes

(2.8.31 )

(2.8.32)

(2.8.33)

On comparing (29) and (33), which are both valid in the overlapping regime
of z ~ 00, we conclude that

~ ~ A -ia R~ ~ A ia R A+ 2ia
\flO = k -e , \flO = -k +e, = -Ae ·

lz lz -

(2.8.34)

Notice that A_ is known since it can be related to cPo, the incident wave
amplitude. However, A+ is still an unknown at this point. To find R or A+,
the solution in region I needs to be matched to the solution in region II. To
do this, a region where both the solutions cPI and cPII are valid is sought. Such
a region exists when W ~ 00.

From (19), it is seen that the WKB method is valid when ws~(z) «
w2s; (z). But when W ~ 00, the region over which this condition is violated
is very narrow. Hence, region II shrinks when w ~ 00. Moreover, the WKB
solutions for regions I and III are valid even very close to z = (. Furthermore,
the approximation of a linear profile in (25) is valid outside region II. In this
case, the solution cPII is valid outside region II as well. As a result, there is an
overlapping region where both cPI and ¢II are valid. Similarly, an overlapping
region exists for ¢ II and ¢ III·

As a consequence of this, one can examine the form of the solution cPII
to the right of z = (. Note that when w ~ 00, since n is proportional to
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(2.8.35)

w2 , TJ == D ~ (z - () » 1 to the right of ( even though z - ( need not be
large. Therefore, the large argument approximation of the Airy function can
be used to get [see (2.1.41b)]

A. C _1 _1 . (2 3 1T)
tp I I rv 1f 2 TJ 4 SIn "3TJ 2 + 4"

C [ei~n~(Z-()~+if _ e-i~n~(Z-()~-ii] .
- 2i1r~Di2(z-()t

Equation (35) is next compared with cPI in the neighborhood of region II.
For high frequencies, region II becomes very small, and in its neighborhood,
the approximation WS z c:::: n~ (z - () ~ yields

Z

wJ sz(z') dz' ':::: ~D~(z - ()~, z':::: (.
3

(

As a consequence, cP I becomes

Then, by comparing (35) and (~37), we deduce that

(2.8.36)

(2.8.37)

(2.8.38)

Therefore, both A+ and A_ are now known in region 1. Furthermore, on
comparing (35) and (37), C is found in terms of A+, i.e.,

(2.8.39)

Similarly, B_ can be found by matching cPII and cPIII to the left of.z == (.

Hence, when -TJ » 1, using the asymptotic expansion of the Airy function
for negative TJ gives a cPII which is [see (2.1.42a)]

C 2 1 3 1

cP II (Z) rv 1 lIe- :3 n 2 (( - z) 2 n3" (( - z) » 1.
21r 2 n12 (( - z) 4"

Next, on using (36) for z < (, cPIII becomes

(2.8.40)

z ~ (. (2.8.41 )

Consequently, on comparing (40) and (41), we conclude that

(2.8.42)
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----~-----~------#-~--.-,.----i =0

Turning Point- - - - - _~~.c:!l~

(Caustic)

Figure 2.8.2 Propagation and refraction of waves through an inho­
mogeneous profile in Figure 2.8.1.

giving B_ in terms of C.

Therefore, given the amplitude of the incident wave ¢o, we can find the
amplitude of the field everywhere via Equations (34), (38), (39), and (42).
This solution is asymptotic in the sense that it becomes increasingly good
when w ~ 00, because region II shrinks in size, and the matching regions or
overlapping regions exist for the solutions ¢ I, ¢ I I, and ¢ I I I.

The propagation of the wave through the profile in Figure 2.8.1 is depicted
in Figure 2.8.2, which shows an obliquely incident wave. Since the medium
becomes optically less and less dense when the wave propagates downward,
the ray is refracted to be more horizontal as it propagates. Finally, it is
critically reflected at z = (, where s, = o. Furthermore, the wave becomes
evanescent below (, and it turns around (totally reflected) at z = (. The
point z = ( is also known as the turning point. It is also a caustic since the
rays that one would draw will bunch together at (. A caustic is often the
place where geometrical optics rays bunch together. At a simple caustic, a
ray undergoes a 900 phase shift as indicated by Equation (38). It is at this
turning point or caustic that the WKB approximation breaks down.

The WKB method, together with asymptotic matching, has been used to
analyze propagation of modes in optical waveguides (see Exercise 2.35; also
see Yamada et al. 1978).

§2.9 Propagator Matrix
A matrix method is sometimes used in solving the one-dimensional inho­

mogeneous profile problem. Such a matrix method is also known varyingly
as a propagation matrix, transition matrix, transfer matrix, chain matrix,
or scattering matrix methods. The multiplicity of names exists because this
method is used for electromagnetic waves, elastic waves, and Schrodinger
waves. Moreover, the matrix method also allows for an easy extension to the
numerical method. This method is attributed to Abeles (1950), Thomson
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(1950), and Haskell (1953). Furthermore, variation of this method is also
given by Born and Wolf (1980), Yeh and Liu (1972), Kong (1975, 1986), and
Aki and Richards (1980). We shall illustrate it in the following subsections.

§§2.9.1 Derivation of the State Equation
Without loss of generality, consider first the differential equation that

governs the propagation of TM waves, namely,

(2.9.1)

(The TE wave equation is of the same form as the above and need not be
reconsidered.) This equation can be converted into a first-order differential
equation so that a simple stepping procedure can be used to solve the equa­
tion. As shall be shown, this can be done via the state-variable approach.

To this end, we define a new function

Then, Equation (1) becomes

1 d
1jJ == -. -d ¢~

lWE Z

d k2
_1jJ == __. z ¢.
dz lWE

(2.9.2)

(2.9.3)

Consequently, Equations (2) and (3) could be written in a matrix form as

d -
-V==H·V
dz '

(2.9.4)

where V' == [¢ 1jJ] is the state vector describing the state of the system,
and the matrix

- [0 iWE]H = ik; 0 .
wt

(2.9.5)

§§2.9.2 Solution of the State Equation

Consider the case where (4) has a closed-form solution, e.g., when E and
kz are constants. In this case, let

Equation (4) then becomes

(H - AI) .Vo == O.

(2.9.6)

(2.9.7)

For nontrivial V o, the determinant of H - AI has to be zero, giving A == ±ikz '

Hence,
(2.9.8)
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where a , are eigenvectors corresponding to the eigenvalues ±ikz .

Since H is not symmetric or Hermitian, these eigenvectors need not be
orthogonal. But the eigenvectors a± could be normalized if necessary. Also,
(8) is expressible in a matrix form as

V(z)=a.eiKz.A,

where

Next, using the fact a-I. a = I, we rewrite (9) as

V(z) = a· eiK(z-z') . a-I ·a· eiK z' . A = a· eiK(z-z') . a-I ·V(z').

Furthermore, if we define

P( ') - iK(z-z')--1z,z =a·e a,

then (11) becomes
V(z) = P(z, z") . V(ZI).

(2.9.9)

(2.9.10a)

(2.9.10b)

(2.9.10c)

(2.9.11)

(2.9.12)

(2.9.13)

The matrix P is also known as the propagator matrix or the transition matrix.
It relates the state vectors that describe the fields at two different locations
z and z',

§§2.9.3 Reflection from a Three-Layer Medium

We shall now show that the propagator matrix can be used to solve a
three-layer problem as shown in Figure 2.9.1. First, the state vector in region
1 has been derived as

(2.9.14)

In order to render the definition of R unique, it is appropriate to normalize
al± here. Because of the definitions of ¢ and 'l/J, they are continuous quantities
across a discontinuity. Therefore, VI(O) = V 2(O), and V 3(-d) = V 2(-d).

Moreover, the P matrix can be used to find V 2 ( -d) in terms of V 2(O). Con­
sequently,

(2.9.15)
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Region I
_______....a..- 2 =0

Region 2

--------------- 2 =-d

Region 3

Figure 2.9.1 A three-layer problem.
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(2.9.16)

Since region 3 should only have a transmitted wave, V 3 (z) has to be of
the form

V 3 (z) = T Al_e-ik3z(z+d)a3_ = 33 . e iK 3(z+d) · [~] A1_ .

Consequently, from (15) and (16), we conclude that

--1 - - [R] [ 0 ]a 3 . P 2 ( - d, 0) . a 1· 1 == T . (2.9.17)

There are two scalar equations with two scalar unknowns Rand T in (17).
By rearranging the equations, Rand T can be solved for readily. A simi­
lar approach can be used to find reflection and transmission at a half-space
(Exercise 2.36).

§§2.9.4 Reflection from an Inhomogeneous Slab

If region 2 is now an inhomogeneous region, the above method of finding
Rand T via Equation (17) will still apply if the P matrix can be found for the
inhomogeneous layer. One way would just be to find it numerically. To do
this, the inhomogeneous layer is divided into many fine, homogeneous layers
as shown in Figure 2.9.2, and the P matrix for the total layer would just be
the product of the P matrix of each of the layers, because

V 2 (z == -d) == P( -Z,rv, -ZN--l) . V 2 ( -ZN-l)

== P( -ZNi -ZN-l) . P( -ZN-l, -ZN-2) . V 2 ( -ZlV-2)

= [t! P( -Z" -Zi-d] .V2(O)

(2.9.18)
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Region I
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Figure 2.9.2 Inhomogeneous layer case.

1 - -
where P( -d, 0) = fIi=N P( -Zi, -Zi-l). Hence, P( -d, 0) can be found via
this numerical approximation.

Alternatively, the P matrix could be solved numerically and directly from
Equation (4). A finite difference approximation of djdz yields

(2.9.19)

where 6. = Zj - Zj-l. Consequently, Equation (4) becomes

(2.9.20)

which can be rearranged to give

(2.9.21 )

Therefore,

(2.9.22)

Hence, the numerical approximation of the propagator matrix between
two points ZN and Zo can be found. This P matrix could then be used in
(17) to find Rand T for an inhomogeneous layer. Other more sophisticated
differencing schemes could also be used to solve (4). The rule of thumb is
that the step size must be much smaller than the smallest wavelength in the
inhomogeneous layer.

If the medium is lossy, or if the wave is evanescent, Equation (lOb) implies
that the P matrix may have exponentially large terms as well as exponentially
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small terms. The existence of these exponentially large terms could make the
method unstable. In this case, it is preferable to use the method outlined
in Section 2.1. Alternatively, Equation (1) can be solved as a two-point
boundary value problern.

§2.10 Waves in Anisotropic, Layered Media

In Chapter 1, we explain that in a homogeneous, anisotropic medium,
there exist two types of waves. These two types of waves are, in general,
decoupled in a homogeneous medium. In the presence of a planar interface,
however, they will be coupled to each other at the interface-in other words,
a type I wave may generate transmitted and reflected waves of type I and
type II. Therefore, this is unlike a homogeneous and isotropic medium where
the two types of waves, TE and TM, are still decoupled at the interface.
Hence, the problem of waves in anisotropic, layered media cannot be treated
as a scalar problem-it has to be regarded as a vector field problem.

Previously, it was shown in the state-variable approach for the homoge­
neous, isotropic medium that the problem could be reduced to two coupled
first-order differential equations with a state vector that had two components.
Similarly, the state variable approach can be used in solving for the waves in
anisotropic, layered media. Because of the vector nature of the problem, a
state vector with at least four components is required.

Works on anisotropically layered media were performed by Teitler and
Henvis (1970); Berremen (1972); Barkovskii and Borzdov (1976, 1978); Dam­
askos et al. (1982); Graglia and Uslenghi (1984); and Morgan et al. (1987).
Moreover, this topic is also discussed in books by Budden (1961); Wait (1968,
1970); and Yeh and Liu (1972).

§§2.10.1 Derivation of the State Equation

In order to facilitate the matching of boundary conditions at the interface
of a layered medium, it is more expedient to work with the transverse to z
components of the electric and magnetic fields, namely, E, and H s .

Consequently, starting with Maxwell's equations for source-free, anisotro­
pic media, we have

\7 x E == iwJi . H,

\7 x H == -iw€ . E.

(2.10.1)

(2.10.2)

Next, we can decompose \7 == \7s + i gz' E == E, + E z, H = H, + Hz, and the
tensors Jl and € can be partitioned as

(2.10.3)

In the above, the subscript s denotes quantities transverse to z. Moreover,
Jis is a 2 x 2 tensor, 7lsz is a 2 x 1 matrix, llzs is a 1 x 2 matrix, and Jizz is a
1 x 1 matrix. Similar decomposition holds for €.
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After substituting the decomposition into (1), and equating the transverse
and longitudinal components, we have

In addition, by duality, or from (2), we have

8" H '- E '- E t"'7 H8z z x s = -zw Es ' s - ZW Esz ' z - V s X z,

(2.10.4a)

(2.10.4b)

(2.10.5a)

(2.10.5b)

Then, using (4b) and (5b), we can remove E, and Hz from (4a) and (5a)
by expressing them in terms of E, and H s , that is,

(2.10.6a)

(2.10.6b)

(2.10.7a)

where K zz = f.;}, Vzz = Il;zl. Equations (6a) and (6b) can be used in (4a) to
yield

8
OZi X E, = iwTis · H s + Tisz · VzzVs X E s - iwTisz · Tizs · vzzHs

1
+-:-Vs X -,». X a, + v, x Kzz€zs' s..

zw

By duality, we then have

8
OZi X H, = -iw €s · E, + €sz · "'zzVs X H, + iw €sz · €zs · "'zzEs

1
--:-Vs x vzzVs x s, + V s x vzzllzs' a;

zw
(2.10. 7b)

Moreover, by assuming that the fields E, and H, have eiks'r s dependence
in the transverse direction for all z's (phase matching), (7a) and (7b), after
crossing with -i, can be written as

:zs, = [( -iw i x lis') + iw i X ti., · »; ·Vzz - (~ X k s X "'zzks x ) ] a,

+[(-ii x llsz . vzzksx) - ii x k, x Kzz€zs·]Es
(2.10.8a)

~Hs = [(iWi x €s') - iwi X €sz '€zs' "'zz + (~ X k, X VzzksX)] s,

+[(-ii x Esz · Kzzksx) - ii x k, x vzzJ1zs·)Hs,
(2.10.8b)
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where \7s has been replaced by 'ik s , and we assume that 7l and € are functions
of z only. Consequently, the preceding equations can be written in a matrix
form as a state equation

(2.10.9)

where H ij are 2 x 2 matrices derivable from (Sa) and (8b) (Exercise 2.37).
The above state equation then becomes (see Morgan et al. 1987)

d -
-V==H·V
dz '

(2.10.10)

where V' == (Es , H,') is a four-component row vector and H is a 4 x 4 matrix.

§§2.10.2 Solution of the State Equation
For a homogeneous medium, the eigensolutions of (10) can be found by

letting
v == VoeAZ

•

The subsequent use of (11) in (10) then yields

(H - AI) . Vo == 0,

(2.10.11)

(2.10.12)

which is an eigenequation for the eigenvalue A. Since H is a 4 x 4 matrix, there
will be four eigenvalues and four eigenvectors from the above equation because
the equation det (H - AI) == 0 yields a quartic equation for A. Therefore, the
general solution to (11) is of the form

(2.10.13)

where a, is the eigenvector corresponding to the i-th eigenvalue. Note that the
ai's are not orthogonal because, in general, H is not symmetric or Hermitian.
Furthermore, these four solutions correspond to type I and type II waves
going in the positive and negative z directions.

Equation (13) is also more compactly written as

V(z) == a· ei~z . A,

where a is a 4 x 4 matrix containing the eigenvectors ai'S, i.e.,

(2.10.14)

and A is a column vector containing Ai'S. Furthermore, 73 is a diagonal
matrix where the i-th diagonal element corresponds to the i-th eigenvalue.
Moreover, from the definition of the exponentiation of a matrix,

(2.10.15)
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Figure 2.10.1 The k vectors of incident, reflected, and transmitted
waves at an interface of two anisotropic media.

In addition these eigenvalues and the eigenvectors are ordered such that the
first two elements of (15) correspond to an upgoing wave while the last two
elements correspond to downgoing waves.

As a result, Equation (14) can be rewritten as

where

V(z) == a· ei/3(z - z' ) . a-I. a· ei/3z' . A

== P(z, z') . V(z'), (2.10.16)

P(z, z') == a· ei{i(z-z') . a-I (2.10.16a)

is a propagator matrix of the field from z' to z, analogous to (2.9.12).

§§2.10.3 Reflection from an Interface of Anisotropic Half-Spaces

We shall demonstrate how the above conclusions can be used to derive the
reflection from an interface between two anisotropic media. In an anisotropic
medium, the lengths of the k vector for type I and type II waves are different.
In order for the phase-matching condition to be met, the components of these
k vectors transverse to the z direction must be the same. In other words,
k, in (8) is a constant independent of z. Hence, a picture of the incident,
reflected, and transmitted k vectors is as shown in Figure 2.10.1.

In region 1, the state vector can be expressed as

(2.10.17)
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Equation (17) is similar to Equation (14) except for the subscripts 1 used
to denote that (17) is for the solution in region 1. In the above, Ai =
[All, A 21, A31, A 4d where A 31 and Ain are the amplitudes of the downgoing
type I and type II waves, while All and A21 are the amplitudes of the upgoing
type I and type II waves. A reflection matrix can be defined that relates
upgoing waves to downgoing waves in region 1 as

(2.10.18)

Here, A31 and A41, the downgoing or incident wave amplitudes, are assumed
to be known. Hence, All and A21 , or R 12 , are the unknowns to be sought in
this problem.

As a result of this, (17) can be rewritten as

(2.10.19)

To render the definition of R l 2 unique, it is appropriate to normalize the
eigenvectors ai's.

In region 2, only downgoing waves exist. Similarly, a transmission matrix
is defined to express the state vector in region 2 as

V() - i/3 Z [ 0] [A31 ]2 Z == a2 . e 2 • _. •

T 12 A 41
(2.10.20)

Since VI (z) and V 2(z) are the state vectors related to the tangential com­
ponents of the electric and magnetic fields at the interface, the boundary
conditions require that VI (0) == V 2 (0), leading to

(2.10.21 )

The above constitutes two matrix equations with two matrix unknowns, R 12

and T 12 . Hence, R 12 and T 12 can be found easily.

If a medium is isotropic instead, the type I and type II waves reduce to
TE and TM waves. In this case, the lengths of their k vectors are the same
(Exercise 2.38).

§§2.10.4 Reflection from a Slab

The reflection of a wave from an anisotropic slab as shown in Figure
2.10.2 can be found in a manner parallel to Subsections 2.9.3 and 2.9.4. In
this case, the equation in place of (21) is similar to (2.9.17), that is,

(2.10.22)
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z

Region I

Region 2

----------------------- Z =-d2

Region 3

Figure 2.10.2 A three-layer medium where all the layers are aniso­
tropic.

In the case of a homogeneous slab, the propagator matrix, P2(Z, z'), is
given by (16a). But when the slab is inhomogeneous, it could be modeled as
consisting of many fine layers, each of which is homogeneous. Then, the prop­
agator matrix for an inhomogeneous, anisotropic slab is given by an equation
similar to (2.9.18). Similarly, Equation (10) can be solved numerically to
obtain an approximation of the propagator matrix in an inhomogeneous slab
as in Equation (2.9.22).

§§2.10.5 Geometrical Optics Series
In the previous method, the propagator matrix may contain exponentially

large terms when a lossy medium is involved or when we have an evanescent
wave. In this case, the propagator matrix in (22) may become exponentially
large. Such a problem can be overcome by proper bookkeeping; alternatively,
a geometric optics series can be used to find the reflection matrix for a slab
similar to Equation (2.1.21).

Suppose that the reflection and transmission matrices for a single interface
are derived as in Subsection 2.10.3. Then, for a three-layer medium, the state
vector in region 1 is

VI (z) = all ei,Bllz All + 821 e i/h l ZA21 + 831 e-i,B31 z A3 1 + 841e- i,B41 z A4 1 ·

The above can be written as

V 1(z) = a1+ . ei{il+Z . A I + + al- . e-i{il-z . A 1- ,

(2.10.23)

(2.10.24)
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and (31+ is a diagonal matrix containing {311 and (321 on the diagonal, while

~1- is a diagonal matrix containing (331 and (341 on the diagonal. Next, by

defining A 1+ == R 12 . A 1- , we can write the previous equation as

V () - i/3 z R A - -i/3 Z A1 Z == a1+ . e 1+. 12' 1- + a1- . e 1-. 1-'

Similarly, in region 2, the field becomes

V 2(z ) == a2+ . eit32+(z+d2) . R 23 . A 2 - + a2- . e- i/32- (z+d2) . A 2_ .

(2.10.25)

(2.10.26)

(2.10.29)

But the upgoing wave in region 1 is a consequence of a reflection of the
downgoing wave in region 1 plus a transmission of an upgoing wave in region
2. Hence.

- - - i(j d2 -R 12 . A 1- == R 12 . A 1- + T 21 . e 2+ . R 23 . A 2_ . (2.10.27)

Similarly, the downgoing wave in region 2 is a consequence of the transmission
of the downgoing wave in region 1 plus a reflection of the upgoing wave in
region 2, or

e-i{32- d2 . A 2 - == R 21 . ei{32+(h . R 23 . A 2 - + T 12 . A 1_ . (2.10.28)

Equation (28) can be solved for A 2- to give

[
- i{j d2 - i{3 d2 - ] -1 i(j d2 -A 2- == I - e 2- . R 21 . e 2+ . R 23 . e 2- • T 12 . A 1_ .

Equation (29) used in (27) will then yield

.c: - - i{3 d2 - [- i{3 d2 - i{3 d2 - ] -1 i{3 d2 -R 12 == R 12 +T 21 . e 2+ . R 23 · I - e 2- . R 21 . e 2+ • R 23 . e 2- . T 12 .

(2.10~30)

The above is an equation for finding the generalized reflection matrix, R 12 ,

that incorporates subsurface reflections for a three-layer medium (Exercise
2.39). It is very similar to (2.1.21) in its physical interpretation.

Now, if ",another layer is add~d below region 3, only R 23 needs to be

changed to R 23 to get the correct R 12 . Hence, a general expression analogous
to (2.1.23) is

- - - i!3' t· 1 -
~,i+l ==~,i+l + T i + 1,i . e t+1,+ t+ . Itt+l,i+2

[
-I i{3. ti+1"O . .{fj. ti+1 ~. ] -1 i{3 t'+l T- e t+1,- . .1.'"'i+l,i· e· t+1,+ . .1."i+l,i+2 . e i+1,- t • i,i+1,

(2.10.31 )

where t i+1 == di +1 - di , the thickness of the i + 1 region. The above allows
one to find the generalized reflection matrix for all regions in an N-layer,
anisotropic medium. Similarly, (29) can be generalized to

A i+1,- = [1 - ei13
i+ l . -

t
i+ l . 1l;.+l,i . ei13

i+ l .+
t
i+ l . R+1,i+2]-1

. ei !3i+ l ,_ i i+l . T, '+1 . A·_
't,'t i;

(2.10.32)
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Equation (32) can be used recursively to give the wave amplitudes in all
regions in an N-layer medium.

Now, in Equations (31) and (32), exponentially large terms are not en­
countered. Hence, the method is more stable.

Exercises for Chapter 2

2.1 For a one-dimensional profile where f. and J-L are isotropic and are func­
tions of z only, extract the z components of the vector wave equations for
the E field and H field and show that

2 a -1 a 2
'iJsEz + az E az EEz + w WEz = 0,

2 a -1 a 2v sHz + ail azJ..lHz + W J..lEHz = O.

From these two equations, derive the boundary conditions for E; and Hz
for a step discontinuity in J-L and e.

2.2 Derive the conditions under which the Fresnel reflection coefficient for
TM waves, i.e., RT lvl , would vanish, and when it would have unit ampli­
tude.

2.3 Derive Equation (2.1.24) from (2.1.23) by using the fact that Iij = 1 +
~j, and ~j == -Rj i .

2.4 (a) Show that

equals

(b) Using the above idea, i.e., the tilde can be moved from R23 to R32

and the expression remains unchanged, show that for TE waves

J-L1 - J-L N -
-kTIN == -kT N 1,

1z Nz

where Ti j is defined in (2.1.28). The above is important for establish­
ing the reciprocal nature of the generalized transmission coefficients.

2.5 Making use of (2.1.35), derive (2.1.36) from (2.1.33).

2.6 Using the Runge-Kutta method, write a first order approximate solu­
tion to Equation (2.1.36) which models a piecewise linear profile. If one
chooses instead to model an inhomogeneous slab with a finely layered
medium, Equation (2.1.24) would be used recursively to find the reflection
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coefficient. Count the number of multiplications and additions required
in both cases, and estimate which algorithm will be more efficient.

Note: Now, computers take about the same time to perform a multiplica­
tion or a division compared to an addition; hence, the number of floating
point additions and subtractions cannot be ignored.

2.7 An inhomogeneous profile is described by E(Z) == EO for z < 0, and E(Z) ==
EO +az for z > 0 and I-L == /-La (see figure). For a normally incident (kx == 0)
wave from the left-hand side (z < 0), find the reflection coefficient for the
electric field at Z == O.

E (Z)

Eo

-----------"""------------... z

Figure for Exercise 2.7

Hint: With the introduction of some loss, make sure that the wave is
exponentially small when Z ~ 00.

2.8 The Hankel function of the first kind is obtained for (2.2.4) because we
have made use of exp( -iwt) dependence.

(a) Show that if exp(jwt) dependence is used, the solution to (2.2.2) will
be a Hankel function of the second kind. Obtain the constant C in
this case by matching the singularity at the origin.

(b) Going through similar derivations as in (2.2.5) to (2.2.11), and intro­
ducing a small loss in the medium, derive a plane-wave expansion of
the Hankel function of the second kind. Stipulate appropriately the
path of integration of the Fourier inverse transform in the complex
plane.

2.9 (a) By making use of the recurrence relations of Bessel functions [see
Chapter 1, Equation (1.2.34)], prove the property of the raising op­
erator in (2.2.16).

(b) Hence, prove the identity (2.2.17).

(c) Can you design a lowering operator?

2.10 Tho two-dimensional Fourier transform pair is given as
oc

ri«; ky ) = JJdxdy e-ik,J;-ik!ly f(x, y),

-00
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00

f( x y) = _1_ 1] dk dk eikxx+ikyy F(k k), (21r) 2 x Y x, Y •

-00

(a) By writing the above in cylindrical coordinates, i.e., let x = pCOS ¢,
Y = Psin ¢, kx = kp cos Q, ky = kp sin Q, show that the above becomes

00 27r

F(kp,a) =Jdp pJd1>e-ikppcOS(Cl-1»f(p,1»,

o 0

00 27r

f(p ~) = _1_ Jdk k Jda eikppcos(a-</» F(k Q)
,~ (21r)2 P P p, •

o 0

(b) By letting

00

F(kp,a) = L Fn(kp)einCl,

n=-oo

f(p,1» = 2~ f fn(p)ein1>+i~1f,
n=-oo

and using the integral representation of Bessel function, show that

00

Fn(kp) =Jdppfn(p)Jn(kpp),

o
00

fn(P) = JdkpkpFn(kp)Jn(kpP).

o

The above is known as the Hankel transform pair.

(c) From the Hankel transform pair, deduce that

2.11 The mapping k, = (k6 - k~)1/2 maps from the complex kp plane to
the complex kz plane. By letting kp = ko + 8ei8

, where 8 is a small
real number, and ko = Ikole ia , show that for the Sommerfeld branch cut



EXERCISES FOR CHAPTER 2 143

(Figure 2.2.7), the right seam of the branch cut maps to the negative real
kz axis, and the left shore of the branch cut maps to the positive real kz

axis of the complex kz plane.

2.12 Define a ~e(kz) == 0 branch cut with the upper Riemann sheet as

Show where the real and imaginary axes on the complex k; plane are
mapped to on the complex kp plane.

2.13 (a) First, write the solution to (2.2.19) as

00

¢(x,y,z) = 2~ Jdkz¢(x,y,kzkkzz.
-00

By substituting the above into (2.2.19), derive an expression for

and hence, the identity (2.2.34).

(b) Alternatively, derive (2.2.34) from (2.2.31) by contour deformation
and a change of variable of integration.

2.14 When we have a current loop as a source, i.e., J == -¢I 8(p_p') 8(Z-Z'):

(a) Show that the electric field in cylindrical coordinates has only a ¢
component, and that it satisfies

[
f) 1 f) {]2 2] . ( ') ( ')

P8pp8p + 8z2 +k pE¢=zwpJp8 p-p 8 z-z ;

(b) By using Hankel transform (Exercise 2.10), show that the solution is

00

E = WfLI pi Jdk kp J (k p')J (k p)eikzlz-z'l.
¢ 2 p k

z
1 pIp ,

o

(c) What would the solution be if we have a current disk instead, i.e.,

J == ~J(p) 8(z - z')?

2.15 Assume that a VED is over a three-layer medium:

(a) Write down the solution (2.3.6) for region 2, i.e., the slab region. Give
explicitly the expression for A2 .

(b) Derive the electric and magnetic field components transverse to z in
region 2.
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2.16 (a) Assume that a VED is embedded in region 2 of a three-layer medi­
um (see Figure 2.1.3). Then, the field in region 2 can be written
as

00 3

E2z = 8-
I R Jdkp kkp H61)(kp p) [eik2Zlz-z/l + A2e-ik2ZZ + B2eik2ZZ] ,

1rWC2 2z
-00

where the extra terms to the source term are due to multiple reflec­
tions of the waves from the top and the bottom boundaries. Find the
coefficients A2 and B2.

(b) What is the expression when region 1 and region 3 are perfect con­
ductors?

2.17 For certain problems, Cartesian coordinates may be more pertinent.

(a) Using the Weyl identity [Equation (2.2.27)], show that for an RED,
where J = xff 6(x - x')8(y - y')8(z), E; is given as

00

s, = ± 8~:E JJ dkxdky kxeikx(x-X')+iky(Y-Y')+ikzlzl.

-00

(b) A current sheet source J = x6(z)Js(x, y). Using the idea of convolu­
tion, show that E; produced by the current sheet is

CXJ

E - ±_l_ jrr dk dk k j (k k )eikxx+ikyY+ikzlzl
Z - 81f2wc ) x Y x s x, y ,

-00

where J:(kx , ky ) is the two-dimensional Fourier transform of Js(x, y).
Remember that convolutions in real space are the same as multipli­
cations in Fourier space.

2.18 (a) Derive (2.4.6a) and (2.4.6b).

(b) Derive (2.4.15) and (2.4.16).

(c) Show that for TE waves

f-Lm F+(z, z') = :n r.i«, z),
km z nz

where z' E ELm, z ERn, and R; stands for region i.

2.19 Assuming that d1 == 0, Le., the dipole is right at the interface, derive the
leading-order asymptotic expansion to the integrals (2.3.9a) and (2.3.9b)
using the method of stationary phase.

Hint: Write H?)(kpp) = [H}1)(kpp)/H6
1)(kpp)] H61J(kpp). The ratio of

Hankel functions can be treated as slowly varying, and hence, factored
outside the integral.
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2.20 (a) Derive (2.5.20) using the integral identity for gamma function or
the identity that

00Je->..s2 ds = Vrr/ >.. .
-00

(b) Hence, derive the expressions (2.5.21) and (2.5.23).

2.21 Derive the integral identity (2.5.30), and the expressions (2.5.31) and
(2.5.32).

2.22 Show that sne- As
2

in (2.5.19) peaks at s = vn/2A, and sn+Qe- AS in
(2.5.29) peaks at (n + a)/"\, and hence, derive the conditions (2.5.34) and
(2.5.35 ).

2.23 (a) Show that (2.5.51) is the leading-order saddle-point contribution of
(2.5.37).

(b) Show that (2.5.54) is a consequence of the leading-order saddle-point
contribution of (2.5.37), plus a leading-order contribution of the sin­
gularity. Show it for the case when k = 1/2 so that the singularity is
an algebraic branch point, and when k = -1 so that the singularity
is a pole.

2.24 The governing equation for the steepest-descent path that passes throu­
gh a saddle point is given by (2.5.13) when s is real.

(a) Show that for (2.6.1), when d1 = 0, and z > 0, the steepest-descent
path is given by the equation

ikpp + ik1zz - ik; r = - AS2
,

where r = (p2 + z2)1/2.

(b) Show that the steepest-descent path intercepts the real axis at k1 sin B
and k1/sin B where B == sin- 1(p/r), and that it intercepts the imagi­
nary axis at k1 tan B.

(c) Show that the asymptotes of the steepest-descent path are

k rv \ 2 ip ± z
P AS 2' S ~ ±oo,

r

and hence, sketch the steepest-descent path on the complex kp plane.

2.25 (a) Derive the branch-cut contribution given by (2.6.14).

(b) Give a physical interpretation of this branch-point contribution.

2.26 Find the asymptotic expansion of the transmitted field in (2.6.2) when
d, = O.

(a) Using the large argument expansion of the Hankel function, show that
the stationary point or the saddle point of the integrand is given by

kps = k2 (2 P 2)1/2 = k2 sin e= k/!.. , where r = Vp2 + z2 ·
P + z r
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(b) The constant-phase path that passes through the saddle point is gov­
erned by Equation (2.5.13) when 8 is real. Show that for (2.6.2), the
constant-phase path is governed by the equation

z < o.

Solve this equation when kp ~ ±oo, or 8 ~ ±oo, and show that

k rv \ 2 ip =F Z
p /\8 2'r

8 -4 ±oo.

Therefore, the steepest-descent path has similar but not identical
asymptotes as those shown in Figure 2.6.1. Sketch the steepest­
descent path and the branch cuts for this problem.

(c) Find the leading-order expansion of (2.6.2) using the method of sta­
tionary phase (which is equal to the leading-order saddle-point con­
tribution). Show that this is a spherical wave with exp(ik2r)/r de­
pendence.

(d) (Optional) By deforming the contour from SIP to the steepest-descent
paths or constant-phase paths through the saddle point and the branch
point, show that there is a branch-point contribution when k2 sin ()
> k1, and find this branch-point contribution. Give a physical inter­
pretation to this branch-point contribution. Can you identify another
name with the above inequality?

2.27 It was shown in Exercise 2.17 that for a current sheet J == x8(z)Jx(x, y),
its E1z field could be derived.

(a) Derive H1z for the same current sheet.

(b) Show that when we place the current sheet over a dielectric slab of
thickness t, backed by a perfect electric conductor (ground plane at
the bottom), as in microwave integrated circuits (see figure), the field
in region 1 is

77/////777/777/777///7/7777
a-.. co

Figure for Exercise 2.27
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where k, . r == kxx + kyY + kzz.

(c) What should RT E and RTJ\;[ be in this case?

(d) Find the far-field approximation of EI z and H1z using the method of
stationary phase and the identity (2.2.27), assuming that t is small.

Hint: To find the far-field approximation, first find the stationary
phase point where at k, . r = 0 and at k 1 . r = O. Then, pull out the
slowly varying part of the integrand and evaluate it at the stationary­
phase point, leaving behind an integral such as (2.2.27) that can be
evaluated in closed form.

(e) From E I z and H 1z , find E le and HIe, and hence, E 11> and H 1cj> . (These
are useful for plotting the radiation patterns of an antenna.) Find the
Poynting vector in the far field.

Hint: Use the plane-wave approximation.

(f) (Optional) Show that there is a TAla rnode with no cut-off frequency
for the ground plane backed substrate above. Hence, R™ always has
a pole. Assuming that the pole is contributing (when z ~ 0), find
this pole contribution.

Hint: The answer will be in terms of an integral.

2.28 Show that when a VED, located at z == 0, is placed between two parallel
metallic plates, located at z == dl and z == -d2 , the solution is

E == -1£ 100

dk k~ H(l)(k p) [eik2zlzl + A e-ik2zZ + B eik2ZZJ
2z 8 p k 0 p 2 2,

7rWE2 -oc 2z

where

(a) Show that the integrand has no branch point at kp == k2 . Hence, the
only singularities of the integrand are poles.

(b) Identify the locations of the poles (which are the guided modes of
the parallel-plate waveguide) on the complex k p plane. Discuss what
happens to the poles when ell + d2 -t 00.
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(c) Show that by deforming the SIP contour to infinity, the field E2z could
alternatively be expanded in terms of the modes of the waveguide.

2.29 The reflected field when a VMD is placed over a slab is given by the
second term in (2.6.23), i.e.,

The above integrand could have a leaky pole near the saddle point (see
Figure 2.6.7). Derive a leading-order uniform asymptotic expansion for
the integral by including the effect of a leaky pole.

2.30 The m-th image term in (2.6.26) is

00

H Rm == _ ifA Jdk k~ H(l)(k p)e2imk2Zd2T RmRm - 1r"[1
1z 8 p k 0 p 12 23 21 .1 21 ,

~ 1z
-00

where we have assumed that z == d1 == O.

(a) Show that the location of the saddle point can be close to the branch
point at kp == k1.

(b) Derive a uniform asymptotic approximation for the above integral by
including the effect of the branch point on the saddle-point contribu­
tion.

2.31 Using the steepest-descent method, derive the leading-order saddle­
point approximation to (2.6.35).

2.32 A guided TE mode of an inhomogeneous slab satisfies the equation

[J.l .!!.-J.l-l.!!.- + k2
- k;] ¢(z) == O.

dz dz

(a) Assuming that J-l is lossless but E is lossy, deduce the region on the
complex k~ plane where the poles of the integrand of the Sommerfeld
integral for a TE wave can be located.

(b) Show that ~m[k;] == constant and ~e[k~] == constant map into hyper­
bolas on the complex kp plane. Hence, ascertain the region of pole
locations on the complex .kp plane.

2.33 Given an integral of the form

00

¢ = JdkpkpJo(kpp)G(kp)

o

and that G(k p ) has a pole at kp == kp , i.e., G(k p ) rv kp~kp' kp ~ kp :
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(a) Show that the expression

F(k ) == G(k ) _ 2Akp Jo(kpa)
p p k2 - k2 J (k a)p pop

has no pole at kp == kp . Hence, ¢ can be written as

149

00 00

~ == Jdk k J (k )F(k) 2Akp Jdk kpJo(kpp) Jo(kpa)
'I' p p 0 pP p + Jo(kpa) p k~ - k~ .

o 0

(b) The first integral now does not have a pole at kp == kp . The sec­
ond integral can be evaluated in closed form. By letting Jo(kpp) ==
~[H~1)(kpp)+H~2)(kpp)] and unfolding the integral to range from-oo
to +00, use the contour integration technique to evaluate the second
integral.

2.34 For a scalar wave equation in three dimensions, i.e.,

we can make high-frequency approximations similar to the WKB approx­
irnations.

(a) Derive the corresponding eikonal equation and the transport equation
for this wave equation in three dimensions.

(b) (Optional) Describe how you would solve these derived equations.

2.35 A profile is described by f(Z) == tl ;t2 tanhfxz )+ tl ;t2
, f1 > f2, for Z < d.

For Z 2 d, f == fO (see figure). Assume further that It == J-lo is a constant:

E(Z)

z: 0 z:d

Figure for Exercise 2.35
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(a) Using asymptotic matching and WKB method, find the reflection
coefficient of a wave which is obliquely incident on this profile from
Z = +00, assuming that f2 < fO. Assume nd » 1.

(b) Such a profile could approximate a profile obtained by doping a semi­
conductor material and could be used for integrated optics applica­
tions. Assuming that d » A, derive a guidance condition for an
optical wave propagating in this waveguide.

2.36 Using a state variable approach and derive the reflected wave for a half­
space similar to what has been done in Subsection 2.9.3 for a three-layer
medium. Normalize your eigenvectors such that at · a = 1. Give the
expression for the reflection coefficient explicitly.

2.37 Derive explicit expressions for the matrices H i j in (2.10.9).

2.38 Assume that two half-spaces are homogeneous and isotropic. In this
case, the type I and type II waves are the TE and TM waves. Assume
further that the k vector for the incident field is in the xz plane.

(a) Use the formulation of Subsection 2.10.3 to derive the reflection and
transmission matrices

(b) Show that the reflection and transmission matrices are diagonal.

(c) How are they related to the Fresnel reflection coefficient?

2.39 Expand Equation (2.10.30) as a series and give physical interpretations
to each term of the series.
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CHAPTER 3

CYLINDRICALLY AND SPHERICALLY LAYERED MEDIA

Information obtained from the study of waves in circular cylindrically, and
spherically layered media can be applied to fiber optics, geophysical probing,
radar cross-section studies, microstrip antennas, and other technologies. For
example, in optical fibers, the doping of the fiber may have a gradual transi­
tion rather than a step transition. Such a gradual transition may be modeled
with many thin layers of piecewise homogeneous layers.

In the geophysical exploration of the subsurface earth, a borehole drilled
deep into the earth is often employed. Such boreholes are usually filled with
fluid. The subsequent invasion of borehole fluid into the rock formation gives
rise to an altered zone whose electromagnetic property varies radially away
from the borehole. Such a zone may be modeled by a cylindrically layered
medium.

Curved layers are also useful in modeling the scattering by curved sur­
faces, which are coated with dielectric materials in order to reduce their radar
scattering cross sections. This has applications in reducing the radar cross
sections of aircrafts, for example. Also, for an understanding of microstrip an­
tennas mounted on curved surfaces, and dielectric coated circular waveguides,
a knowledge of waves in cylindrically layered media is often necessary.

Works in this area are usually related to wave propagation on curved
surfaces, scattering by cylindrical structures (for a review, see Pearson 1987),
borehole geophysics (for a review, see Lovell and Chew 1987a), and dielectric
optical waveguides (for a review, see Gronthoud and Blok 1978; and Yariv
1985).

§3.1 Cylindrically Layered Media-Single Interface Case

In a cylindrical geometry of circular symmetry, a wave can be broken
down into cylindrical harmonics with different ein¢ dependence. In principle,
only two of the six electromagnetic field components are needed to charac­
terize the wave. Moreover, due to the preferred z direction of the medium,
the electromagnetic field can be decomposed into TM to z and TE to z
type waves. As a result, E, and Hz components of the field can be used
to characterize the TM and TE waves respectively. Unlike planar bound­
aries, however, both TM and TE waves are needed (in general) to match the
boundary conditions at an interface between two cylindrical layers. The only
exceptions are axially symmetric (rL =: 0) and z-invariant (8/8z == 0) TM
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and TE waves, whose boundary conditions can be satisfied independently
of each other. Consequently, for nonaxially symmetric waves, both TM and
TE waves must coexist in a circular, cylindrically layered medium. Such a
wave is also known as a hybrid wave. In this presentation, we shall use the
formulation of Chew (1984) and Lovell and Chew (1987a, 1987b).

§§3.1.1 Vector Wave Equation in Cylindrical Coordinates

The vector wave equations in a homogeneous, isotropic, source-free me­
dium are

\7 x \7 x E - k2E = 0,

\7 x \7 x H - k2H = 0.

(3.1.1a)

(3.1.1b)

In cylindrical coordinates, it is most expedient to extract the z components
of the above equations to yield (see Exercise 3.1)

(\72 + k2)E
z = 0,

(\72 + k2)H
z = o.

Then, the general solutions to the above equations are

(3.1.2a)

(3.1.2b)

(3.1.3)

where k; + k; = k2• Notice that the above can also be replaced by any other
linear superposition of two linearly independent solutions of Bessel's equation
(Exercise 3.2).

Furthermore, given the z components of the fields, the transverse com­
ponents of the fields in cylindrical coordinates can be determined from the
following equations!

Es = :2 [ikz\lsEz - iwJ1.Z x \lsHz],
p

(3.1.4a)

n, = :2 [ikz\lsHz +iwd x \lsEz], (3.1.4b)
p

where \ls = P:p +¢~:</> = P:p +¢~. Note that the above equations are only
valid in a homogeneous region. Hence, with the above method of using E;
and Hz only, all six components of the electromagnetic field can be derived
in cylindrical coordinates. In particular, Ez characterizes a wave TM to z,
while Hz characterizes a wave TE to z:

1 The derivation of these equations is similar to (2.3.17a) and (2.3.17b).
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Figure 3.1.1 Reflection and transmission of an outgoing wave.

In general, at a cylindrical interface, TE waves and TM waves are coupled
together. In other words, E, and Hz have to be considered simultaneously.
Hence, at least two components of the field are required, implying that the
problem is vector in nature. Consequently, when studying reflections from
a cylindrical boundary, we need to define 2 x 2 reflection and transmission
matrices rather than reflection and transmission coefficients.

The reflection and transmission of waves at a cylindrical interface can be
categorized into two cases:

(i) an outgoing wave incident on a cylindrical boundary, and

(ii) a standing wave incident on a cylindrical boundary.

We shall first consider the outgoing-wave case, followed by the standing-wave
case.

§§3.1.2 Reflection and Transmission of an Outgoing Wave
First, assume that an outgoing (+p direction) cylindrical wave (e.g., gen­

erated by a line source) is in region 1 as shown in Figure 3.1.1. Then, the
outgoing wave for the n-th harmonic with ein¢ dependence is

[
EI Z

] _ H(I)(k ) [e 1Z ] - H(I)(k )H
1z

- ti IpP h
1z

- n IpP a.,

where kIp == Jkr - k;. Here, the field has been assumed to have eik zz depen­
dence in all regions due to the translational invariance of the problem in the
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z direction (phase matching; see Exercise 3.3). Moreover, both the ¢ and z
dependences are suppressed in (5).

In general, the wave in region 1 will have an incoming wave (-p direction)
as well. But because of the closed nature of a cylindrical geometry, the
incoming wave, which is represented by a Hankel function of the second kind,
is always perfectly reflected at the origin, resulting in a standing wave. Hence,
the reflected wave in region 1 always becomes a standing wave. Consequently,
the total field in region 1 can be expressed as

(3.1.6)

The field in region 2, however, consists of a transmitted outgoing wave.
This wave has to be an outgoing wave in order to satisfy the radiation con­
dition. Therefore, it is

(3.1.7)

where k2p = Jk~ - k;. At this point, R l 2 and T l 2 are 2 x 2 matrices yet to
be determined. To find them, boundary conditions are imposed for the field
at p = a. The requisite boundary conditions here are that the z component
and the ¢ component of the field must be continuous at p = a.

Next, Equations (4a) and (4b) can be used in each of the homogeneous
regions 1 and 2 to yield the ¢ components of the fields as (see Exercise 3.4)

(3.1.8a)

(3.1.8b)

where

(3.1.9)

(3.1.10a)

Here, B; is either H~l) or I n depending on whether we are defining the H~l)
matrix or the I n matrix. Moreover, B; is diagonal when n = O.

Then, the boundary conditions at p = a, which require the continuity of
the tangential components of the electromagnetic field, yield

[H~I)(klpa)I + In(klpa)R12] . a, = H~1)(k2pa) T l 2 . aI,

(3.1.10b)
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(3.1.11a)

Since a1 is nonzero and arbitrary at this point, it can be cancelled from both
sides of the preceding equations and the resulting matrix equations solved for
R 12 and T 12 . As a result, they are

- _ --1 [(1) -(1)" (1) -(1) ]R 12 - D . H'; (k1pa) H n (k2pa) - Hn (k2pa) H n (k1pa) ,

(3.1.11b)

where

(3.1.11c)

Furthermore, the Wronskian for Hankel functions (see Exercise 3.5; also see
Abramowitz and Stegun 1965), which is

can be used to simplify T 12 to

T 12 = ~~~aD-l. [~ -~J.

Note that R 12 and T 12 are both functions of n.

(3.1.12)

(3.1.13)

§§3.1.3 Reflection and Transmission of a Standing Wave
First, consider the geometry shown in Figure 3.1.2 but with region 1

the same as region 2. Then, an incoming wave, denoted by H~2)(k2PP), is
always totally reflected at the origin resulting in a standing wave, which can
be denoted by I n(k2pp). Hence, in the absence of region 1, only a standing
wave exists in region 2. Now, if region 1 is inserted around the origin, it will
disturb the standing wave, resulting in an outgoing wave in region 2 denoted
by H~1)(k2PP)' Furthermore, in region 1, a different standing wave, denoted
by I n(k1pp), ensues.

At this point the amplitudes of the standing wave in region 1, In(k1pp),
and the outgoing wave in region 2, H~1)(k2PP), are unknowns yet to be found.
Furthermore, they can be regarded as the disturbance of the original standing
wave in region 2, I n(k2pp). Mathematically, this is the same as the reflection
of a standing wave into an outgoing wave in region 2 and the transmission
of a standing wave from region 2 to region 1. As a consequence, one can
think of the original standing wave as an "incoming" wave even though it is
actually a standing wave. Now, if an "incoming" standing wave is in region
2, then the field in region 2 for the n-th harmonic becomes

[~~:] = H~1)(k2PP) R 21 • 82 + I n (k2pp) . 82.
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Figure 3.1.2 Reflection and transmission of a standing wave.

(3.1.14)

Moreover, the field in region 1 will consist of a standing wave, which is

[
E 1Z ] -H

1z
= In(k1pp) T 21 • 82'

Similar to the previous case, the ¢ components of the fields are derived
from (13) and (14) via the use of (4a) and (4b), giving

[~::] = H~1)(k2PP) · R 21 · 82 + I n(k2pp) · 82,

(3.1.15a)

[~:;] = In(k1pp) . T 21 • 82. (3.1.15b)

Then, the boundary conditions at p = a can be used to give

[H~I)(k2pa) R 21 + I n(k2pa)I ] · 82 = I n(k1pa) T 21 ·82,

(3.1.16a)

(3.1.16b)

Consequently, the solution of the above yields

R 21 = D -1 . [In(k1pa) I n(k2pa) - I n(k2pa) In(k1pa)] ,

- 2w --1 [€2 0]T 21 = --D · ·
1rk2 a 0 -J.-l22p

(3.1.17a)

(3.1.17b)



§3.2 CYLINDRICALLY LAYERED MEDIA-MuLTI-INTERFACE CASE 167

(3.2.1)

In the above, D is as defined in (Ll c). Moreover, R 21 and T 21 are both
functions of n.

The reflection and transmission rnatrices at an interface for outgoing and
standing waves are now derived. The diagonal terms of R i j and T i j denote
the self-coupling of the wave, that is, TM to TM, or TE to TE coupling. But
the off-diagonal terms of R ij and T i j denote the coupling from the TE to TM
and the TM to TE waves. Note that when n = 0 (axially symmetric case), or
when k; = 0 (8j8z = O)~ Hn(x) and In(x) are diagonal; hence, D is diagonal.

--1 -
Consequently, D is also diagonal. Therefore, when n = 0 or kz = 0, R i j

and T i j given by (II) and (17) are diagonal, implying that the TM and TE
waves are decoupled. In this case, they can be treated independently of each
other, implying a scalar problem. Furthermore, since B_n{x) = (-I)nBn(x ),
one can show that when n ~ -n, only the diagonal elements of R 12 , R 21 ,

T 12 , and T 21 change sign. This fact could be used to fold the summation
over n, which ranges from -00 to 00, to range from 0 to 00 when summing
over all n harmonics (see Lovell and Chew 1987b).

The above are the canonical problems which illustrate the ongoing phys­
ical processes at an interface of cylindrical layers. Consequently, the solution
for more complex cylindrical layers can be built upon these canonical solu­
tions. This shall be shown in the next section.

§3.2 Cylindrically Layered Media-Multi-interface Case
Given the reflection and transmission matrices for a single interface, it is

possible to derive reflection and transmission matrices for multicylindricaily
layered media. The reason being that the reflection and transmission of
waves through a multilayered medium are a result of multiple single-interface
reflections and transmissions.

§§3.2.1 The Outgoing- Wave Case
Consider first a three-layer medium as shown in Figure 3.2.1, where an

outgoing wave exists in region 1. Upon impinging on the multilayer medium,
this wave is reflected in region 1. Then, in region 2, there are both standing
and outgoing waves. And in region 3~ there is only an outgoing wave. Hence,
the field in region 1 is

[e.. ] [(1) - ..=:. ]H
1z

= H; (klpp) I + In(klpp) R l 2 · a..

--
where R 12 is a generalized reflection matrix yet to be derived that relates
standing wave to outgoing wave. Moreover, the field in region 2 can be
written as

(3.2.2)

where R 23 is the local reflection matrix between regions 2 and 3 derived in
the previous section. The absence of source or standing wave in region 3
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fLl,EI
Region I

Figure 3.2.1 Reflection and transmission through a three-layer cylin­
drical medium-the outgoing-wave case.

dictates that the standing and outgoing waves in region 2 be related by such
a "ratio." Finally, in region 3, we have

[
E3z ] _ H(l)(k )H

3z
- n 3pP 83· (3.2.3)

-
In the above, R 12 , 82, and a3 are unknowns yet to be determined. Since an

outgoing wave in region 2 is a consequence of the transmission of an outgoing
wave in region 1 plus the reflection of a standing wave in region 2, we have

(3.2.4)

Furthermore, the standing wave in region 1 is a result of the reflection of an
outgoing wave in region 1 plus the transmission of a standing wave in region
2. Therefore, we have

-
R 12 . a, = R 12 . a1 + T 21 · R 23 . a2· (3.2.5)

Solving (4) yields

a2 = (I - R 2I · R 23r 1
. T I 2 · ar.

Then, (6) can be used in (5) to give

RI2 =R I2 + T 2I · R 23 . (I - R 2I · R 23) -1 · T 12 '

(3.2.6)

(3.2.7)

Equation (7) expresses R 12 in terms of R 23 and the reflection and trans­
mission matrices between regions 1 and 2. The fact is that it includes the
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Figure 3.2.2 Reflection and transmission through an N-layer cylin­
drical medium.

(3.2.8)

physics of the multiple reflections in region 2. Now, if another layer beyond
~gion 3 is added, only R 23 , a local reflection matrix, needs to be altered to

R 23, a generalized reflection matrix. Consequently, Equation (7) is express­
ible as a general recursive relation,

~ ---- ( ----)-1
R i ,i + 1 == R i ,i + 1 +Ti + 1,i · R i + 1,i + 2 · j - R i + 1,i ' R i+ 1,i + 2 ·Ti ,i + l '

Equation (8) can be used to find the generalized reflection matrices for an
N-layer medium as shown in Figure 3.2.2. In general, the field in region i
can be written as

[~::] = [H~l)(kiPp)I+Jn(kiPP)Ri,i+l] ·ai, (3.2.9)

""-

where R N ,N + l == 0, if i == N, since no reflection exists beyond region N.

Hence, one can use (8) recursively to find R i ,i + 1 for all the regions. But in
order to know the solutions for all the regions, a, is needed for all i as well.
Then, from Equation (6), one can deduce that in general,

(3.2.10)

where

(3.2.10a)

Since a, is known, (10) can be used recursively to find a, for all i. In general,
--

aN == TN-LN' SN-2,.N-l ... 812 , a. == TIN' aI, (3.2.11)
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Figure 3.2.3 Reflection and transmission through a three-layer cylin­
drical medium-the standing-wave case.

where

.-..

TIN = TN-l,N' SN-2,N-l ... 812 , (3.2.11a)

It can be regarded as a generalized transmission matrix for a layered slab.

§§3.2.2 The Standing- Wave Case
If a standing wave is in region 3 as shown in Figure 3.2.3, it will set up

both standing and outgoing waves in all the regions except for region 1, where
only a standing wave exists because the field has to be regular at the origin.
The field in region 3 then becomes

(3.2.12)

(3.2.13)

~ the above, a3 is the amplitude of the standing wave, which is known, while

R 32 is the generalized reflection matrix that relates an outgoing wave to a
standing wave. The field in region 2 is just

[~~:] = [H~I)(k2pP) R 2I + I n(k2pp) I] · a2.

(3.2.14)

Finally, the field in region 1 is

[~::] = In(kIpp) al'

Note that the Hankel function solution has to be excluded here because it is
singular at p = O.
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Since a standing wave in region 2 is a consequence of the transmission
of the standing wave in region 3 plus the reflection of the outgoing wave in
region 2, we have

82 == T 32 '83 + R 23 . R 21 '82' (3.2.15)

Furthermore, the outgoing wave in region 3 is just a consequence of the re­
flection of the standing wave in region 3 plus the transmission of the outgoing
wave in region 2. Therefore,

--
R 32 '83 == R 32 '83 + T 23 . R 21 '82'

Equation (15) can be solved to yield

a2 == (I - R 23 · R 21) - 1 . T 32 · a3'

Moreover, using the above in (16), we have

R32 = R 32 + T 23 . R 21 . (I - R 23 . R 21r 1
. T 32 .

(3.2.16)

(3.2.17)

(3.2.18)

__ Now, if another region is added in region 1~ we need only change R 21 to

R 21. Consequently, for an N-Iayer medium, the above could be generalized
to a recursive relation:

-- -- ( --)-1
Ri,i-l == Ri,i-l + Ti-I,i . R i - 1,i - 2 ' I - Ri-1,i . R i- 1,i-2 . Ti,i-l'

In general, the field in region i can be written as

[~::] = [Hr\ll(kiPp) Ri,i-l + In(kipp) I] .a.,

(3.2.19)

(3.2.20)

--
Since RIO == 0 in the above recursive relation, one can use (19) recursively

to find Ri,i-l for all i, starting from the innermost layer. Furthermore, by
generalizing Equation (17), we have a recursive relation,

(3.2.21)

(3.2.21a)

where

(
--) -1 --

Sii-I== I-Ri-li·Ri-li-2 ·Ti i - 1 ., '"

The above can be used to find a, for all i. Consequently, the fields in all the
regions are known in this problem. In general,

where

--
a1 == T 2I . 832 " , 8N ,N - 1 . aN == T N I . aN,

--
T N 1 == T 21 . S32'" SN,N-1

(3.2.22)

(3.2.22a)
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is a generalized transmission matrix for a cylindrically layered slab similar to
that in (1Ia).

The recursive relations in (8), (10), (18), and (21) do not have the expo­
nential phase factors compared to the recursive relations derived in Section
2.1. The reason being that the phase factors are buried in the definitions of
the transmission and reflection matrices. But in a lossy medium or when a
wave is evanescent, the Bessel functions in these reflection and transmission
matrices may become exponentially large. In this case, it is more appropri­
ate to renormalize the Bessel functions in the definitions of these matrices to
prevent numerical overflows. Furthermore, when n ---. -n, using the property
of R 12 , R 21, T 12 , and T 21 un<!er thls tra_nsformat~n,one can show that only

the off-diagonal elements of R 12 , R 21, T 12 , and T 21 would change sign (see
Exercise 3.8). This fact can be used to fold the summation over n, which is
from -00 to +00, to range from 0 to 00 when summing over all cylindrical
harmonics.

Once the reflection matrices are known, the solution of guided modes
along a multilayered structure can be easily found (Exercise 3.6). For the
same reason, the solution of wave scattering by a multilayer cylinder is also
easily sought (Exercise 3.7).

§3.3 Source in a Cylindrically Layered Medium
To derive the field due to a point source in a cylindrically layered medium,

we first need to expand the field due to a point source in terms of cylindri­
cal wave functions. This can be done as follows: If a point source is in a
homogeneous medium, using the identity given in (2.2.34), then

iklr-r'l . 00

e = ~ / dk eikz(z-z')H(l)(k Ip - p'l) (3 3 1)Ir - r'l 2 z 0 P , • •

-00

where kp = Jk 2 - k;. Furthermore, since the addition theorem implies that
(Exercise 3.9)

00

Ha1)(kplp - p'!) = L In(kpp<)H~l)(kpp>)ein(<p-<pI),

n=-oo

(3.3.2)

where P« is the smaller of p and p', and p-, is the larger of p and p', we deduce
that

ik\r-r'\ 00. in(¢-¢') /00
e = ~ 'le dk eikz(z-z')J (k p )H(l)(k p ) (333)
[r - r/l n~oo 2 z n p < n p > . · ·

-00

Next, we shall put this point source in a layered medium to derive the
resultant field. We shall present the discrete angular-wave-number represen­
tation first, followed by the continuum angular-wave number representation.
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§§3.3.1 Discrete, Angular-Wave-Number Representation

Given the representation (3) in cylindrical coordinates, the E, and Hz
components of the fields due to any point sources can be derived as in Chapter
2. In general, for a point electric dipole pointing in the & direction denoted
by a current

J(r) == 1£& 6(r - r'), (3.3.4)

the z component of the electric field can be obtained frorn (1.3.50) of Chapter
1, yielding

'Jf [ a] iklr-r/l
E 2 ZA ~k2 + n' ~ _e _
z==- 'L~ -8 v'~ I I'

WE . z' 41T r - r'

Since H == (\7 X E)/(iWf-lJ) , the z cornponent of Hz, using (1.3.50), is

ikjr-r'l

Hz = -2 . \7' x ("Ie e I I'
4rr r - r'

(3.3.5a)

(3.3.5b)

Consequently, using (3), the primary field generated by the source (4) is

where
D' == i [(2k 2

~ a~' \7') . (}] .
2 1,WECX' Z X v' (3.3.6a)

A dk z integration is used here rather than a dk; integration so that the integral
is equivalent to a Fourier transforrn in the z direction. Moreover, because of
the translational invariance of the inhomogeneity in the z direction, the fields
in all regions have to be phase-matched: they all have ei kz z dependence.

If the point source is now put in region j as in Figure 3.3.1, the boundaries
at p == aj and p == aj-l reflect waves. As a result, the field in region j looks
like

-ex::

(3.3.7)

where

(3.3.8)

is an operator that acts on functions to its left. As a consequence of the
e-in¢/-ik:;z' dependence. V' == Ii .)D, - J' 0; - iikz . Note that additional standing

/ c P . [)

and outgoing waves are generated in region j as a result of reflections of the
primary field.
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z

i=1 ••• j=j-I i=j i=j+1 ••• i=N-1 i=N

Figure 3.3.1 A source in a cylindrically layered medium.

The quantity to the right of "{" in (7) behaves like the [Ez, Hz]! with
ein¢+ikzz dependence. Hence, the result of the previous section can be used to
find the unknowns ajn and bjn. For instance, to find ajn and bjn, constraint
conditions are imposed at p = aj-I and p = aj. Co~sequently, at p = aj, the

standing wave is related to the outgoing wave via Rj,j+l, i.e.,

bjn · Dj = Rj,j+l · [In(kjPP') 1+ 8jn] . Dj. (3.3.9)

~milarly, at p = aj-I, the outgoing wave is related to the standing wave via

Rj,j-I, i.e.,

-a· . f--n , - R- .. 1· [H(l)(k' p') -I + -b· ] . f-n ,
J n j - J ,J - n J P In j . (3.3.10)

- -
Here, Rj,j+1 and Rj,j-I were derived in the previous sections. Then, solving
(9) and (10) yields

8jn= [I - Rj,j-I .Rj,j+lr
I.

Rj,j-I · [H~I)(kjppl) 1+ In(kjppl)Rj,j+I] ,
(3.3.11)

b jn= [I - Rj,j+l ·Rj,j-I] -1. Rj,j+I · [In(kjppl) 1+ H~I)(kjppl)Rj,j_I] .
(3.3.12)

Note that in the above, the reflection matrices for the appropriate n have to
be chosen since they are dependent on ti. Equations (11) and (12) can be
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(3.3.13)

substituted back into (7). After some sirnplifications, it can be shown that
(Exercise 3.11)

[In(kjppdH~ll(kjpp>) I + H~1)(k)pp) ajn + In(kjpp) bjn] . D~

[H2) (kjpp) f + In(kjpp) Rj,)+l] .Mj+

. [In(kjpp') r + H2)(kjpp')Rj,j-l] .D~, P > p',

[In(kjpp) f + H2)(kjpp) Rj,j- 1] . M j _

. [H2l(kjpP' )f + .In(kjpp') Rj,j+1] . D~, P < p',

In the above,

Mj'F = (I - Rj ,j±l . Rj,j:n) -1 (3.3.14)

is a factor accounting for multiple reflections in region j. Equation (13) has
the advantage of being symmetrical.

For i > i, the field in region i can be written as

(3.3.15)

----
Moreover, ~,i+l can be found by using the recursion relation in Equation
(3.2.8). Here, ~n is the amplitude of the outgoing wave in region i. Therefore,
the relation in (3.2.11) can be used to find it. In other words (Exercise 3.12),

(3.3.16)
........

where ajn is the amplitude of the outgoing wave in region j. Here, T f i is the
generalized transmission rnatrix" through a cylindrically layered slab between
region i and region j. From (13), we identify

»« = M j + . [.In(kJPp')f + H,;l) (kjpp') Rj,J- 1] . D~. (3.3.17)

Note that the derivation of (16) and (17) is similar to the derivation of (2.4.14)
of Chapter 2. Furthermore: Equations (16) and (17), when used in (15), give
(Exercise 3.12)

(3.3.18)

2 Since T j i in (3.2.11) is defined without multiple reflections in the i-th region, the M,
factor is needed in (16) to include these multiple reflections.
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Notice that Equation (18) has the advantage of being symmetrical, showing
that the solution satisfies reciprocity.

For i < j, the field in region i is of the form

(3.3.19)

--
A similar analysis yields a result similar to (18). In this case, using T j i for a
cylindrically layered slab given in (3.2.22a), we can show that (Exercise 3.12)

. 00 00

[~::] = 4:~Ej n"'f,ooein
(</> - </>' ) Jdkz eikz(z-z') [In(kiPp) j + H~l)(kiPP) i,i-l]

-00

In summary,

(3.3.20)

iff 00I: ein(</>- </>' )

41rWEj n=-oo

where

00J dk, eikz(z-z') F n(P,p') . Dj,
-00

(3.3.21)

[H~l)(kjpp) j + In(kjpp) Rj,j+l] . Mj+

. [In(kjpp') j + H~l)(kjpp') Rj,j-l] , P > p',

[In(kjpp) j + H~l)(kjpp) Rj,j-l] . M j_

. [H~l)(kjpp') I + In(kjpp') Rj,j+l], P < p',

(3.3.22)
when both p and p' are of the same region j. But when i > j, P E region i,
and p' E region j,

Fn(p, p') = [H~l)(kiPP) r + In(kipp) i,i+l] . Mi+ ·Tji . Mj ,

. [In(kjpp') j + Hn(kjpp') Rj,j-l] . (3.3.23)

Furthermore, when i < i, P E region i, and p' E region j,

Fn(p, p') = [In(k;pp) j + H~l)(kiPP) i,;-l] . Mi- . Tji · Mj_

. [H~l)(kjPP') r + In(kjpP') Rj,j+l] . (3.3.24)

In these integral representations, since kip == Jk; - k; , it seems that there
are branch points at k/s. But using the uniqueness principle as in Chapter 2,
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00

one can show that the branch points exist only at k, = ±kN , where N is the
outermost layer (see Exercise 3.13; also see Chew 1983). The integral in (21)
can be numerically evaluated in the same manner as discussed in Chapter
2, Subsection 2.7.3. Moreover, when a large parameter exists, asymptotic
expansion of the integral is derivable.

§§3.3.2 Continuum, Angular- Wave-Number Representation
In the previous subsection, notice that when an eccentered point source

is in a cylindrically layered medium. it generates ein
</> harmonics of all orders.

Hence, the solution involves the discrete summation over all integer n of
the ein

</> harmonics. Sometimes, however, it is advantageous to express the ¢
harmonics of the field not as a discrete sum, but as an integral over the angular
wave number. An integral allows the use of contour integration technique,
whereas a discrete summation does not directly lend itself to such a technique.

Equation (3) consists of an expansion in terms of discrete n's. But it can
be written as an integral summation of continuum angular wave numbers by
the use of Dirac delta functions; hence, we have

iklr-r'l . Joo Joo
e = ~ dk eik z z dv el V ( </> - </>' ) J (k p )H(l)(k p ) " 8(v - n)[r - r/l 2 z v p < v P > ~ .

n=-oo
-00 -00

(3.3.25)
Moreover, by using the Fourier series expansion (see Appendix C), one can
show that

00 00

L 8(v - n) = L e2i1fnv. (3.3.26)
n=-oo n=-oo

Note that both sides of the equation are periodic functions. Consequently,
using (26) in (25), and after exchanging the order of integration and summa­
tion, we have

eiklr-r'l

[r - r'l

00 00 00

2" Jdk; eikzz L Jdv eiv(<I>-<I>')+2in1fvH~l)(kpp»Jv(kppd·
n=-oo

-00 -00

(3.3.27)
By the same token, we conclude that

ex x

H6 1)(k
plp - p/l) = L Jdv eiv(<I> - <I>' )+2inv1fH~l)(kpp>)Jv(kpp<).

n=-oc -oc (3.3.28)

Notice that by changing u from discrete numbers to continuum numbers, eiv
</>

is no more 271" periodic. Moreover, the above is now physically equivalent to
putting the source at ¢' - Zrin , -00 < n < 00, in a ¢ space ranging from -00

to +00. In other words, the summation over the integer n in the above now
is to include contributions from the image terms.
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These continuum angular-wave-number representations of a source can
be similarly used to derive the equivalence of (7). Hence, we arrive at

. 00 00 00

[
E j z] =~ Ju, eikz(z-z') L Jdveiv(</J-</J')+i2nv1r

Hj z 41rw€j n=-oo
-00 -00

· {JAkjpp<)H~l)(kjpp» + H~l)(kjpp) 8.jv(p') + Jv(kjpp) bjv(p')} · OJ.
(3.3.29)

f--

Note that the operator Dj is dependent on the kind of source considered.

Furthermore, ajv and bj v are determined by Equations (11) and (12) (Exer­
cise 3.14). They include the important physics of the layered medium, since
they are due to reflected waves from the layered media. Such an integral
representation has also been given by Felsen and Marcuvitz (1973), but with
a different derivation.

The reflected wave terms in (29) comprise

00 00 00

[~~] = J.u, eikz(z-z') n~oo Jdve
iv(¢-¢')+i2nvlf

-00 -00

· [H~l)(kjpp) 8.jv + Jv(kjpp) b jv] · OJ' (3.3.30)

Here, ajv and b j v often have pole singularities on the complex t/ plane. Con­
sequently, the path of integration on the real axis of the complex v plane can
often be deformed to enclose such singularities. For ¢ - ¢' + Ztu: > 0, we can
deform the path to the upper half complex u plane, while for ¢ - ¢' +2n1r < 0,
we can deform it to the lower half complex u plane. Moreover, it can be shown
easily that the bracketed term in (30) is an even function of u, and hence, the
pole singularities are symmetrically located. Consequently, through residue
calculus, the reflected wave term is of the form (Exercise 3.14)

00 oc 00

[~~] = Jdkz eikz(z-z') L L e ivp/¢-¢'+2nlf l (3p
-00 n=-oo p=l

00::::: Jdk
z

eikz(z-z') [eiVI(¢-¢') + eivd2lf-¢+¢')] {31,

-00

¢ > ¢',
(3.3.30a)

where {3p is the residue of the p-th pole. The last approximation follows if
we keep only the n = 0 and n = -1 terms and p = 1 terrn.:' assuming that
v p has a positive imaginary part; hence e2invp1r for Inl > 1 is often small. The

3 Note that for ¢ < ¢', n = 0 and n = +1 terms are the dominant terms. In other words,
we keep only the image term at ¢' ± 21r depending on the relative location of ¢ and ¢'.
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higher p terms may also have larger imaginary parts, and hence, are more
attenuative (also see Exercise 3.14).

For a fixed kz , Equation (30a) describes a wave propagating azimuthally.
Moreover, eivpl<t>-<t>'+2n1r1 corresponds to a wave emanating from the source and
its images at ¢' - 2n1f for -00 < n < 00. Since vp is assumed attenuative,
we have kept only terms in (30a) where the distance travelled by the wave
is less than 21f. One of these reaches the observation point in the clockwise
direction, while the other one reaches the observation point in the counter­
clockwise direction. Such a physical picture is important when the radius of
curvature of the surface is large or the frequency is high.

These azimuthally propagating waves are known as creeping waves when
they are travelling on a convex surface. But they are known as whispering
gallery waves when they are travelling on a concave surface. On a convex
surface, the wave radiates as it propagates along. As a result, creeping waves
are usually attenuative. On a concave surface, however, the wave can prop­
agate long distances with little attenuations since it cannot radiate. Such
a phenomenon is often observed on concave surfaces of galleries, and hence,
its name. As a final note, the above method of analysis is related to Wat­
son's transformation: Watson studied the propagation of waves on the earth's
surface (Watson 1918). Moreover, Elliott (1955), Helstrom (1963), Einziger
and Felsen (1983), and Pearson (1986, 1987) have also studied azimuthal
propagation of waves.

§3.4 Propagator Matrix-Cylindrical Layers

The cylindrically layered-medium solution can also be arrived at via the
propagator matrix approach. In this approach, we first need to derive a
state equation. Because the problem is inherently vector, the state vector in
the state equation requires at least four components. In order to facilitate
matching the boundary conditions easily, Ez, E¢n Hz, and H¢ components
are used in a state vector. Gronthoud and Blok (1978) and Pearson (1986)
have also studied the propagation of waves in cylindrical layers using similar
matrix methods.

§§3.4.1 Isotropic, Layered Media

The state equation for a cylindrically layered medium can be derived from
Maxwell's equations, which are

V' x E == iWJ.LH,

V' x H == -iWE E.

(3.4.1)

(3.4.2)

First, we decompose V' == V's + V'p, E == E, + Ep , H == H, + H, where the
subscript s denotes a vector transverse to p. Then, equating the transverse
and longitudinal components of (1), we obtain

V'p x E.~ == iWJ.-lH s - \7 s x E p ,

V's x E s == iWJ.-lHp .

(3.4.3a)

(3.4.3b)
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Similarly, from (2), we have

\7p x H s = -iwtEs - \7s x H p ,

V's x H, = -iwtEp •

(3.4.4a)

(3.4.4b)

Then, using (4b) to eliminate Ep in (3a), one obtains

'Vp x E, = iWJ.lHs + 'Vs x ~'Vs x Hs.
zwt

(3.4.5a)

Moreover, by duality, we also have

'Vp x H, = -iw€Es - 'Vs x ~'Vs xEs.
zWJL

(3.4.5b)

From (5a), it follows that

(3.4.6a)

(3.4.6b)

Now, with the assumption that the field has ein
</> and eik z z dependences, and

that t and JL are functions of p only, then

(3.4.7a)

(3.4. 7b)

Similarly, from (5b),

(3.4.8a)

(3.4.8b)

Next, by noting that 1 dd P = 1 + dd , the above could be written as
p p p p

(3.4.9)
dV -

or dp = H(p) · V,~ [~;] = H(p)· [~;] ,
dp Hz Hz

H</> H</>

where H(p) is a 4 x 4 matrix derivable from (7) and (8) (Exercise 3.15; also
see Gronthoud and Blok 1978). H is a function of p, however, and hence,
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(9) does not admit exponential functions as solutions. But when t and J1 are
constants, it is known from Section 3.1 that Maxwell's equations in cylindrical
coordinates have closed-form solutions. Hence, this knowledge can be used
to derive closed-form solutions to (9) when It and t are constants. They
are the TM to z and TE to z standing and outgoing waves. Hence, there
are four independent eigensolutions to (9) in this case. In fact, these four
eigensolutions are

(3.4.10)

Note that E; ~ 0, Hz == 0, for a, and a3; hence, they correspond to waves
TM to z. Similarly, a2 and a, correspond to waves TE to z. Moreover, al
and a2 are standing waves, while a3 and a, are outgoing waves.

Therefore, the general solution to (9) is of the form

4

V(p) = L Ajaj(p) = a(p) . A,
i=l

(3.4.11)

where a(p) is a 4 x 4 matrix containing the eigenvectors a.:s, i.e., a ==
[aI, a2, a3, a4], and A is a colurnn vector containing A/s. Alternatively, Equa­
tion (11) can be written as

V(p) == a(p) . a-1(p') . a(p') . A

== P (p~ p') . V (p'),

where the propagator matrix is"

p (p, p') == a(p) . a-I (p') .

(3.4.12)

(3.4.12a)

Now, equipped with the propagator, we can solve for the transmission and
reflection of cylindrical waves through a layered medium as in Section 2.7
in Chapter 2 (Exercise 3.17). Note that Equation (9) can also be solved
numerically to obtain the propagator matrix in an inhomogeneous layer as in
(2.9.22) in Chapter 2 (Exercise 3.18).

4 The matrix a-I (p) has a closed form (see Exercise 3.16; also see Pearson 1986).
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§§3.4.2 Anisotropic, Layered Media
If a cylindrically layered medium is anisotropic, the tensors Jl and f can

be decomposed as

ti = [!!.!p ~s],
J-Lsp J-L s

f = [~p rl
Esp E.9

(3.4.13)

where lis and €s are 2 x 2 tensors, lisp and €sp are 2 x 1 matrices, Tips and €ps

are 1 x 2 matrices, and J-lpp and f.pp are scalars. Here, the subscript s denotes
components transverse to p. In addition, we can also decompose the field as
E = Ep + E s , H = H, + H s , and the operator \7 = \7p + \7 s: Consequently,
from Maxwell's equations, we can derive equations similar to (2.10.4) and
(2.10.5). Hence,

and

\7p x Es = iwlis' H, + iWlisp' H, - \7s x Ep ,

\7s x E, = iw lips · H, + iWIJppHp

\7p x H s = -iw€s' E, - iw€sp' E, - V's x H p ,

\7s x H, = -iw f ps . Es - iWf.ppEp.

(3.4.14a)

(3.4.14b)

(3.4.15a)

(3.4.15b)

Moreover, E, and H, can be eliminated in (14a) and (15a) using (14b) and
(15b) to obtain

(3.4.16a)

(3.4.16b)

where lJpp = J-l;pl, K pp = f;). If, however, the field is assumed to have ein
¢

and eikzz dependences, and that € and Jl are independent of ¢ and z, then
V's --+ zk, = ¢!I! + iik; In this case, the above becomes

p

(3.4.17)

as in (9), where H(p) is derivable from (16a) and (16b) (Exercise 3.19).
Except for the case when n = 0, the above does not have a closed-form
solution. Hence, in order to solve for the propagator matrix, one resorts to a
numerical method as in (2.9.22).
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In the above, it is assumed that lis' lisp, lips' J-Lpp, and €s, €sp, €ps, t pp

are independent of ¢. This is not true in general. For example, in Cartesian
coordinates, the most general anisotropic medium has li and €, which are

Jl -:= [~:: ': ~::], € == [::: ::: :::] , (3.4.18)
J-Lzx J-lzy J-lzz t zx t zy t zz

where J-Lij and tij are all constants of positions. But when Jl and € are
expressed in cylindrical coordinates as in (13), they will be functions of ¢.
To see this, first, note that

(3.4.19)

Moreover, it can easily be shown that

(3.4.20)

--1 -t
Furthermore, T == T . Hence, (19) can be written as

(3.4.21 )

where ~ == T
t

. € . T is just the permittivity tensor expressed in cylindrical
coordinates.

Since T is a function of cP, ~ in cylindrical coordinates is now a function
of ¢. But if the partitioned matrices in (13) are functions of ¢, Equations
(16a) and (16b) are more difficult to solve. In this case, all the azimuthal
harmonics, ein¢ , are coupled together. Therefore, unlike (17), where each
ein¢ harmonic is considered independently, all azimuthal harmonics need to
be considered simultaneously. To this end, we let

CX) oc

E - "in¢E H - " in<pHs - ~ e n.s: s - ~ e ns, (3.4.22)
n=-CX) n=-oo

where Ens and H n s are independent of ¢. Then, after substituting the above
into (16), assuming that the field has eik zz dependence, we arrive at

(3.4.23a)
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(3.4.23b)

00 00 [in</> _ ' - '-L e '\7 p X H ns - L -zw €s · Ens + Z€sp . Kppks X H ns

n=-oo n=-oo

'- - E 1 (j 1 () A ik: ) k+ u» €sp · €ps • K pp ns - iw 'I" P8¢J + ZZ z X V pp s X En~

(
AI ()) ]+ ¢J p8¢J + iik; X vppJi,ps' n., ein

¢ ,

where k, = ¢~ +zkz . Next, on multiplying the above by e- im ¢ , and integrat­
ing over ¢ from 0 to 21r, we arrive at

~ [-11 -12 ]\7p x Ems = L...J A mn· Ens + A m n . H ns ,

n=-oo

~ [-21 -22 ]\7 p X H m s = L...J A m n · Ens + A m n . H ns ,

n=-oo

(3.4.24a)

(3.4.24b)

-ij
where A m n can be found from (23). In general, they are nondiagonal because
7l and € are functions of ¢ in cylindrical coordinates.

The above can be written more compactly as

(3.4.25)

or
d-v =dp m

n=-oo

(3.4.25a)

(3.4.26)

as in Equations (9) and (17). In the above elements of Hm n are to be gleaned
from (24). Moreover, by defining an infinite-dimensional state vector

v' == [... ,V-2, V_- 1, YO, VI, V 2, · · · ] ,

and a corresponding infinite-dimensional matrix H, (25a) becomes

d -
-V=H·V.
dp

Equation (26) has to be solved numerically to obtain the propagator matrix
for an anisotropic, inhomogeneous layer. Once this propagator is known, the
reflection and transmission of waves through an inhomogeneous, anisotropic
layer can be readily found (see Exercise 3.20). Since all harmonics are in­
volved in (26), the reflected and transmitted waves will consist of all harmon­
ics. This phenomenon is also known as mode conversion.

§3.5 Spherically Layered Media-Single Interface Case
In spherical coordinates, it is most convenient to decompose the fields of

a homogeneous medium into fields TM to rand TE to r due to the preferred
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r direction. But unlike the cylindrical interface case, the TM and TE waves
are decoupled at a spherical interface. Consequently, we shall discuss first
solutions to the vector wave equations in spherical coordinates for a homo­
geneous medium and show how these waves are decoupled even in a layered
medium.

Scattering of plane waves by a sphere, also known as Mie scattering, was
studied by Mie in 1908 (see Logan 1965 for a discussion). Subsequently,
propagation of radio waves on the curved earth surface was considered by
Watson in 1918. In 1951, Marcuvitz studied propagation of electromagnetic
waves in spherically layered media. Moreover, Wait (1956, 1963) also per­
formed studies in this area. Many later works are listed in the readings for
this chapter.

§§3.5.1 Vector Wave Equation in Spherical Coordinates

To obtain the solutions to the vector wave equation in a homogeneous,
isotropic medium, it is best to introduce the Debye potential z, and 1rrn (De­
bye 1909) to characterize the TN! and 'I'E waves respectively. Consequently,
for TN! waves,

and for TE waves,
TEE == V' x r1f'm'

(3.5.1 )

(3.5.2)

Next, by substituting the above into the source-free Maxwell's equations,
or the vector wave equations for Hand E fields, it follows that (Exercise
3.21)

(\72 + k2
) «: == 0,

(\72 + k2
) 1rm == O.

In general, in a source-free region,

(3.5.3a)

(3.5.3b)

1
H == V' x rzr., + -.-\7 x \7 x r1frn , (3.5.4a)

~WJL

1
E == \7 x r1fn l - -.-\7 x \7 x r1fe . (3.5.4b)

~WE

Subsequently, we can extract the r components of Hand E in the above
(Exercise 3.22) to yield

n, == _1_ [~22 r1rm + k2r 1rm ] , (3.5.5a)
lWfJ or

i: == __1_ [~~2?r1r" + k2r1r
c] . (3.5.5b)

'Z,WE or-

Since 1rm and it; are solutions of the scalar wave equation, their general solu­
tions are of the form

{ (
j r)L(kr) } P

r
:n ( cos B) { c~s mrj; } , (3.5.6)

hn
1 (kr) SIn trup
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where the braces imply "linear superpositions of." If, however, 7Tm and 7Te

are of the form given in (6), then from the scalar wave equation expressed in
spherical coordinates (see Chapter 1), we have

~ [r7Tm] = _ [k2 _ n(n + 1)] [r7T• .
or2 r7Te T2 r7Te

Therefore, for the n-th harmonic,"

H, =~ n(n + l)7l"m,
uau r

E; =_~ n(n+ l)7l"e.
ua« T

(3.5.7)

(3.5.8a)

(3.5.8b)

(3.5.9a)

(3.5.10)

Next, if the transverse to T components of (4a) and (4b) are extracted
(Exercise 3.22), then

1 1 o 2
H, = -r x V's 1re + -.--7}T V's 1rm ,

uau r or

1 1 () 2
E, = -r x V's 1rm - -.---8T \ls1re· (3.5.9b)

uae r T

Equations (8) and (9) imply that once the radial components of the fields are
known, the transverse components are readily found for the n-th harmonic.

The general solution to (3a) and (3b) are of the form

[;~] = [ajn(kr) + bh~l)(kr)] P;:'(coso)eimel>,

where a and b are two-component column vectors. Then, from (9a) and (9b),
it can be shown that

[
E(}] _ [ ~l ~ 8~;(J r si~ (J /q,] [7Te ]

Es = - i 1 a2 a '
E¢ W( rsin8 ara¢T - 88 7Tm (3.5.lla)

[
H8] [_1.2... _...LILT] [7T ]

H - sin 8 8¢ WJ1- r arao e
s = - ail 82 •

H¢ - 88 - WJ1- rsin8 8r8¢T 7Tm (3.5.llb)

Moreover, Equations (lIa) and (LIb) can be written as

[

a
E 80

s = 1 8
sin 8 8¢

[

8

H 88
s = 1 8

sin 8 8¢

- Sik tel> ] [ ~l ~ir r ~1] .. ,
- Si~: tel> ] [ ~1 - ~~J:rr] [::] .

(3.5.12a)

(3.5.12b)

5 Note that B; and Dr could have been used to characterize the TE and TM waves
respectively just as B; and D', were used in the planarly layered media.
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On substituting (10) into (12a) and (12b), they become

-m [-; -(1)] imd.
Es==Pn(cosB)· Jne(kr)·a+hne(kr)·b e ,

H, = P;:'( cos e) . [Jnh(kr) . a + h~~ (kr) . b] eim
1> ,

where

187

(3.5.13a)

(3.5.13b)

and

-'m [ %gPr;l(cosB)
P n ' (cos B) == '~m PTT1(COS B)

sin g n

- [..i.l.it-rb (kr)bne(kr) == u":c T Dr 0 n

- ~m pm(cos B)]
Sin e n
.it- Pl" (cos B) ,ae n

-bn~kr)] ,

(3.5.14a)

(3.5.14b)

- [0
bnh(kr) = -bn(kT)

- -i-l2-rb (kr)]
!..v'IL r ar no . (3.5.14c)

In the above, bn is either jn or h}11
) depending on the matrix being defined.

But it can be shown that (Exercise 3.23; also see Stratton 1941, p. 417)

tt

J . -m -m 2n(n + l)(n + m)!-
de sin eP n (cos e) Pn' (cos e) = Onn' (2n + l)(n _ m)! I.

o

(3.5.15)

As a consequence of this, and that all the eirn
¢ harmonics are orthogonal, all

the nand m harmonics are decoupled in a spherically symmetric region.

§§3.5.2 Reflection and Transmission of an Outgoing Wave

Unlike cylindrically layered media, the TM and TE to r waves in a spheri­
cally layered medium are decoupled. This is actually the result of the identity
(15). At first, we can consider the TNI and TE waves together and describe
their reflections and transmissions using reflection and transmission matri­
ces. As shall be shown, however, such matrices are diagonal, implying the
decoupling of TM and TE waves.

Consider first an outgoing wave in region 1 (see Figure 3.5.1) which im­
pinges on a spherical interface. Then, the reflected waves will set up a stand­
ing wave in region 1. Hence, the field in region 1 is of the form

(3.5.16a)

(3.5.16b)

In region 2, however, the transmitted wave becomes an outgoing wave. Hence,
the fields in region 2 are

(3.5.17a)
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Region 2

JJ.2t~2

Region 2

fLr·E'1 /
~

-----~--~r

a

Figure 3.5.1 Reflection of an outgoing wave at a spherical boundary.

(3.5.17b)

Notice that in the above, we have suppressed the eim ¢ dependence. Moreover,
the orthogonality of the P;:(cosO) harmonics warranted by (15) implies that
all the harmonics are decoupled. Hence, only one harmonic needs to be
considered at a time in (16) and (17).

Furthermore, the boundary conditions at r = a, give rise to

h~~)(kla) +Jne(k1a)· R 12 = h~~)(k2a). T 12 ,

h~~)(kla) + In,,.(k1a) · R 12 = h~~\k2a) · T 12 .

As a result, the above can be solved to yield

(3.5.18a)

(3.5.18b)

(3.5.19b)

S· -h(l) d .. d· I hil -h(l) d ... ff d· i. u bmce ne an J ne are iagona w I e nh an Jnh are 0 - iagonai, I can e
shown easily that R 12 and T 12 are also diagonal, implying the decoupling of
TM and TE waves (see Exercise 3.24).
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Consequently, one can define

189

_ [RT A1
R - 12

12 - 0 R~'E ] ,
'12

(3.5.20)

and show that (Exercise 3.24)

(3.5.21b)

" . " (1) . (1)
where In(x) == xJn(x), Hn (x) == l;hn (x). In the above, the Wronskian of
spherical Bessel functions,

has been used to further simplify the numerator of T~M. By duality, then

(3.5.22b)

Note that R 12 and T12 are functions of n but not m.

§§3.5.3 Reflection and Transmission of a Standing Wave

It has been shown previously that TM and TE waves are decoupled at a
spherical boundary. Hence, we need only consider first the TM wave reflec­
tion and transmission and subsequently derive the TE wave reflection and
transmission by duality.

When an "incoming" standing wave impinges on a spherical interface
(see Figure 3.5.2), it generates a reflected outgoing wave in region 2 plus a
transmitted standing wave in region 1. Hence, in region 2, we can write
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Region 2

J-L2'~2

.-------.:------~ r

a

Figure 3.5.2 Reflection of an "incoming" standing wave at a spherical
boundary.

Moreover, in region 1, there is a transmitted wave, or

[
H Io] = [s~:oPnm(cosfJ)] yTMj (k r)
HI</> -toPnm(cosfJ) 21 n 1 ,

[EI0] _ -1 [ :oPnm(cosO) ] T.TM!~ . (k )
E - tm pm( 0) 21 !:) rJn IT.

1<1> iW€l sinO n COS r ur

(3.5.24a)

(3.5.24b)

(3.5.26b)

(3.5.26a)

Again, the eim</> dependence is suppressed in the above. Next, by matching
boundary conditions, we obtain

RJ1
M h~l) (k2a) + jn(k2a) == TJ;Mi; (k1a),

(3.5.25a)

[
TM 1 a (1) 1 a. ] TM 1 a . ( )

E1 ~I -~ahn (k2a) + --;:;-aJn(k2a) == E2T21 -~aJn k 1a .
a oa a oa a oa (3.5.25b)

Then, the above can be solved to yield

TM jn (k2a):; /aajn (k1a) - jn(k1a):;; -§aajn(k2a)

~1 == . ( )€l a (1) ( ) (1) ( ) €2 a . (k )'In k1a a 8a ahn k2a - hn k2a a 8a a)n 1a

TTM _ jn(k2a)~-§aah~1)(k2a) - h~1)(k2a)~~ajn(k2a)
21 -. ( )€18 h(l)(k ) h(l)(k )€28 . (k )'In k1a -;; aaa n 2a - n 2a a aaaJn 1a

Moreover, the above can be written as (Exercise 3.25; also see Harrington
1961, p. 297)

(3.5.27a)
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(3.5.28a)

(3.5.27b)

(3.6.3)

r
™ iEl/f§
21 - A A (1)' A (1) A ,JE1J-l2 Jn(k1a)Hn (k2a) - JE2111 Hn (k2a)J;L (k1a)

where In(x) == xjn(x), fJ~l)(X) == Xh~l)(X), and the Wronskian for spherical
Bessel functions has been used to sirnplify T:£M. By duality, then

RT E VE1fi2 In(k2a)j~(kla) - Ffil jn(kla)j~(k2a)
21 - " A (1)' A (1) " ,J E2J-ll In(k1a)Hn (k2a) - )E1J-l2 Hn (k2a)J~(kla)

ui, ~
TE V~ ( )T21 == A A (1)' A (1) " . 3.5.28b

VE2J-ll I n(k 1a)Hn (k2a) - VEI J-l2 Hn (k2a)J~(k1a)

Notice that the reflection and transrnission coefficients are functions of n but
not m.

§3.6 Spherically Layered Media-Multi-interface Case
With the canonical reflection and transmission coefficients for a single in­

terface derived, we can derive the reflection and transmission of waves through
a multispherically layered medium. This follows from that transmission and
reflection through a layered medium are consequences of multiple reflections
and transmissions through many single interfaces.

§§3.6.1 The Outgoing-Wave Case
The derivation for an N-Iayer rnedium can be arrived at by first consid­

ering the case of a three-layer medium as shown in Figure 3.6.1. Indeed, the
derivation is very similar to that presented in Subsection 3.2.1, except that
now the problem is scalar rather than vector. As a result, Debye potentials
are used to characterize the scalar waves.

For instance, in region 1, if there is an outgoing wave, the reflected wave
will give rise to a standing wave. Hence, the Debye potential is of the form

7fl = al [h~l)(klT) + RI 2j n(k1T)] , (3.6.1)

where we have suppressed the Pr:n (cos B) and eim¢ dependences. In the above,
7r1 and R 12 are for either the TM or the TE case, since the two derivations
are identical to each other. By the same token, in region 2, we have

t: 2 == a2 [h~L1 )(k2T) + R23jn(k2r )] . (3.6.2)

Finally, in region 3, there is only an outgoing wave; therefore,

7r3 == a3 h;L1) (k3T).

In the above, R12 is a generalized reflection coefficient including multiple
subsurface reflections, while R23 is a local, single-interface reflection coeffi­
cient. Consequently, in a manner similar to deriving (3.2.7), it follows that

R- - R T21R23T12 (364)
12 - 12 + 1 R R . . .

- 21 23



192 CYLINDRICALLY AND SPHERICALLY LAYERED MEDIA

\

Region 2

°2

Region 3

r

Figure 3.6.1 Reflection and transmission through a three-layer me­
dium.

Similar to (3.2.6), it also follows that

(3.6.5)

Now, if another region is added beyond region 3, we need only change R23

in the above to R23 to incorporate multiple reflections. Moreover, Equations
(4) and (5) can be written as a general recursive relation, yielding

(3.6.6)

(3.6.7)

For an N-Iayer medium, the above can be used recursively to find the field in
all regions. In addition, a generalized transmission coefficient can be defined
such that

(3.6.7a)

which relates the outgoing-wave amplitude in region N to that in region 1.

§§3.6.2 The Standing- Wave Case

The generalized reflection coefficient for a standing wave impinging on a
layered medium can be derived in a manner similar to that shown in Subsec-
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(3.6.9)

(3.6.8)

tion 3.2.2. Consequently, the results, similar to (3.2.19) and (3.2.21), are

ti.. = R. + li-l,iRi-l,i-21i,i-l
~,1,-1 ~,~-1 1 _ R. .5. . '

1,-1,1,.L l,z,-l ,~-2

T1"i-l
ai-1 == - a; n == Si i-Iai'

1 - R i - 1,i,Ri - 1,i - 2 ' ,

Moreover, a generalized transmission coefficient can be defined here such that

TN 1 == SN,iV- 1SN-l,N-2'" T21 (3.6.9a)

similar to (7a) . Notice that the recursive relations (6), (7), (8), and (9)
are very similar to those given in Section 2.1 in Chapter 2, except for the
conspicuous absence of the exponential phase factors. The reason being that
the phase factors are buried in the definition of the reflection and transmission
coefficients; hence, it is not necessary to express them explicitly. But when
a medium is lossy or the waves highly evanescent, these buried phase factors
may make the spherical Bessel functions in the reflection and transmission
coefficients inordinately large. In this case, it is necessary to renormalize the
spherical Bessel functions to prevent numerical overflows.

§3.7 Source in a Spherically Layered Medium

In order to obtain the solution due to a point source in a spherically
layered medium, it is important first to expand the field of a point source in
a homogeneous, unbounded medium in spherical harmonics. Consequently,
using the fact that h~l) (kr) == (~~~,~, and the addition theorem for spherical
harmonics and spherical Bessel functions (see Exercise 3.27), we have

iklr-r/l oc n. (.J 1)( I 1)1
e = h(l)(klr _ r'[) = '" '" ~n + 17, - rn .

iklr - r'l 0 I 0 0 (n + Imj)!
n=01'o.=-n

)11, (kr <)h~l) (kr> )p~Tnl (cos ()')p~ml (cos ())eirn(¢-¢/) ,

(3.7.1)

where r> is the larger of rand r' and r : is the smaller of rand r', Moreover,
the above can be readily established by solving the following equation in
spherical coordinates:

(\72 + k2
) ¢(r, (), ¢) = -8(r - r') = - 8(~ ~ r') 8(() - ()') 8(¢ -¢').

r sin e
Then, using the definition that"

(3.7.2)

(n - 'rrL)! 211, + 1 m. ( e) irn<j>
( ),-- Pn COS e ,
n + m i: 41f

(3.7.3)

6 Here we define pm(x) == (-1 )1H( l-x2 )1n/2drn prn(x)/dxn l and p-m(x) == (_l)rn (n-m,)!
'n ) n 'n (n+rn)!

Pnm(x) for m > 0 (see Jackson 1975~ p. 98-99).
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(1) can be rewritten as

(3.7.4)

With the identity (4), the field due to any point source in a homoge­
neous, unbounded medium can be expressed in terms of spherical harmonics.
For example, given a point source pointing in an arbitrary direction a, the
following equations,

E = iwp (I + :;) ·aUg(r - r'),

H == V' x ale g(r - r'),

(3.7.5a)

(3.7.5b)

(3.7.6)

and the identity (4) can be used to derive the E and H fields of a point source.
Note that in the above, g(r - r') == eiklr-r'lj41r!r - r'[. Consequently, the TM
and TE waves can be obtained by extracting the H, and the E; components
of the fields. Once the r components of the fields are established, the Debye
potential can be derived via the use of Equations (3.5.8a) and (3.5.8b). Then,
with these Debye potentials for the homogeneous medium case, those in the
presence of a layered medium are easily sought.

Outside the source point, however, Equation (5a) can be alternatively
written as (Exercise 3.28)

ife A ( ')E == -\1 x \1 x a 9 r - r .
WE

Moreover, the f component of the above equation can be extracted to yield

iff A ( ')r E; == -r . \7 x \7 x a 9 r - r .
WE

But by reciprocity, the above is also equal to (Exercise 3.28)

ifeA , , ( ')rE; == -a . \7 x V' x rg r - r .
WE

Furthermore, it can be shown that (Exercise 3.28)

\7' x (r - r") g(r - r') == O.

Hence, using (9) in (8), we have

iff A I , 1 ( ')rE; == -a . \7 x \7 x r 9 r - r .
WE

(3.7.7)

(3.7.8)

(3.7.9)

(3.7.10)

(3.7.11)

Next, the representation (4) can be used to substitute for the scalar Green's
function in (10) to give

r E,. = -kUa' \7' x \7' x r' f jn(krdh~l)(kr»An(f),¢; g', ¢/),
WE

n=O
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ti

where An(e, 1>; 8',1>') == L YrlTn (() ~ ~b) Yn*m (0/,1>'). Then, by way of Equation
rn=-n

(3.5.8b ),

1re = ikU &. . \I' X \7' X r' L jn(kTd h~l)(kT> )An(e,¢; e', q/)jn(n + 1).
n=O

(3.7.12)

By the same token, extracting the f component of (5b) yields

THr == fea· \7' x r'g(r - r")
00

= ikI£ &.. \7' x r' Ljn(kTd h~l)(kT»An(e, ¢; e', ¢').
11,=0

Consequently, by way of Equation (3.5.8a),

(3.7.13)

1rm = -wf.JkI£ &. . \7' x r' L jn(kTd h~ll)(kr»An(e,¢; e',¢')jn(n + 1).
n=O

(3.7.14)

Therefore, the Debye potentials due to an arbitrary point source can be
derived (Exercise 3.29). In general the Debye potential due to a point source
has the form

00 . ( (1)()
7f == D'~ In kT<) hn kT> A (f) A,. 8' A,/)

6 n( ri + 1) n, ~, ,~ ,
11,=0

(3.7.15)

where D 1 is a linear differential operator acting only on the prime coordinates.

When the point source is put in the j-th region of a spherically layered
medium, additional reflected waves are generated. Then,

- D 1~ [. (k )h(l)(k) h(l)(k) b . (k )] An(tj, ¢; f)/, ¢/)
7fj - j 6 In jT< n i"> + ajn' n jT + jnJn jT ( ).

nn+l
n=O

(3.7.16)
Here, ajn and bj n are determined in a manner similar to (3.3.11) and (3.3.12),
yielding (Exercise 3.29)

ajn = RJ,j-l [h~,l)(k)T') + Rj,j+rJn(kjT')] Mj ,

»; = R],}+l [jn(k)T') + Rj.J-lh~ll)(kjT')] NIj ,

(3.7.17a)

(3. 7.17b)

- - - -1
where ..~Ij (1 - Rj,j-1RJ,J+l) . is a factor accounting for multiple reflec-

tions in region j. Moreover, the generalized reflection coefficients R can be
determined via the method in Section :3.6. Then, using (17a) and (17b) in



196 CYLINDRICALLY AND SPHERICALLY LAYERED MEDIA

(3.7.18)

(16), we have, after some simplifications (see Exercise 3.29),

00

ITj = tr. L [h~l)(kjr» + Rj,j+dn(kjr»] [jn(kjr<) + Rj,j_lh~l)(kjr<)] Mj
n=O

An(O, ¢; 0', ¢')

n(n + 1)

When r E region i where i > j, the Debye potential in region i can be
expressed as

- D'~ (') [h(l)(k) R- . (k )] An(O, 4;; 0', 4;')
n, - j ~ ain r n ir + i i+lJn ir ( )'

n=O ' n n + 1

where

(3.7.19)

(3.7.20)

Here, Tj i is the generalized transmission coefficient through the layered slab
between region j and i equivalent to (3.6.7a). Since i; does not include
multiple reflections in region i, the factor Mi is required (Exercise 3.29). In
addition, Djajn (r') is the amplitude of the outgoing wave in region j. As a
result, from (18), we identify

ajn(r') = [jn(kjr') + Rj,j_lh~l)(kjr')] u;

Consequently, (19) becomes

(3.7.21)

When r E region i where i < j, the Debye potential in region i is of the
form

- D' ~ (') [. (k) R- h(l)(k)] An(O, 4;; 0', ¢')
1ri - j ~ ain r In ir + i,i-l n ir n(n + 1) ·

n=O

(3.7.23)

Here, ain (r') can be determined via the use of the generalized transmission
coefficient for a standing wave given by (3.6.9a). Consequently,

00

ITi = tr, L [jn(kir) + ~,i_lh~l)(kir)] [h~l)(kjr') + Rj,j+IJn(kjr')]
n=O

.TJoiMiMJ' An(O, ¢; 0', ¢'). (3.7.24)
rt(n + 1)
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In sumrnary, for a point source in region i, i.e., r' E region j,

==D1.L:OO

F( I)An(O,¢;OI,¢/)
Jr J n r, r ( )'nn+l

n=O

197

(3.7.25)

where

Fn(r,r') = [h~l)(kjr» + Rj,j+ljn(kjr»] [jn(kjrd + Rj,j_lh~l)(kjrd] Mj
(3.7.26)

when r E region j. But when r E region i > i.

Fn(r,r') = [h~l)(kir) + Jt,i+l1n(k;r)] [jn(kjr') + Rj,j_lh~l)(kjr')] TjiM;Mj.

(3.7.27)
Moreover, when r E region i < i

Fn(r,r') = [jn(k;r) + k,i_lh~l)(k;r)] [h~l)(kjr') + Rj,j+l1n(kjr')] Tj;M;Mj.

(3.7.28)

In the above, Jt,i+l and Ri,i-l are determined recursively using (3.6.6) and
(3.6.8). Furthermore, they have to be chosen for the appropriate n's, since
they are functions of n's. In this manner, the fields in all regions in the
layered medium can be determined.

Equation (1) can also be cast into a form where the angular wave numbers
are expressed as an integral over a continuum. Such a representation then
allows the use of contour integration techniques to extract the creeping waves
and whispering gallery waves on a spherical surface, and hence, to further
elucidate the physics of the problern.

§3.8 Propagator Matrix-e-Spherical Layers

The transmission and reflection of waves through a spherically layered
medium is scalar. Therefore, if the problem is solved with the state variable
approach, the state vector will consist of at least two elements. But in order
to derive the state equation, we need to first derive the equations satisfied
by the Debye potentials. Better still, when jJ and E are functions of r only,
partial differential equations satisfied by the Debye potential can be derived.

From (3.5.11a), continuity of E, and H, at an interface implies that Jre

and ~ trr1re are continuous at an interface, and that 1rm and ttr r1rm are
continuous at an interface. Since for a homogeneous medium, Jre and Jrrn

satisfy Equations (3.5.:3a) and (3.5.:3b), by inspection, the equations to be
satisfied by it; and 1f rn in a spherically layered rnedium where E and jJ are
functions of T only are

[

2 E a 1 a 2]
V~+---.-.-T+k 1f e == O,, TaT f aT

[

2 jJ a 1 a 2]
V s + --;:---aT + k /TTn == 0,

r or If, T

(3.8.1a)

(3.8.1b)
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(3.8.2)

where \7; is the portion of the Laplacian operator that is transverse to r, By
inspection, solutions to the preceding equations have to satisfy the aforemen­
tioned boundary conditions, and yet they reduce to (3.5.3) for a homogeneous
medium. More rigorously, these equations can be established from Maxwell's
equations directly (Exercise 3.30). Furthermore, if the Debye potentials are
assumed to have

Rn(r )p,;n(cos B)eim
¢>

dependences, then Rn(r) satisfies the equation

!!..:!:-~.:!:-rRn(r) + [k2 - n(n + 1)] u;(r) = 0,
r dr pdr r 2

where p == f. for TM waves, while p = J.L for TE waves. Next, on defining
Sn(r) = ~ d~rRn(r), (2) becomes

d~Sn(r) = [k2
- n(:: 1)] ~Rn(r), (3.8.3a)

where
d
drrRn(r) = pSn(r).

Consequently, the above can be written as a state equation

d -
drV(r) = H(r) · V(r),

where Vt(r) == [Sn(r),rRn(r)] is the state vector and

_ [0 k
2

_ .".H(r) = p 0 r
2

•

(3.8.3b)

(3.8.4)

(3.8.5)

When p is a constant, from (la) and (lb), the general solution for Rn(r)
is a linear superposition of jn(kr) and h~l)(kr). Hence, the general solution
to V(r) is

where

[

1 d . (k )] [ Iiir h(1) (kr) ]
( ) _ pd;rIn r ( ) _ p dr n

al T - . (k) , a2 T - (1) .
rJn r rhn (kr)

Then, Equation (6) can be expressed as

V(r) == a(r) . A,

(3.8.6)

(3.8.7)

(3.8.8)

where a(r) == [al(r), a2(r)] and At == [AI, A2] . Alternatively, the above can
be written as

V(r) == a(r) . a-1(r') . a(r') . A

== P(r, r') . V(r'), (3.8.9)
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where the propagator matrix between t\VO points r and 1" is7

P(1',1") == a(1') . a- 1(1" ).

199

(3.8.10)

Knowing the propagator ~ we can use it to solve the transmission and reflection
of spherical waves through a layered medium as in Section 2.8. Alternatively,
Equation (4) can also be solved nurnerically to obtain the propagator matrix
for a general, radially inhomogeneous profile.

Exercises for Chapter 3

3.1 Show that the z component of Equation (3.1.1) satisfies Equation (3.1.2),
but the ¢ and p components do not satisfy the same equation.

3.2 Explain why for a given n, any linear superposition of two independent
solutions to Bessel's equation is complete for representing the general
solution to (3.1.2).

3.3 In a cylindrically layered medium, if one region has eik zz dependence,
convince yourself that all other regions must have eikzz dependence when
the problem is translationally invariant in the z direction.

3.4 Using (3.1.4), derive Equations (3.1.8a), (3.1.8b), and (3.1.9).

3.5 (a) Using Bessel's equation, show that the Wronskian of two independent

solutions In(x) and H~1)(X) is

(b) Using the small argument approximation of In(x) and H~l)(x)(see
Chapter 1, Subsection 1.2.4), show that the value of the constant is
-2i/7r.

3.6 A guided mode in a cylinder is defined to be a nontrivial solution that
exists in a cylinder without the need for an external excitation.

(a) Show that this statement is the same as requiring that the reflection
matrices (3.1.11a) and (3.1.17a) have infinite determinantal values.

(b) Show that this is the same as requiring that the determinant of D be
zero in Equation (3.1.17a).

(c) Why do we obtain the sarne guidance condition with (3.1.11a) and
(3.1.17a)?

(d) Looking at Equation (3.2.18), what do you think is the guidance
condition if there is a three-layer medium?

7 a:-1(r) has a closed form (see Exercise 3.31).
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3.7 Sometimes, the scattering solution of a plane wave by a dielectric cylinder
is needed. In this case, it is best to expand the plane wave into a linear
superposition of standing cylindrical waves, i.e.,

00

eikx = eikpcos¢ = L anein¢In(kp).
n=-oo

(a) Show that the coefficient an is ei n 1f/2.

Hint: Use the plane wave expansion formula for Bessel functions in
Chapter 2, Equation (2.2.17).

(b) Show that an arbitrarily polarized plane wave can be decomposed
into TM to z and TE to z plane waves. Hence, it can be represented
as

(c) Find the reflected wave when such a plane wave impinges on a multi­
layer cylinder.

3.8 (a) Show that when n ~ -n or k; ~ -kz,.2, onl~ the off-d~gonalelements

of R 12 , R 21, T 12 , and T 21 , and R 12 , R 21 , T 12 , and T 21 change sign,
after using the fact that B_n(x) = (-l)nBn(x).

(b) Show that this is equivalent to the fact that an odd-symmetric (even­
symmetric) TM wave (TE wave) about ¢ or z will couple only to an
even-symmetric (odd-symmetric) TE wave (TM wave) about ¢ or z

at the circular, cylindrical interface.

3.9 (a) By solving for the solution of the wave equation

['\7; + k;]q>(p, ¢) = -8(p - p') = - 8(p ~ p') 8(¢ - ¢')
p

in cylindrical coordinates using cylindrical harmonics, prove the ad­
dition theorem in (3.3.2).

Hint: You need to break the solution into two regions, p > p' and
p < p', and match the solution across the discontinuity at p = p'. The
Wronskian property of Bessel functions is useful here.

(b) By using the raising operator derived in Chapter 2, Equation (2.2.16),
derive the addition theorem for the n-th cylindrical wave function.

3.10 Derive the expression corresponding to (3.3.6) if the source at r ' is:

(a) A vertical electric dipole pointing in the z direction.

(b) A horizontal electric dipole pointing in the x direction and located at
c/J' == o.
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3.11 Derive Equation (3.3.13) using Equations (3.3.7), (3.3.11), and (3.3.12).

3.12 (a) Show that the factor Mr., in (3.3.16) is needed to correctly account
for multiple reflections.

(b) Derive Equation (3.3.18).

(c) Derive Equation (3.3.20).

3.13 Using the uniqueness of the solution argument (see Subsection 2.7.1 of
Chapter 2), show that the solution of a source in a cylindrically layered
medium has branch points only at kp == ±kN on the complex kz plane,
where kN is the wave number of the outermost region.

3.14 If a vertical electric dipole is radiating near a perfectly conducting
cylinder:

(a) Show that in (3.3.30), bjl/ == O. What would ajv be in this case?

(b) Show that the poles on the complex u plane are the zeroes of H~l)

(kpa), where a is the radius of the cylinder. Show that if up is a pole,
so is -up'

(c) Show that the zeroes of HS 1
) (kpa) are approximately at v ~ kpa (see

Abramowitz and Stegun 1965).

(d) Verify the expression (3.3.30a) by contour integration technique.

(e) Derive the corresponding approximation in (3.3.30a) for part (a) and
give a physical interpretation to the result.

3.15 Find explicitly the expressions for the matrix elements of H(p) in
(3.4.9).

3.16 It can be shown that a(p) defined in (3.4.10) and (3.4.11) has a closed­
form inverse by first finding a vector b l (p) that is orthogonal to a2, a3,
and a4'

(a) Show that such a b1(p) is

r_i~)EH2)I(kpp)
a

nk • H(1)(k )
k~~ n pP

Hr~l) (kpp)

(b) Derive b 2(p) that is orthogonal to aI, a3, and a4, and, therefore,
derive also b , (p) and b, (p).

(c) Construct a matrix that is the left inverse of a(p). Simplify the result
by using the Wronskian properties of Bessel functions (see Exercise
3.5; also see Abramowitz and Stegun). Hence, find P(p, p').

3.1 7 Show that once P (p, p') in an inhomogeneous layer is known, it can be
used to derive the transmission and reflection of waves through layered
media for:



202 CYLINDRICALLY AND SPHERICALLY LAYERED MEDIA

(a) The outgoing-wave case.

(b) The standing-wave case.

3.18 Describe a numerical scheme to find P(p, p'), when a layer is inhomo­
geneous.

3.19 Derive the expression for the matrix elements of H(p) in (3.4.17).

3.20 (a) Describe a numerical scheme to solve (3.4.26) and obtain a propa­
gator matrix for an anisotropic layer.

(b) With the propagator matrix, show how one can study the transmis­
sion and reflection of waves through the anisotropic layer.

3.21 Show that if the Debye potentials satisfy (3.5.3a) and (3.5.3b), then
the Hand E fields defined by (3.5.1) and (3.5.2) satisfy the vector wave
equation.

3.22 (a) Extract the r components of (3.5.4a) and (3.5.4b), and verify (3.5.
5a), (3.5.5b), (3.5.8a), and (3.5.8b).

(b) Extract the transverse to r components of (3.5.4a) and (3.5.4b), and
verify (3.5.9a) and (3.5.9b).

3.23 Equation (3.5.15) is important to prove the decoupling of TE and TM
waves in a spherically layered medium. Verify this equation.

3.24 Show that R 12 and T 12 defined in (3.5.19) are diagonal, and hence,
verify Equations (3.5.21) and (3.5.22).

3.25 Derive Equations (3.5.27) and (3.5.28).

3.26 Derive Equations (3.6.6), (3.6.7), (3.6.8), and (3.6.9).

3.27 By solving the equation

(\72 + k2 )7/J (r,B, ¢) = -8(r - r') = - 8(: ~ rj 8(B - B')8(¢ - ¢')
r' SIn

in spherical coordinates, verify the addition theorem for spherical Bessel
functions given by (3.7.1) (also see Exercise 3.9).

3.28 (a) Verify Equation (3.7.6) from (3.7.5a).

(b) Using reciprocity, show that (3.7.8) follows from (3.7.7).

(c) Show that (3.7.9) is true by showing that (r - r')g(r - r') is the
gradient of a scalar function, and hence, verify (3.7.10).

3.29 (a) For an electric dipole with & == f in (3.7.5a) and (3.7.5b), derive the
Debye potential associated with this dipole in the manner of (3.7.12)
and (3.7.14). Are both Debye potentials necessary here?

(b) Derive the expressions (3.7.17a) and (3.7.17b), and hence (3.7.18).

(c) Derive the expression (3.7.20), and explain why the factor Mi is
needed.



EXERCISES FOR CHAPTER 3 203

3.30 Establish (3.8.1) more directly from Maxwell's equations and the defi­
nition of Debye potentials.

3.31 Derive the closed-form inverse of a-1(r) in (3.8.9) (see Exercise 3.16).
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CHAPTER 4

TRANSIENTS

The study of the transient response of fields in an inhomogeneous medium
is important in a number of applications. An obvious advantage of transient
measurement is its rapid acquisition of data over a large bandwidth. More­
over, it also allows the separation of different events by time gating in the
time domain. Hence, many measurements are inherently transient in nature,
some of which are radar, numerous sounding measurements, and tomograms.
As a matter of fact, these measurernents are usually performed with pulses of
signals. Unfortunately, many transient electromagnetic measurements gen­
erally require larger bandwidths compared to acoustic measurements. Since
electromagnetic waves travel 30 ern in 1 ns, in order to resolve structures of
the order of 30 em, a 1 ns pulse is required, implying a bandwidth of over
1 GHz. A consequence of the large bandwidths in transient electromagnetic
measurements is their poor signal-to-noise ratio compared to narrow-band,
time harmonic measurements. Nevertheless, this can be remedied by a strong
signal source, or by time averaging a measurement repeated many times,
which is also known as multishot averaging.

In acoustic measurements, where the velocity of the wave is slower and
therefore, the wavelength shorter, transient measurements can be achieved
with less bandwidth. Consequently, transient type measurements are quite
popular in acoustics.

In this chapter, we will discuss some techniques for calculating the tran­
sient response of electrornagnetic fields in inhomogeneous media. Such tech­
niques, after some minor modifications, can evidently be used for other waves.

§4.1 Causality of Transient Response

One way to obtain the transient solution of a problem is by first solving
the problem in the frequency domain, and then obtaining the time-domain so­
lution by Fourier inverse transforming the solution. Physical grounds require
that all such solutions satisfy the law of causality. In other words, a response
does not exist until after a signal is applied. Furthermore, if a receiver is at
a certain distance from the transmitter, the receiver shall not sense a signal
until after the time it takes for the signal to reach the receiver from the trans­
mitter. Thus, energy carrying signals cannot travel faster than the speed of
light, which is the consequence of the law of special relativity. Moreover, the
law of causality imposes analytic properties on the constitutive parameters
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that describe a medium. We shall first study these analytic properties which
relate the real and imaginary part of a constitutive parameter. The relation
is also known as the Kramers-Kronig relation.

§§4.1.1 The Kramers-Kronig Relation
The constitutive relations we have encountered in Chapter 1 are expressed

in the frequency domain. For example, the relationship between an electric
flux and an electric field is more appropriately written as

D(w) = t(w)E(w).

In the time domain, however, it becomes

t

D(t) = J€(t - r)E(r) dr.
-00

(4.1.1)

(4.1.2)

In order for D( t) to be a causal function, t( t) and E( t) must both be
causal functions. The fact that t( t) is causal puts a constraint on t(w), the
Fourier transform of t(t). More specifically, the relationship between t(t) and
t(w) is

00

€(t) = 2~ Jdwe-iwt€(w).
-00

(4.1.3)

But if t(w) -+ t(oo), when Iwl -+ 00, then t(w) = [t(w) - t(oo)] + t(oo), and
the above becomes

(4.1.4)

-00

where the last Fourier integral has been performed to yield the delta function
for the last term. Since t(t) is a real-valued function, t(oo) must also be a
real-valued constant. But from causality, t(t) = 0 for t < o. This imposes
an analytic property on t(w) as follows: Since t(w) --t t(oo) when w -+ +ioo,
then for t < 0, the integral on the complex w plane can be deformed to
w --t ioo. The fact that t(t) = 0 for t < 0 implies that the integrand must
be analytic in the upper half of the complex w plane. This implies that t(w)
can have singularities only on the lower half of the complex w plane.

Since t(w) - t(00) is analytic on the upper half of the complex w plane,
using Cauchy's theorem, we can write

() ( )
- 1 J d ,t(w')-t(oo)tw-tOO-- W ,

21ri w' - w
C-Coo

(4.1.5)
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Figure 4.1.1 The C and Coo contours on the complex w' plane.

where C and Coo are as shown in Figure 4.1.1. But since E(W) - £(00) ~ 0
when W -+ oo, the integral over Coo vanishes. Consequently, (5) becomes

() ()
_ 1 Jd I £ ( w') - £ ( 00)£w-£oo-- W .

27ri w' - w
C

(4.1.6)

Now, if both wand w' are real, then the above can alternatively be written
as

00

t(w) - t(oo) = ~P.V. J dwlt(W') - t(oo),
7rZ W' - W

-00

(4.1.7)

where P.V. stands for principal value integral. Furthermore, by letting t(w) =
e'(w) + it" (w), where £' (w) and e"(w) are the real and the imaginary parts of
£(w) respectively, and then equating the real and imaginary parts of (7), we
have

00

1 J £"(w')t'(w) - £(00) == -P.V. -- dw',
1f W' - W

(4.1.8)

-00

()O

"() 1 J £'(w
/)

- £(00) dw'.
£ w == --P.V.

1f w' - W
(4.1.9)

-00
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Equations (8) or (9) are the Kramers-Kronig relations (Kramers 1927)
that relate the real and the imaginary parts of E(W). In other words, once
the real or the imaginary part of E(w) is determined, the other part is readily
deducible from (8) or (9). Moreover, Equations (8) and (9) are also the
consequences of the causality requirement on €(t). They also constitute a
transform pair known as the Hilbert transform (Titchmarsh 1948, Chapter
5; see also Appendix A). Consequently, this relationship applies to the Fourier
transform of any causal function (Exercises 4.1,4.2, and 4.3). That is to say,
given any causal transfer function H(w) which relates an input X(w) to an
output Y(w) via Y(w) = H(w)X(w), the real and imaginary parts of H(w)
are related via the Hilbert transforms as in (8) and (9).

§§4.1.2 Causality and Contour of Integration
As mentioned before, one way of obtaining the time domain solution is

to Fourier inverse transform the frequency domain solution, i.e.,

(4.1.10)

(4.1.11)

-00

More importantly, the Fourier inverse transform should not be performed
at the expense of violating causality. To ensure this, the Fourier inversion
contour in (10) is defined to be above all the singularities of ¢(w). So, if
¢(w) ~ 0 when Iwl ~ 00, then for t < 0, the path of integration in (10) can
be deformed to w ~ ioo. Consequently, ¢(t) == 0, for t < 0, ensuring that
causality is not violated.

For t > 0, the path of integration can be deformed to w ~ -ioo, thereby
picking up the singularity contributions of the integral (see Figure 4.1.2). By
Jordan's lemma, the contribution of the contour at infinity vanishes. In this
manner, (10) becomes

1 N M 1 J¢(t) = - " Aie-iwpit + L - du: e-iwt¢(w).
2~~ 2~

i=l i=l C;

The first term in (11) is the residue contributions from the pole singularities
at w == wpi' But the second term is from the branch-point contributions.
Furthermore, by letting w = Wbi - iTJ, a branch-cut integral can be altered to

00Jdwe-iwtJ(w) = e-iwbitJidn e '" [J+(Wbi - iTJ) - J-(wm - iTJ)]
Ci 0

== e-iwbitfi(t). (4.1.12)

where ¢+ and ¢_ are the values of ¢ on the two different shores of the branch
cut. Therefore, Equation (11) is of the form

1 N 1 N
¢(t) == -" Aie-iwPit +-" fi(t)e-iwbit. (4.1.13)

2~~ 2~~
i=l i=l
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Figure 4.1.2 The original path of integration and the singularity
contributions when we deform from the real axis to w ~ -ioo.

Now, if Wpi and Wbi are below the real axis as in the case of lossy media, then
the above are decaying sinusoids. For large i, the solution will be dominated
by the most slowly decaying sinusoids.

When a medium is active, however, some of the singularities may be
above the real axis. In this case, the Fourier inversion contour will have to
be above the real axis in order to preserve causality (Exercise 4.4).

§4.2 The Cagniard-de Hoop Method

One way to calculate the transient response of a source over a planarly
layered medium is to Fourier inverse transform the frequency domain solu­
tions obtained in Chapter 2 to obtain the time domain solution. Since this
involves a double integral, it could be quite computationally intensive. When
the medium is dispersionless, however, the Cagniard-de Hoop method pro­
vides the closed-form time domain solution of a line source over a layered
medium, while for a point source, the solution is in terms of just one integral.
As a result, this greatly expedites the computation of transient fields over a
dispersionless layered medium. The Cagniard-de Hoop method was first sug­
gested by Cagniard (1939), and later refined by de Hoop (1960). Moreover,
a similar method was discussed by Doak (1952). In addition, the Cagniard­
de Hoop method is also discussed in textbooks (Achenbach 1973; Aki and
Richards 1980; Tygel and Hubral 1987).
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Consider the frequency domain solution of a line-source response, or the
two-dimensional scalar Green's function

(4.2.1)
-00

where ky = .Jk5 - k;, ko = wleo, and Co is the velocity of the wave in the
medium. Notice that the above is a solution to the equation

(

{)2 82 w2)
8x2 + 8y2 + c~ g(w,p) = -8(x)8(y). (4.2.2)

Then, by Fourier transforming the above with respect to w, we obtain the
following equation,

(
82 82 1 {)2)

8x2 + 8y2 - c~8t2 g(t,p) = -8(x) 8(y) 8(t),

where
00 00

g(t, p) = 2~ Jdwe-iwtg(w, p) = ~!Re Jdwe-iwtg(w, p).

-00 0

(4.2.3)

(4.2.4)

The last equality follows from the solution that g(w, p) = g*(-w, p) since
g(t, p) is real. We will next show how to obtain a closed-form solution for
g(t, p) via the Cagniard-de Hoop method.

§§4.2.1 Line Source in Free-Space
-Two-Dimensional Green's Function

The Cagniard-de Hoop method derives closed-form solutions for the re­
sponses of a line source on top of a dispersionless, layered medium. First,
consider the integral

00

i J eikxx+ikylYI

g(w, p) = 471" dkx k
y

-00

(4.2.5)

After letting kx = wsx , ko = WSo, where So = lieD is the slowness of the wave,
Equation (5) becomes

Then, by a change of variable such that

t = Sx X + (s6 - s;)! Iyl,

(4.2.6)

(4.2.7)
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Figure 4.2.1 The contours on the complex s; plane and complex t
plane in the Cagniard-de Hoop method.

Equation (6) becomes

- ( ) i Jd (dS x 1 ) iwt
9 w, P = 4n t di J S2 _ S2 e 1

C' 0 x

(4.2.8)

which is very much like a Fourier transform integral except that the contour
C' is not on the real axis, but it is the image of the real Sx axis on the complex
t plane via the transformation (7).

One would like to convert (8) into an integration on the real axis so that
the term in the parentheses in (8) can be related to g(t, p). Hence, one should
know the image of the real axis of the complex t plane on the complex Sx

plane. After solving (7) for Sx in terms of t, we have

t . (2 t
2

) ~
s; = pcos ¢ ± sin ¢ So - p2 (4.2.9)

where p == JX2+y2, cos¢ == xlp, and sin o == yip. Notice that there are
two values of Sx for every value of t. Moreover, the mappings of the points
0, A, and B from the real t axis to their two values on the complex Sx plane
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are as shown in Figure 4.2.1. Furthermore, when t = SoP, the two values
in (9) reduce to one value. This happens at B, where the two points meet.
However, they split again for larger t and map into Pu and PL in Figure 4.2.1.
Nevertheless, the path of integration can be deformed from the Sommerfeld
integration path to the hyperbola P defined by Equation (9). This hyperbola
is the mapping of the real t axis, where SoP < t < 00, to the complex Sx plane
(Exercise 4.5). Then, Equation (8) becomes

- _ i J eiw(sxx+Js~-si Iyl) i J eiw(sxx+Js~-si Iyl)
g(w,p) - - ds, + - ds; ·

411" pu J S5- si 411"pL J S5- si (4.2.10a)

Subsequently, via the transformation (9), the corresponding integral on the t
plane is now

g{w,p) = 4~ Joo dt [(d;t J 21_ 2) - (d;t J 2
1
_ 2) ]e-,

So Sx L So Sx U
SOP

(4.2.10b)
where the subscripts U and L indicate mapping of the integration along Pu
and PL respectively; hence, the values of the associated terms have to be
evaluated accordingly. Since it can be shown that

( dSx
) = (dSx )*, (s6 - s;)t = (s6 - s;)1* , (4.2.11)

dt u dt L

Equation (10) can be written as

g(w, p) = _2- Joo dtt;Sm [ddSX J 2
1

] eiwt. (4.2.12)
27r t So - s2

SoP x L

(4.2.13)

(4.2.14b)

(4.2.14a)

The above is just a Fourier transform integral. Therefore, we conclude
that

g{t, p) = - 2~ t;Sm [d;t
X J 2

1
_ 2] H(t - SaP),

So Sx L

where H(t) is a Heaviside step function, and Sx is a function of t as given in
(9). More specifically, for t > SoP,

Sx = ~ cos ¢ ± i sin ¢ (:: - s6) ~ ,

Js5 - si = ~ sin ¢ 1= i cos ¢ (:: - s6) ~ ,

and
ds; cos¢ . tsin¢ _ ±iJS6 - s;
-=--±z----- 1·

dt p p2(~ - S5) ~ (t2 - S5 p2)2
P

(4.2.14c)
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Figure 4.2.2 {fhe Cagniard-de Hoop transformation.

(4.2.15)

The + and - signs are for Pi) and PL respectively. Therefore,

1
g(t, p) ==. 1 H(t - sop).

21f( t2 - s6p2) 2

But since g(t, p) is cylindrically symmetric, the above can be more readily
derived by setting y == 0, and x == p in (6). The general derivation of (15),
however, familiarizes us with the manipulations of the Cagniard-de Hoop
method. Note that the contour deformation in (lOa) to keep the argument
of the exponent real has the same effect as setting y == 0, x == p in (6).

Notice that the impulse response due to a line source in two dimensions
has an infinite tail even though the exciting source is an impulse which has
a finite time duration. The reason being that a line source is infinite in
length. Even though the source is excited by an impulse 8(t) at t == 0, and
switched off for t > 0, the observation point at p, Z == °receives radiation
of the line source continuously frorn the nearest point on the line source to
the farthest point on the line source, which is infinity. Moreover, the field
from the farther points will arrive at the observation point at a later time,
resulting in an infinite tail for the irnpulse response (see Exercise 4.6).

§§4.2.2 Point Source in Free-Space
-Three-Dimensional Green's Function

Even though the Fourier inverse transform of the three-dimensional scalar
Green's function, ei kor / 47fT, is easily sought, it is useful to go through the
mechanics of the Cagniard-de Hoop rnethod applied to a point source. Fur­
thermore, by understanding the procedure for this simpler problem, we will
better understand the solution of a point source on top of a layered medium.
First, consider the identity

(4.2.16)
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A coordinate rotation can be performed (see Figure 4.2.2) so that the obser­
vation point (x, y) lies on the x' axis of the rotated coordinates. By letting

kx = {3x cos ¢ - {3y sin ¢,

ky = {3x sin ¢ + {3y cos <P,

(4.2.17a)

(4.2.17b)

then,
00 00

i J J eif3xp+if3zlzl
g(w,r) = 811"2 d{3y d{3x {3z ' (4.2.18)

-00 -00

where {3z = (k5 - {3; - (3;)~. Note that the inner integral resembles that of a
line source given by (5). Furthermore, by letting

(4.2.19)

one obtains

_( ) iw
9 w, r = 81r2

eiw(sxP+sz Izl)

dsx ,
Sz

(4.2.20)

-00 -00

where Sz = Js~ - s~ - s~, So = Ilea. At this point, it is more expedient

to deform the dsy integration to the imaginary axis, which is permitted by
Jordan's lemma and Cauchy's theorem (Exercise 4.7). Consequently, after
the contour deformation, and with a change of variable Sy = -iq, we have

00 00

- - W J J eiw(sxP+szlzl)
g(w,r)--2 dq ds; ,

81r s,
-00 -00

(4.2.21)

where s, = vis5 + q2 -s~. Observe that the inner integral is now identical
in form to (6).

From this point onward, the procedure is the same as the line source case.
Hence, the inner integral can be deformed to a path similar to that of Figure
4.2.1 to get

_( ) u»
9 W, r = - 41r2

(4.2.22)

(4.2.23)
1

dq .
rJU; - s~) - q21

_(~-s~) 1
sor

_( ) u»gW,r =-41r2

where r = vip2 + z2 and we have made use of the result of (15). Furthermore,
after exchanging the order of integrations, we can show that

(
t2 2) ~

00 ~-so

J dt e''" J
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Notice that the limits of integration in (23) have to be changed accordingly
because the lower limit of integration in the inner integral in (22) is dependent
on q. Moreover, the inner integral in (23) evaluates to tt , and the above
becomes

00

g(w,r) = - iw J di e:",
41rr

sor

Therefore, the Fourier inverse transform of -g(w, r)/iw is

(4.2.24)

(4.2.25)

(4.2.26)

(4.2.27)

H(t- 8or )

41fr
Then, the Fourier inverse transform of g(w,r) is just the derivative of the
above, giving

( )
_ 6(t- 8or )

9 t~r - ., 41fr

Of course, this is also easily obtained by Fourier inverse transforming ei kor
/

41rr. Notice that, unlike the line source, the impulse response in three di­
mensions does not have an infinitely long tail when the exciting source has a
finite time duration. Alternatively, Equation (26) can also be convolved with
a line source to yield (15) (Exercise 4.8).

§§4.2.3 Line Source Over Half-Space-Transient Response
A time harmonic electric line source J == z I 8(x) 8(y) generates a field

that satisfies the equation

(
82 82 )

8x2 + 8
y

2 + W
2J.Ll£1

E 1z = -iw/l,J 8(x) 8(y).

The time harmonic field is then

(4.2.28)

where kl y == Jkr - k;. Moreover, when such a line source is placed over a
half-space at y == -d l , the solution is

(4.2.29)

The transient response of the first term has been found previously. To find
the transient response of the second term, we let kx = W8 x, ki = WSi, where
s, = 1/c, = J J-liti· Then the second term, corresponding to the reflected
field, becomes

oo

.I
-x

RT E
ds ; ~eiW[SxX+81y(y+2dl)],

Sly
(4.2.30)
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1m [Sx]

s,
SIP

51 COS ¢r

Figure 4.2.3 The contours on the complex s; plane.

where Siy = J s; - si , and

(4.2.31 )

which is frequency independent. Notice that there are branch points at Sx =
±Sl and Sx = ±S2. Moreover, by letting

we can solve for Sx in terms of t as in (9), yielding

t . . ~ (t2 2) ~
Sx = - cos <PI ± ZSIn wt 2" - SI ,

PI PI

(4.2.32)

(4.2.33)

where PI = Jx2 + (y + 2dl )2, <PI = COs-l(x/PI). Observe that if S2 <
SI, then the branch points will be as shown in Figure 4.2.3. Moreover, if
Sl cos <PI > S2, the branch point S2 will be encountered in deformin the con­
tour to P from SIP. Furthermore, when Sx = S2, t = T = S2 X + sI - s~ (y+
2d l ) . Then, similar to (lOb), (30) becomes

00

E~ = - W4Jl~I J dt [(dSx Rf2
E

) _ (dS x Rf2
E

) ] eiwt
,

" dt Sly L dt Sly u
T

(4.2.34)
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(4.2.35)

because now, the contour defined by S2, SI cos ¢l, and Pi), or PL on the
complex Sx plane (see Figure 4.2.3) rnaps to T < t < (X) on the real t axis on
the complex t plane.

As in (14c), we have

_1_dsx == ±-----
Sly dt (t2 - sip7)~ .

Indeed, for t < SIPI or s; < SI cos ¢J~

1 de;
--
Sly dt

is pure real. Furthermore, Rf2E is the complex conjugate of each other above
and below the real Sx axis, as 82y is on two different Riemann sheets. There­
fore,

(
dSx Rf2E) _ (dS x Rf2

E
)

dt Sly L dt Sly u

But for t > SIPI,

2i ~ [TEJ
(SIP7 - t2)1/2:sm RI2 L' t < SIPl·

(4.2.36)

1 ds;
--
8l y dt

is pure imaginary, so that

(
dSxRff ) (dsxRT2E) -2i [ TE]

-----1 ~e R 12 , t > SIPI'
dt Sly L dt 8l y u (t2 - SIP7)"2

(4.2.37)
By inspection, it follows that the Fourier inverse transform of E{;j(iwI(w)] is

Then,

(4.2.39)

where the asterisk implies a convolution. The first term in (38) is the contri­
bution of the lateral wave or the head wave (see Figure 4.2.4). It would not
be there if 82 is not less than Sl. In fact, when S2 < 81, the wave in region 2
is faster than the wave in region 1. Hence, a wave through a refracted path,
or the head wave as shown in Figure 4.2.4, reaches the receiver before the
reflected wave. As a result, the first term in (38) exists when T < SIPI, where
T == 82X + visI - s~ (y + 2d1 ) is the time taken by the head wave to traverse
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S Reflected Wave

I /'
~/ PI

Image of S V

R
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(4.2.40)

Figure 4.2.4 The paths for the arrivals of the direct wave and the
head wave.

the refracted path shown in Figure 4.2.4. But when r > SIPI, only the direct
reflection in the second term of (38) is observed.

§§4.2.4 Dipole Over Half-Space-'Iransient Response
The time harmonic response of a vertical electric dipole (VED) on top of

a half-space is given by!

00 3

E Iz = 4I (W ) f J dk
pk

kp Jo(kpp) (eiklZlzl + Rf2MeiklZZ+2iklzdl) ,
1TWf.1 Iz

o

where RTf is the Fresnel reflection coefficient. Here, the integral has been
folded so that it ranges from 0 to 00. Since a VED produces only an Hq,
component of the magnetic field, we will use (2.3.17) to arrive at

00 2

H l 4> = iI~~)l J dk
P

: :

z
J1(kpp) (eiklZlzl + Rf2MeiklZZ+2iklZdl).

o

In addition, the above could be written as

(4.2.41 )

(4.2.42)

In order to apply the Cagniard-de Hoop method, we write the integral
in (42) in Cartesian coordinates using the Weyl identity given in Chapter 2

1 Here, we have adapted a coordinate system where the interface is at z = -d1 , instead
of at y = -d1 as in the previous subsection. A similar solution to this problem has also
been given by de Hoop and Frankena (1960).
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[Equation (2.2.27)],
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(4.2.43)

Note that the first integral is similar to (16), and the general solution is then

p _ I(t - slr)£
D - 47rT ' (4.2.44)

where s1 == 1/Cl == J7I1E1, and I (t) is the Fourier inverse transform of I (w).

For the reflected wave term in (43), a coordinate rotation gives

00

p = iI(w)£ 1] df3 df3 e
if3xp

RTMei!31zeZ+Zdd
R 8 2 u x (3 12 ,7r 1z

-oc

where (31z = Jkr - (3; - (3; and

R
™ _ t2f31z - t1{32z
12 -

t2(31z + t 1J32z '

(3zz = Jk~ - (3; - (3; .

By letting f3x == WS x, f3y == wS y, one obtains

(4.2.45 )

(4.2.45a)

where Rrr = (EZSl z - ElSzz)/(EZSl z + ElSzz), Siz = Js; - s;, - s; , s, = .,JJ.LiEi .

Moreover, by virtue of Jordan's lemrna and Cauchy's theorem, one can deform
the ds y integral to the imaginary axis, and with a change of variable Sy == -iq,
as in (21), one obtains (see Exercise 4.9)

00 00

p = wI(w)£ J dq I ds Rrr eiw [SXP+Sl z(z + 2d1)]
R 8 2 x ,

n . Slz
-CXJ -00

(4.2.46)

where Siz == JQ:7 - si , o:f == sf + q2. After applying the transformation

t == sxp + Slz(Z + 2d1 )

as in (7), and inverting (47) as in (9), one obtains

(4.2.47)

(4.2.48)
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Figure 4.2.5 Contours on the complex Sx plane for the point source
case.

where ri = Jp2 + (z + 2d1)2 , OJ = sin-1(p/rJ). Notice now the branch-point
singularities are at Sx = ±Q1 and Sx = ±Q2. Moreover, if 82 < S1, the branch­
point singularities are as shown in Figure 4.2.5 with the contour P, which is
the image of the real-t axis on the complex 8 x plane.

When the Sommerfeld integration path is deformed to the P contour, we
encounter the aJingularity. Furthermore, the point Sx = a2 corresponds to
t = T = C£2P + sI - s~ (z + 2d1) . Therefore, (46), whose inner integral is
similar to (30), becomes

PR = wI(~)f. Joo dq [J
OO

dt (dSxRT{f) eiwt _ Joo dt (dSxRT{f) eiwt ] .

81r dt Siz L dt Siz u
-00 r r

(4.2.49)
The above can be shown to be the same as

00 00

P = -iwI(w)f J d Jd ~ (dS x RT2M ) iwt
R 2 q t ism de.

41r t BIz L
-00 T

Exchanging the order of integrations as in (23), one obtains

PR = -i:~~W)f. Joo di er" 7t

) dq ism (d;t ~~:[) L'

to -qo(t)

(4.2.50)

(4.2.51 )



§4.3 :NIULTI-INTERFACE PROBLErv1S 227

where to = S2P + Jsi - s~ (z +2dJ), and qo( t) = ~{[t - Jsi - s~ (z +2d1)]2 ­
S~p2} ~. Therefore, the Fourier inverse transform of PR(w)/ [-iwI(w)] is

f qjO(t) (dS RT/'vI )
f(t) == -2 dq~m _x _12_ H(t - to).

47f dt SIz L
-qo(t)

From the above, one derives that

(4.2.52)

(4.2.53)

(4.2.54)

The integrand of (52) could be simplified as in (38). Equation (52) in­
volves only a single integral, and it results in a great savings in computation
time for calculating the transient response of a point source over a dispersion­
less medium. Such a technique can be applied to dipoles of other orientations
on top of a half-space (Exercise 4.10).

§4.3 Multi-interface Problems

The Cagniard-de Hoop method cannot be used directly for a layered
medium, because the generalized reflection coefficient for a layered medium
is frequency dispersive. For example, for a three-layer medium,

(4.3.1)

where d, is the position of the first interface and d2 is the position of the sec­
ond interface, Rij == (pjkiy - Pikjy)/(pjkiy + Pikjy) , and Pi == /-lj for TE waves
and Pj == Cj for TM waves. Even when each of the layers is dispersionless, a

transformation of the type kiy == WSiy where Siy == J s; - s; , does not make
the generalized reflection coefficient frequency independent. Hence, this is
unlike the dispersionless half-space where the reflection coefficient becomes
frequency independent under a similar transformation. The success of the
Cagniard-de Hoop method is contingent on the frequency independence of
these coefficients, and hence, cannot be applied to a layered medium directly.

As an alternative, if (1) is expanded in terms of a ray series, then

CX)

R- - R +"T RTnRrn-1y; e2imwS2y(d2-dl)
12 - 12 Z:: 12 2:3 21 21 .

r1'2=l

(4.3.2)

Note that the frequency dependence of each of the terms is now factorizable
into the exponential term. Now, if (2) is substituted into (4.2.30), the m-th
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term of the series becomes

TRANSIENTS

To make this look like a Fourier inverse transform, we let
(4.3.3)

(4.3.4)

Subsequently, the P contour can be found on the complex Sx plane by keeping
t real and solving this equation. Moreover, if y = 2dl = 0, then P is found
easily as before, and Sx can be solved in terms of t (Exercise 4.11). But if
y and d, are not zeroes, then (4) is an implicit equation for Sx in terms of t
and it needs to be solved numerically. Once the P contour is found, however,
the Cagniard-de Hoop method proceeds as before. The same idea could be
extended to the N interface problem by expanding the reflection coefficients
in terms of general ray series. But the P contour in this case could be quite
complex (see Helmberger 1968; Aki and Richards 1980).

§4.4 Direct Inversion
Even though the Cagniard-de Hoop method is applicable to a point source

by casting the point source into an integral summation of line sources, there
is a more direct way of obtaining the point source solution. This method
was introduced by Strick (1959), and extended by HeImberger (1968), and
Gilbert and Heimberger (1972). It was also described by Aki and Richards
(1980).

Before proceeding, let us study the integral identity

00

i J d -iwtH(l)( ) _ H(t - spp)- we 0 wSpP - 1 •
4 [t2 - s2 p2)2

-00 p

(4.4.1)

Such an integral identity follows from the result of the Cagniard-de Hoop
method in (4.2.15), which is the Fourier inverse transform of (4.2.1). At w =

0, however, H6 1)(wsp p) has a logarithmic singularity. Therefore, the integral
in (1) is undefined if the integration path is on the real axis. Consequently,
causality has to be invoked to properly define the integration path on the
complex w plane.

Notice that when w ---. +ioo,

(4.4.2)

becomes exponentially small, and e-iwt becomes exponentially large. Nev­
ertheless, if spp > t, the integrand is still exponentially small, and we can
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Fourier Inversion
Contour

----.....-------.Re [w]
Singularity
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Figure 4.4.1 The Fourier inversion path has to be above all singu­
larities in order to satisfy causality.

deform the path of integration to the upper-half plane. Then, by virtue of
Jordan's lemma, this integral evaluates to zero. But for spP > t, (1) must be
zero due to causality, implying that no singularities should be enclosed in the
course of this deformation. Consequently, in order to satisfy causality, the
path of integration in (1) must always be above the singularity at the origin,
which is the only singularity in the integrand (see Figure 4.4.1).

When t > spP, we can deform the contour downward to obtain the right­
hand side of (1). The integral identity in (1) holds true even for complex t
and complex spp. In this case,

00

i Jd -iwtH(l)(. ) _ H[~e(t - spp)]
- w e 0 wSpP - 1 •
4 [t 2 - S 2 p2]2

-00 p

(4.4.3)

Next, we shall see how the above integral identity can be applied to the
direct inversion of the frequency domain solution

(4.4.4)

-00

If now, we change the variable by letting kp = wSp , k Iz = WSlz where

Slz = Js? - s~' SI = l/el' then,

00

I(w) = i2W J d sp H(I)( ) uas zsp- 0 wSpP e' 1z.

Siz
-00

(4.4.5)
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Moreover, the Sommerfeld integration path can first be deformed to the P
contour as in the Cagniard-de Hoop method, or

I(w) 1/ sp (1) .F(w) = -.- = - ds -H (ws p)elWSlzZ.
uo 2 p Slz 0 P

P

The P contour in this case is described by the equation

where r is real. Equation (7) can be inverted to yield

(

2 ) 1/2T • . T 2
8 p = -:;: sin 19 ± zcos 19 r 2 - 8 1 ,

(

2 ) 1/2r .. r 2
8Iz = -:;: cos 19 =f i sin 19 r 2 - 8 1 ·

Consequently, we can Fourier inverse transform (6) to obtain

00

F(t) =~ / ds !J!... / dw e-iW(t-sIZz) H(l)(WS p),
41T p Slz 0 P

P -00

(4.4.6)

(4.4.7)

(4.4.8a)

(4.4.8b)

(4.4.9)

(4.4.10)

where the order of integration has been exchanged. By virtue of (3), one then
obtains

F( ) = ~ / d !J!... H(t - SizZ - spp)t . Sp I'

'l1T Siz [( t - Slz Z)2 - S~p2] 2
P

Notice that SlzZ + BpP is real on the P contour, so that we can eliminate the
"~e" sign used in (3). Furthermore, the contour in (10) can be folded by
combining the parts associated with Pu and PL. Then, after changing the
variable of integration to r, we finally have

t

F( ) - 2 ~ / d ds; sp 1t --~m r----------
1T dr BIz [( t - Slzz)2 - S~p2]1/2'

SIr

(4.4.11)

The upper limit in the integration is due to the Heaviside step function. No­
tice that the above is a finite-range integration. Moreover, it can be performed
in closed form when the medium is homogeneous (see Exercise 4.12). When
the point source is placed on top of a half-space, the analysis proceeds in a
similar manner (Exercise 4.12); however, the finite-range integral equivalent
to (11) will have to be evaluated numerically.

The idea of the Cagniard-de Hoop method has been adapted to lossy
media (Kuester 1984) to expedite transient field computation albeit with the
retention of double integrals. In addition, the idea of double deformation
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has also been used to expedite the numerical computation of such Fourier
integrals (Tsang and Kong 1979; Ezzedine et al. 1982; Poh and Kong 1987).

§4.5 Numerical Integration of Fourier Integrals

In problems involving dispersions or loss, the Cagniard-de Hoop method
cannot be used. One way of obtaining a transient solution then is to in­
tegrate (4.1.10) numerically. In this case, the function ¢(w) is a frequency
domain solution that may be obtained via the methods described in Chap­
ter 2 or Chapter 3. Moreover, numerical integration has the advantage that
a transient solution can be obtained once the frequency domain solution is
obtained.

An integral like (4.1.10) may be subject to the contour deformation tech­
nique to accelerate its convergence. Even though it accelerates the conver­
gence of the integral, numerical integration via contour deformation usually
has to be tailored accordingly, depending on the parameter variations in the
geometry. The computer code thus generated may not be robust. A robust
way of generating a 'computer code is to just numerically integrate the inte­
gral on an integration path parallel to or along the real axis. This can usually
withstand much parameter variation in a code.

Equation (4.1.10) implies that

00

¢(w) = Jdteiwt¢(t).

-00

(4.5.1)

But since ¢(t) is real valued, it implies that ¢(-w*) = ¢*(w) (in particular,
¢(-w) = ¢*(w) if w is real). Furthermore, since there could be singularities
on the real axis for lossless media (or even above the real axis for active
media), the path of integration would have to be slightly above the real axis.
Consequently, with this path of integration, (4.1.10) can be written as

i~+oo

¢(t) = ~~e J dwe-iwt¢(w).

i~

(4.5.2)

The above follows from folding the dw integral using the fact ¢( -w*) = ¢* (w).
Hence, the infinite integral can be converted into a semi-infinite integral.
Next, by letting w = i~ + w', (2) becomes

00

¢(t) = ~e6t Jdw' ~e[e-iwlt¢(w' + i~)].
o

(4.5.3)

But when the integration path is close to a singularity, the integrand will
be sharply peaked in the vicinity of the singularity. This sharp peak will
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exacerbate the error in the numerical integration of the integral. Thus, to
avoid this sharp peak, it is expedient to choose an integration path that is
not too close to the singularities of the integrand. Consequently, with ~ > 0,
the path of integration can be chosen to be above any singularities that may
lie on the real axis. By doing so, the integrand in (3) becomes smoother
and the numerical evaluation of (3) becomes simpler and converges faster,
because the error committed in a numerical scheme is proportional to the
derivatives of the integrand. In addition, adaptive integration techniques
mentioned in Subsection 2.7.3 of Chapter 2 can also be used to evaluate
such integrals. For instance, when t is large, the integrand in (3) is rapidly
oscillating. Methods like Filon quadrature (Hildebrand 1974) may then be
used to accelerate convergence in this case. If, however, the value of ¢(t)
is required at many t's, fast Fourier transform (FFT; see Oppenheim and
Schafer 1975) can be used to evaluate the integral (3). Furthermore, the cost
of high sampling rate required for large t to reduce aliasing can be avoided
using interpolation techniques (Anderson and Chew 1989).

Very often, the field at a receiver can be decomposed into a direct wave
(primary field) contribution plus a reflected wave contribution. Because of
the singular nature of its field, a direct wave term usually has slow numerical
convergence. One way of avoiding the numerical evaluation of the direct
wave term is then to evaluate it in closed form. In the case of a dispersionless
medium, this is obviated by the Cagniard-de Hoop method. When a medium
is lossy, however, a closed-form solution still exists despite the inapplicability
of the Cagniard-de Hoop method. The following subsection describes how
the closed-form solution for the direct field can be derived in a lossy medium.
Similar solutions are also described by Courant and Hilbert (1962).

§§4.5.1 Direct Field in a Lossy Medium-Two-Dimensional Case

Consider first a lossy wave equation in two dimensions,

(

2 1 [)2 1 [))
\7s - 2-82 - -2 -8 g(x, y, t) == -8(x) 8(y) 8(t)

etc T t

where T == el a , and

(4.5.4)

82 [)2

\7; = &x2 + &y2'

With the transformation g(x, y, t) == e- t / 2Tg(x, y, t), the above becomes

(
2 18

2 1) ,., (\7s - 2~ +~ 9 x, y, t) == -8(x) 8(y) 8(t).
c di 4c T

(4.5.5)

By letting z == ict, k2 == 1/4c2T
2

, the left-hand side of (5) is similar to the
left-hand side of the Helmholtz equation

( 2 8
2 2)\7S+&z2+k ¢(x,y,Z) =0. (4.5.6)
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Since the homogeneous solution to (6) is of the form e±ikr[r , where r =
Jx2 + y2 + z2, a possible homogeneous solution to (5) is (for p =I- 0, ct =I- 0)

g(x,y,t) = [Ae-2~TJp2_c2t2 +Be2~TJp2_c2t2]/Jp2_c2t2, (4.5.7)

where p == Jx2 + y2. However, the solution to (5) must be real valued, since
(5) is an equation in the time domain. Note that this can be obtained by
taking either the real part or the imaginary part of (7), since either of these
is still a solution to (5). Hence, after taking the imaginary part of (7) and
requiring that the solution be zero for ct < p to satisfy causality, we find
that' A = B and that they have to be pure-real. Consequently, a possible
real-valued solution to (5) is given by

Therefore,

0, ct < p,

g(x, y, t) = cosh C~T Jc2t2 - p2)
2A , ct > p.

jc2t2 _ p2

(4.5.8)

(4.5.9)
cosh ( Jc2t2 - p2 /2CT)

g(x, y, t) == H(ct - p)2A ,
Jc2t2 - p2

where H(t) is the Heaviside step function. Next, A can be obtained by sub­
stituting (9) into (5) and matching the singularities on both sides of Equation
(5) (see Exercise 4.13). By doing so, we find that A == c/41r. Consequently,

cosh ( J c2t2 - p2 /2CT)
g(x, y, t) == cH(ct - p)e- t

/
2r

. (4.5.10)
27r Jc2t2 - p2

Notice that the above reduces to the Cagniard-de Hoop solution [see Equation
(4.2.15)] when T --+ 00 for the loss less case. Moreover, only an axisymmetric
solution is considered in (7) because the source in (5) is axially symmetric.
Even though the an latn derivative of (7) is also a solution to (5), they are
not considered because these solutions give rise to higher order singularities
at the origin.

§§4.5.2 Direct Field in a Lossy Medium-Three-Dimensional Case
The lossy wave equation in three dimensions is

(

2 1 82
1 8)

V' - 2"-82 - -2 -8 g(x, y, z, t) = -b(x) b(y) b(z) b(t),
etc T t

(4.5.11)

h n2 - {)2 {)2 {)2 L' ( ) _ -t/2T "( ) .w ere v -"!)2 +~ +!.)2. etting 9 x, y, z , t - e 9 x, y, Z, t , we arrive
uX uy uZ

at

( 18
2 1)

V'2 - 2-a2 + -42 2 g(x~ y. z, t) = -b(x) b(y) b(z) b(t).
etc T

(4.5.12)
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But the previous equation can be reduced to two dimensions by letting

00

g(x, y, z, t) = ~ Jdkzeikzzg(X, y, kz, t),
21i"

-00

and

-00

As a result, (12) becomes

( 2 1 a2
1 2) ,.,"Vs - c2 at2 + 4C2T2 - k z g(x,y, k z , t) = -8(x) 8(y) 8(t).

(4.5.13a)

(4.5.13b)

(4.5.14)

Now, if we compare the above with (5), it is apparent that a possible homo­
geneous solution to (14) for p -1= 0 and ct -1= 0 is

A iJ 1 -k2 ( 2_c2t2)1/2g(x,y,kz,t) = e ~ % P •
vip2 - c2 t 2

Next, by using (13), a homogeneous solution to (12) is then

00

A J 'k' vi 1 2 (2 2 2) 1/2"(x z t) == dk e't z;z+'t ~-kz P -c t
9 ,y" 2 J 2 2 2 Z

1i" P -ct
-00

00 . .vi 1 2 (2 2 2) 1/2

= _~~ Jdk
z

e
t k

•
z
+

t
~-k. p -c t .

21f'l,ct act J_1- - k2
-00 4c2r2 z

On invoking the identity (4.2.1), we then have

g"' (x y z t) = _~~HO(l) (_1_Jr2 - c2t 2 )
, , , 2ict act 2CT '

(4.5.15)

(4.5.16)

(4.5.17)

where r == Jp2 + Z2 .

The above yields only one homogeneous solution of (12), but (12) should
have two linearly independent homogeneous solutions. By taking a linear
combination of the homogeneous solution as in (7), it is easy to show that
the other linearly independent homogeneous solution is obtained by replacing
the Hankel function in (17) with a Bessel function. Consequently, the most
general homogeneous solution to (12) is

g(x, y, z, t) = :t ~t [AI H6 1
) (2~T Jr2

- c2t2
) + B'Jo(2~T Jr2

- c2t2
) ] .

(4.5.18)
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However, g(x, y, Z, t) has to be real valued because (12) is a time domain
equation. Furthermore, the real or the imaginary part of (18) is still a solution
to (12). Therefore, by taking the imaginary part of (18) and demanding that
it should be zero for ct < r to satisfy causality, we conclude that A' == 0, and
B' is pure-real. Consequently, we have

f) { 0,
§(x,y,z,t) = :toct trt; (_1_Jc2t2 -r2 ) ,

2CT

ct < r.

ct > r,
(4.5.19)

Notice that in (18), when ct > r , the arguments of Jo and Hci 1
) are pure

imaginary. Therefore, they can be replaced by the modified Bessel functions
10 and K o (Abramowitz and Stegun 1965, reference for Chapter 3). As a
result,

B' a ( 1 )g(x,y,z,t)==--a H(ct-r)Io -Jc2 t2-r2 .
ct ct 2CT

(4.5.20)

B' can be found by substituting (20) into (12) and matching the singularities
on both sides of the equation. Alternatively, it can be determined by requiring
(20) to reduce to (4.2.26) when T -t (X) for the lossless case. Hence, B' == c/41f.
Consequently,

e-
t
/

2T a ( 1 )g(x,y,z,t)==---a H(ct-r)Io -Jc2 t2-r2 .
4nt ct 2CT

(4.5.21)

Note that we have derived the transient solution in a two-dimensional
lossy medium in Equation (7) by using the solution of the Helmholtz wave
equation in three dimensions. Analogously, we could have derived (21) using
the solutions of the Helmholtz wave equation in four dimensions instead of
using the above procedure. In fact, it can be shown that solutions of the
Helmholtz wave equation in four dimensions are expressible in terms of Bessel
functions. Using them will lead directly to (21) (see Exercise 4.14).

§4.6 Finite-Difference Method

The methods discussed in the previous sections allow one to derive the
transient solution in a layered medium of the type discussed in Chapters 2 and
3. 1-'0 obtain the transient solution of the wave equation for a more general,
inhomogeneous medium, a numerical rnethocl has to be used. The finite­
difference method, a numerical method, is particularly suitable for solving
transient problems. Moreover, it is quite versatile, and given the present
computer technology, it has been used with great success in solving many
practical problems.

In the finite-difference method, continuous space-time is replaced with
a discrete space-time. Then, in the discrete space-time, partial differential
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equations are replaced with difference equations. These difference equations
are readily implemented on a digital computer. Furthermore, an iterative
scheme can be implemented without having to solve large matrices, resulting
in a great savings in computer time. More recently, the development of
parallel processor architectures in computers has also further enhanced the
efficiency of the finite-difference scheme. This method is also described in
numerous works (see, for example, Potter 1973; Richtmeyer and Morton 1967;
Ames 1977; Taflove 1988).

§§4.6.1 The Finite-Difference Approximation

Consider first a scalar wave equation of the form

(4.6.1)

Then, the time derivative can be approximated in many ways. For example,

Forward difference:

Backward difference:

Central difference:

a¢(r, t) ¢(r, t + ~t) - ¢(r, t)--- = --------
at Dat

a¢(r, t) ¢(r, t) - ¢(r, t - Dat)
at Dat

a¢(r, t) _ ¢(r, t + =¥) - ¢(r, t - =¥)
at - ~t

(4.6.2a)

(4.6.2b)

(4.6.2c)

where Dat is a small number. Of the three methods of approximating the
time derivative, the central-difference scheme is the best approximation, as is
evident in Figure 4.6.1. The errors in the forward and backward differences
are O(Dat) (first-order error) while the central-difference approximation has
an error O[(Dat)2] (second-order error). This can be easily illustrated by
Taylor series expanding the right-hand side of (2) (Exercise 4.15; also see
Abramowitz and Stegun 1965, reference for Chapter 3).

Consequently, using the central-difference formula twice, we arrive at

~¢(r t) = !!.- [¢(r, t + =¥) - ¢(r, t - =¥)]
at2 'at ~t

¢(r, t + ~t) - 2¢(r, t) + ¢(r, t - ~t)
= (Dat )2 (4.6.3)

Next, if the function ¢(r, t) is put on discrete time steps on the t axis, such
that ¢(r, t) = ¢(r,lDat) = ¢l(r), where 1 is an integer, Equation (3) then
becomes

(4.6.4)
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ep(t) True SJope--~ _
..........--.+---- Approximate

Slope

L....--._--.J.....__--.L.-_--'-- - __p t

t+6

(a) FORWARD DIFFERENCE

4>(t) True Slope--~ _

.......-~---.......-----Approximate

Slope

t - 6 t t

(b) BACKWARD DIFFERENCE

<P ( t) True Slope------4II......

..........t-----Approx irna te
Slope

t-6t/2 t t+6t/2

(c) CENTRAL DIFFERENCE

Figure 4.6.1 Different finite-difference approximations.

With this notation, Equation (1) becomes a time-stepping formula,
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(4.6.5)

Therefore, given the knowledge of ¢(r, t) at t == l~t and t == (l - l)~t, one
can deduce ¢(r, t) at t == (l + l)~t. In other words, given the initial values
of ¢(r, t) at, for example, t == 0 and t == 6t, ¢(r, t) can be deduced for all
subsequent times, provided that the time-stepping formula is stable.

At this point, the right-hand side of (5) involves the space derivatives.
There exist a plethora of ways to approximate the right-hand side of (5)
numerically, examples of which are the finite-element method, Galerkin's
method, the rnethod of weighted residuals, the point-matching method (also
known as the method of collocation), and the finite-difference method. Here,
we shall illustrate the use of the finite-difference approximation for the right-



238 TRANSIENTS

hand side of (5). Before proceeding further, note that the space derivatives
on the right-hand side in Cartesian coordinates are

/l(r)\7 · /l-l(r)\7¢(r) = /l:x/l-1:x¢ + /l:y/l-1 :y¢ + u :Z/l-l :z¢. (4.6.6)

Then, one can approximate

:z¢(x,y,z) = ~z [¢ (x,y,Z + ~z) - ¢(x,y,Z _ ~z)] ,

using central differencing. Consequently,

(4.6.7)

() -1 o 1 {-1 (/ ~z)8z/l 8z ¢(x, y, z) = (flz)2 /l z + 2 ¢(x, y, z + flz)

- [/l-1 (z + ~z) + /l-1 (z - ~z) ] ¢(x, y, z)

/l-1 (z - ~z) ¢(x, y, z - flZ)}. (4.6.8)

Furthermore, after letting ¢(x, y, z) = ¢m,n,p, J-L(x, y, z) = J-Lm,n,p, on a dis­
cretized grid point at x = nusu; y = n~y, z = p~z, we have

() -1 o 1 [-1
8z /l 8z ¢(x, y, z) = (flz)2 /lm.n.p+ ~ ¢m.n.p+1

- (J.l:1np+l + J.l:1np_l) ¢m,n,p + J.l:1np_l¢m,n,p-l]. (4.6.9)
"2 "2 " 2

With similar approximations to the other terms in (6), Equation (5) be­
comes

¢l+l _ (~t)2 2 {I [-1 ¢l
m,n,p - Cm,n,pJ.lm,n,p (~X)2 J.lm+~,n,p m+1,n,p

_(-1 + -1 )q} + -1 ¢l ]J-Lm+l n p J.lm-l n p m,n,p J.lm-l n p m-l,n,p
2' , 2' , 2' ,

+ (D.~)2 [/l:~n+~,p¢~.n+1.p - (/l:~n+~,p + /l:~n-~,p) ¢~,n.p + /l:~n_~.p¢~,n-1,p]

+ (fl1Z)2 [/l:~n,p+~¢~,n,p+1 - (/l:~n,p+~ + /l:~n.p-~) ¢~.n.p

+ /l:~n.p-~ ¢~.n,p-1] } + 2¢~.n.p - ¢~,~,p. (4.6.10)

The above can be readily implemented on a computer for time stepping. No­
tice however, that the use of central differencing results in the evaluation of
medium property J-L at half grid points. This is inconvenient, as the introduc­
tion of half grid points increases computer memory requirements. Hence, it
is customary to approximate

1
/lm+~,n,p :::: 2" (/lm+1.n.p + /lm.n.p), (4.6.11a)
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(4.6.11b)

and so on. Moreover, it is easy to show that the errors in the above approx­
imations are of second order by Taylor series expansions, if J-l is a smooth
function of space (Exercise 4.24).

For a homogeneous medium, with ~x == ~y == 6z == 6s, (10) becomes

4>;;;,~,p = (~:) 2 c
2 [4>~n+l,n,p + 4>~1l-1,n,p + 4>~,n+l,p + 4>~,n-l,p + 4>~,n,p+l

+ c/J~n,n,p-l - 6¢~,n,p] + 2c/J~,n,p - c/J~,~,p. (4.6.12)

Notice then that with the central-difference approximation, the value of c/J~,~,p

is dependent only on ¢~n,n,p' and its nearest neighbors, ¢~±l,n,p, ¢~,n±l,p,

¢~,n,p±l' and ¢~,~,p' Moreover, in the finite-difference scheme outlined above,
no matrix inversion is required at each time step. Such a scheme is also
known as an explicit scheme. The use of an explicit scheme is a major advan­
tage of the finite-difference method compared to the finite-element method.
Consequently, in order to update N grid points using (10) or (12), O(N)
multiplications are required for each time step. In comparison, O(N3) mul­
tiplications are required to invert an N x N full matrix, e.g., in the method
of moments (Chapter 5).

§§4.6.2 Stability Analysis

The implementation of the finite-difference scheme does not always lead
to a stable scheme. Hence, in order for the solution to converge, the time­
stepping scherne must at least be stable. Consequently, it is useful to find the
condition under which a numerical finite-difference scheme is stable. To do
this, one performs the von Neumann stability analysis (von Neumann 1943)
on Equation (12).

As shown in Chapter 2, any wave can be expanded in terms of a spectrum
of plane waves. So if a scheme is not stable for a plane wave, it would not be
stable for any wave. Consequently, to perform the stability analysis, we let

¢(x, y, z, t) == A(t)eikxx+ikyY+ikzz,

which denotes a plane wave. In discretized form, it is just

Using (13a), it is easy to show that

¢~+l,n,p - 2¢~,n,p + ¢~n-l,n,p == 2[cos(kx~s) - l]¢~,n,p

. 2 (kx6S) l== -4 SIn -2- ¢m,n,p'

(4.6.13)

(4.6.13a)

(4.6.14)
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Furthermore, one can assume that
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(4.6.15)

For the solution (13a) to be stable, the requirement is for Igi ~ 1. Then,
using (14) and (15) in (12), and repeating (14) for the nand p variables, one
obtains

( ) 2 [ ( ) ( )
~t . kx~s . kLls

(g - 2 + g-l)¢~,n,p = -4 t::.s c
2

8m
2 -2- + 8m

2 T
. 2 (kz~s)] A,l+ SIn -- \fJmnp2 ' ,

4 2 2 A,l
==- rS\fJmnp,, ,

where

(4.6.16)

r = (~~) C,
. (kx~s) . (k ~s) . (kz~S)

S2 == sln
2 -2- + 8m

2 T + 8m
2 -2- .

(4.6.16a)

Equation (16) implies that, for nonzero <P~)n,p,

g2 _ 2g + 4r 2s2g + 1 == 0,

or that

But if
r2s2 < 1,

the second term in (18) is pure imaginary, and

Ig/ 2 == (1- 2r2s2)2 +4r2s2(1-r2s2) == 1,

(4.6.17)

(4.6.18)

(4.6.19)

(4.6.20)

or stability is ensured. Since S2 ~ 3 for all kx , ky , and k z , from (19), one
concludes that the general condition for stability is

1
r<v'3' or

~S
~t< M.

cy3
(4.6.21 )

(4.6.22)

It is clear from the above analysis that for an n-dimensional problem,

~s
~t< r;;'

Cyn

One may ponder on the meaning of this inequality further: but it is only
natural that the time step ~t has to be bounded from above. Otherwise, one
arrives at the ridiculous notion that the time step can be arbitrarily large thus
violating causality. Moreover, if the grid points of the finite-difference scheme
are regarded as a simple cubic lattice, then the distance ~s/Vii is also the
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distance between the closest lattice planes through the simple cubic lattice.
Notice that the time for the wave to travel between these two lattice planes
is t::.s/(cyTi). Consequently, the stability criterion (22) implies that the time
step 6.t has to be less than the shortest travel time for the wave between
the lattice planes in order to satisfy causality. In other words, if the wave
is time-stepped ahead of the time on the right-hand side of (22), instability
ensues. The above is also known as the CFL (Courant, Friedrichs, and Lewy
1928) stability criterion. It could be easily modified for ~x =I 6.y =I ~z (see
Exercise 4.16).

We can also ascertain how the computation time of a finite-difference
scheme grows as the number of unknowns. Consider a box of N grid points
on each side used to represent a region. Then, the total number of grid points
is N" where n is the dimension of the box. Since at each time step, one has to
calculate (12) for all the grid points in the box, the number of multiplications
needed is proportional to N" at each time step. Moreover, to reach the
solution at t = T, the total number of time steps is equal to T / D.t. From (22),
1/ bt.t is proportional to 1/~s = N / L where L is the length of the side of the
box. Therefore, the total time steps needed to reach T is proportional to N,
and consequently, the total number of computations required is proportional
to Nn+l. Next, we define M = N"; where M is the total number of grid points
in the box; then the total number of computations required is proportional
to M(n+l)/n. Hence, this ascertains how the computation time grows with the
number of grid points in different dimensions n. For example, to arrive at the
solution at time T, the number of computations is proportional to M 2 in one
dimension, M3/2 in two dimensions, and M 4/3 in three dimensions, where M
is the number of grid points which is proportional to N",

If the wave equation is lossy, for instance, due to conductive losses, then
Equation (1) is modified accordingly to become

1 82 8
c2 at2¢(r, t) + JU' at¢(r, t) = IJ.'V '1J.-1'V¢(r, t). (4.6.23)

Using a central-differencing scheme for the above, it follows that the CFL
stability criterion still holds true (Exercise 4.17; also see Richtmeyer and
Morton 1967).

When propagation effects or the displacement currents are ignored in
(23), it becomes

a
JU' at ¢(r, t) = IJ.'V . 1J.-1'V¢(r, t). (4.6.24)

The above is also known as the diffusion equation-the same equation that
governs heat flow. But now, if a central-difference scheme is used for time
and the same scheme is also used for space (the central-difference in time
here is also known as leapfrogging), then the time-stepping formula that re­
sults is always unstable (see Exercise 4.18). On the other hand, if forward
difference in time and central difference in space are used (also known as the
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Euler scheme), the scheme is stable if (see Potter 1973)

A J.l(j~S2
ut< .

2n

TRANSIENTS

(4.6.25)

The time T = ua bt.s2In is just the diffusion time for the field to diffuse from
one lattice plane to another lattice plane. Stability requires that the time
step be no larger than half this diffusion time.

A simple analysis of the Euler scheme shows that the number of compu­
tations grows as M(n+2)/n, where M is the total number of grid points and n
is the dimension of the problem. Hence, the computational effort in solving
the diffusion equation grows faster than that in solving the wave equation.
The reason being that Equation (25) implies that bt.t is very small when D.s
is small. One way to surmount this inefficiency in the Euler scheme is to use
an implicit scheme known as the Crank-Nicholson (1947) method to solve
(24) (see Exercise 4.18).

An alternative way of making the diffusion equation stable is to add a
wavelike term to (24), resulting in

(4.6.26)

(4.6.27)

Now, when a central-difference scheme is applied to the above equation, the
CFL stability criterion is always satisfied. Therefore, the above equation
becomes unconditionally stable for all ~t (Exercise 4.19). If, however, ~t

is made too large, the purpose is defeated because the diffusion equation
changes into a wavelike equation, thereby altering the physics of the problem.
This is especially true at an early time, when the propagation effect is more
important. This method of stabilizing the diffusion equation is also known
as the DuFort-Frankel (1953) scheme.

§§4.6.3 Grid-Dispersion Error
When a finite-difference scheme is stable, it still may not produce good

results because of the errors in the scheme. Hence, it is useful to ascertain
the errors in terms of the size of the grid and the time step. An easy error
to analyze is the grid-dispersion error. In a homogeneous, dispersionless
medium, all plane waves propagate with the same phase velocity. However,
in the finite-difference approximation, all plane waves will not propagate at
the same velocity. As a consequence, a pulse in the time domain, which
is a linear superposition of plane waves, will be distorted if the dispersion
introduced by the finite-difference scheme is intolerable.

To ascertain the grid-dispersion error, we assume that A l = e-iwl~t in
(13a). In this case, the left-hand side of (16) becomes

(e - iw~t _ 2 + e+iw~t) ¢l. = -4 sin 2 (w~t) ¢l .
m,n,p 2 m,n,p
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Then, from Equation (16), it follows that

( w~ t )
SIn -2- = rs,

243

(4.6.28)

where rand 8 are given in (16a). Now, Equation (28) governs the relationship
between wand kx , ky, and k, in the finite-difference scheme, and hence, is a
dispersion relation. But if a medium is homogeneous, it is well known that
(1) has a plane-wave solution of the type given by (13) where

(4.6.29)

Equation (28) departs from Equation (29) as a consequence of the finite­
difference approximation. This departure gives rise to errors, which are the
consequence of grid dispersion. For example, for a constant c, (29) states
that the phase velocities of plane waves of different wavelengths are the same.
However, this is not true for (28), as shall be shown.

Assuming s small, (28) can be written as

w~t r 38 3

-- = sin- 1 rs ~ rs + --.
2 6

(4.6.30)

(4.6.31 )

When !:J.s is small, using the small argument approximation for the sine
function, one obtains from (16a)

68 2 2 2 1/2 [ 6s2
(k~ + k~ + k;)]

s ~ 2(kx + ky + kz ) 1 - 24 k2 k2 k2 .
x + y + z

Equation (30) then becomes

w6t 68 2 2 2 1/2 [ 682 k~ + k~ + k; r
26 82

2 2 2 ]
-2- ~ r 2 (kx + ky + kz ) 1 - 24 k2 k2 k2 + 2",1(kx + ky + kz ) •

x + y + z

(4.6.32)
Since r = c6tl~s, on comparing (32) with (29), we note that they differ by
a factor of

(4.6.32a)

This implies that the phase velocities for different plane waves are different.
Moreover, since kx , ky , and k, are proportional to 21r1A, this error is propor­
tional to (68IA)2. Hence, waves with shorter wavelengths would suffer more
errors compared to waves with longer wavelengths. In addition, when kx , ky ,

and k, are written in terms of direction cosines, the error is also dependent
on the direction of the plane wave. The reason is that since the grid points
are rectilinear, and not spherically symmetric, they have preferred directions
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for the wave to propagate in. Hence, to reduce the grid dispersion error, it is
necessary to have

( ~S ) 2T «1. (4.6.33)

For a wave with frequency content at w, the wavelength is related to k
via

W 21r J- = - = k2 + k2 + k2
C A x y z : (4.6.34)

Consequently, in order for the finite-difference scheme to propagate this fre­
quency content accurately, the grid size must be much less than this wave­
length. Furthermore, ~t must be chosen so that the CFL stability criterion
is met. Hence, the rule of thumb is to choose about 10 to 20 grid points per
wavelength.

§§4.6.4 The Yee Algorithm

The Vee algorithm (Yee 1966) is specially designed to solve vector elec­
tromagnetic field problems on a rectilinear grid. To derive it, Maxwell's
equations are first written in Cartesian coordinates:

(4.6.35a)

(4.6.35b)

(4.6.35c)

(4.6.35d)

(4.6.35e)

(4.6.35f)

After denoting f(n~x,m~y,p~z, l~t) = f~,n,p, and replacing derivatives
with central finite-differences in accordance with Figure 4.6.2, (35a) becomes

_1 [Bl+~ _ Bl-~ ] __1 [E l _ E l ]
~t x,m,n+~,p+~ xlm,n+~,p+~ - ~z y,m,n+~,p+l y,m,n+~,p

1 [ l l]-- E 1 -E 1.
~y z,rn"n+l,p+'2 z,m,n,p+'2

(4.6.36)

Moreover, the above can be repeated for (35b) and (35c). Notice that in
Figure 4.6.2, the electric field is always assigned to the edge center of a cube,
whereas the magnetic field is always assigned to the face center of a cube.
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Ey
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(i, j, k) r,

Figure 4.6.2 The assignment of fields on a grid in the Vee algorithm.

In fact, after multiplying (36) by ~zb.y, (36) is also the approximation
of the integral forms of Maxwell's equations when applied at a face of a cube.
By doing so, the left-hand side of (36) becomes

[
L+.!. l_l]

(~ybaz/6.t) B, 2 1 I- B 2 1 1,
X,1n,n+ 2" ,p+ 2" x,m,n+ 2" ,p+ 2"

which is the time variation of the total flux through an elemental area b.y~z.

Moreover, by summing this flux on the six faces of the cube shown in Figure
4.6.2, and using the right-hand side of (36) and its equivalent, it can be
shown that the magnetic flux adds up to zero. Hence, \7 . B == 0 condition is
satisfied within the numerical approximations of Vee's algorithm. Therefore,
only two of the three finite-difference approximations of (35a) to (35c) are
truly independent (Exercise 4.20).

Furthermore, a similar approximation of (35d) leads to

_1 [D l _ D l - 1 ] __1 [Hl-~ _Hl-~ ]
1 . 1 - 1 1 1 1bat x,m+ 2,n,p x,m+ 2,n,p 6.y z,m+ Z,n+ 2,p z,m+ 2,n- Z'p

1 [ L_1 l_l] l_l_-H2 1 I-H21 1- J 21·
b.z y,n~+2,n,p+Z y,rn+2",n,p-2 x,m+ 2,n,p

(4.6.37)

Also, similar approximations apply for (35e) and (35f). In addition, the above
has an interpretation sirnilar to (36) if one thinks in terms of a cube that is
shifted by half a grid point in each direction. Hence, the approximations of
(35d) to (35f) are consistent with the approximation of it '\7 . D = - \7 . J
(see Exercise 4.21). Again, if J is known in (35d) to (35f), then only two of
the three equations are truly independent. This fact, together with the fact
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that (36) satisfies V . B = 0, can be used to eliminate two of the six field
components to economize on storage in the computer memory. In the above,
D = tE and B = J-lH. Since the magnetic field and the electric field are
assigned on staggered grids, J-l and e may have to be assigned on staggered
grids. This does not usually lead to serious problems if the grid size is small.
Alternatively, (11) can be used to remove this problem.

By eliminating the E or the H field from the Vee algorithm, it can be
shown that the Vee algorithm is equivalent to finite differencing the vector
wave equation directly. Hence, the Vee algorithm is also constrained by the
CFL stability criterion (see Exercise 4.22).

(4.7.1)[a 1 a]- - -- ¢(x,t) = o.ax cat

The above is also known as the advective equation, whose solution can be
easily shown to be f(x + ct), a left traveling wave. Hence, if we impose the
condition (1) on a wave normally incident on the plane surface, the wave
will not be reflected. Consequently, an absorbing boundary condition for a

§4.7 Absorbing Boundary Conditions

In a finite-difference scheme, the grid that contains the points for finite
differencing has to be of finite extent due to the finite size of computer mem­
ory and resource. For example, the finite-difference grid may lie in a box. In
order to generate solutions that are unique, boundary conditions have to be
imposed on the surface of this box. But in many applications, the media are
of infinite extent. In this case, imposing boundary conditions on the surface
of the box may give rise to reflections that are not reflective of the actual
physical situation. Consequently, to simulate an infinite geometry, absorb­
ing boundary conditions are imposed at the surface of the box to diminish
these reflections. The use of absorbing boundary conditions reduces computer
memory requirements since the size of the box can be made smaller.

An early viscous absorbing boundary condition was described by Lysmer
and Kuhlemeyer (1969). We shall describe a few popular schemes below.

§§4.7.1 Engquist-Majda Absorbing Boundary Condition
This absorbing boundary condition was discussed by Clayton and Eng­

quist (1977), Engquist and Majda (1977, 1979), Mur (1981), and Wagatha
(1983). As shown in Chapter 2, an arbitrary wave can be expanded in terms
of a spectrum of plane waves. Hence, absorbing boundary conditions can be
derived first for plane waves of arbitrary incidence. If the absorbing boundary
condition is made such that it is independent of the angle of incidence and
wavelength of the plane wave, then it could be used for an arbitrary wave.

If a plane wave is normally incident on a plane surface, and the surface
is perfectly absorbing, there will be no reflected wave. Next, notice that an
equation that has a wave solution traveling only in the negative x direction
is
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normally incident wave is

8 I 18 I-a<jJ(x, t) .. == --a¢(x, t) .
X x=() C t x=O

One way to approximate the above is

1 1 ~x (/+1 I)
cP1 - cPo == c~t ¢O - ¢o '
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(4.7.2)

(4.7.3)

that is, using forward differencing for both space and time. Consequently,

l+l _ ,+,l ( _ C6.t) c6.t ,+,l
cPo - \flO 1 6.x + 6.x \f'l . (4.7.4)

Now, if 0 is the grid point at x = 0, the above boundary condition allows us
to find ¢b for all I. Note that if 6.x/c6.t = 1, the above is just ¢~+1 = ¢i, a
simple formula denoting that the wave at 0 at time step i + 1 is just the wave
at 1 at time step 1. In other words, the wave just shifts over one grid point
to the left for each time step. Finally, one can show the above to be stable
for c6.t/6.x S 1, which is also a causality requirement (see Exercise 4.23).

Another way to impose (1) to second-order accuracy is to impose (1) at
x = ~6.x. Then, at x = ~~x and t = (1l + ~) ~t,

~<jJ(x, t)1 ~ _1_ [<jJ~+t _ <jJ~+t] ,
ax x=~6:r ~x

1 a ( )I 1 [n+ 1 n]--¢ x, t 1. ~ - ¢l -' ¢l .
c at x=z6x c~t 2 2

(4.7.5a)

(4.7.5b)

In this manner, the finite-difference approximation is accurate to the second
order. But since the values at the half grid points and half time steps are not
available, it is expedient to approxirnate

,+,n+~ ~~(,+,n+1+,+,n)
1f'11L - 2 If'm. If'rn ,

.i» ~ 1 (,+,1l + »» )
\fI1n+ ~ - "2 ~P1n+1 ~rn'

(4.7.6a)

(4.7.6b)

The above approximation is also second-order accurate if ¢(x, t) is a smooth
function. This can be shown easily by Taylor series expansion (Exercise 4.24).
Consequently, using (6) in (5) and (1), one obtains

(4.7.7)

Equation (7) allows one to update ¢(x = 0) at a new time step given the
knowledge of ¢(x = 0) at a previous time step, and the knowledge of ¢(x =
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t1x) at the old and the new time steps. Moreover, it can be shown to be
unconditionally stable (Exercise 4.23).

The above boundary condition is correct only for a plane wave at normal
incidence. Hence, the wave will still be reflected for an obliquely incident
wave. Therefore, an absorbing boundary condition for which obliquely inci­
dent waves are also absorbed is needed.

For a plane wave at oblique incidence and traveling to the left, the equa­
tion that it satisfies in the frequency domain is

d - -
dx¢(r, w) + ikx(w)¢(r, w) = 0, (4.7.8)

where we have assumed e-U.Jt time dependence, and kx = Jw2 / c2 - k~ - k; .

When the wave is close to normal incidence, then C
2/w2(k; + k;) « 1, and

we can approximate

(4.7.9)

The above is also known as the paraxial approximation. On substituting (9)
into (8) and multiplying the resultant equation throughout by iw, we have

(4.7.10)

Then, after rewriting the above in the time domain by replacing iw with
-a/8t, iky with a/By and ik; with a/8z, one derives

(4.7.11)

Note that if \7;¢ = (::2 + :z~)¢ = 0, then the above is just the time derivative
of (1). Therefore, the finite-difference approximation of the above is related
to the time derivative of (3), i.e.,

~ (l _ l ) _ t1x ~ ( l+l _ l ) _ box Cf;2 l
at ¢l,n,p ¢O,n,p - cbot at ¢o,n,p ¢o,n,p 2 s¢O,n,pl

(4.7.12)

where f;; is the finite-difference approximation of \7; == 82/8y2 + 82
/ 8z 2

.

Moreover, by approximating the time derivative once more, one obtains

~l ~l ~l-l ~l-l ~x (~l+l 2~l ~l-l )
¥ll,n,p - ¥lO,n,p - ¥ll,n,p + ¥lO,n,p == ct1t ¥lO,n,p - ¥lO,n,p + ¥lO,n,p

- t1t~x C~2S¢Ol n v: (4.7.13)
2 ' ,
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Therefore,

1+1 I ( e6.t) e6.t I i-1 (e~t ) i-I
¢O,n,p = ¢O,n,p 2 - ~x + ~x (¢l,n,p - ¢l,n,p) + ~x - 1 ¢O,n,p

+ c2(~t)2 f;2A,i . (4 7 4)
2 s 'PO,n,p . .1

The above can be used as an absorbing boundary condition to deduce the
field on the surface of the box for all time. Note that if the wave is at normal
incidence, then ~; == 0, and (14) can be deduced from (4). Moreover, the
finite-difference approximation of (11), which is accurate to the second order,
has also been derived by Mur (1981).

§§4.7.2 Lindman Absorbing Boundary Condition
The paraxial approximation of (8) breaks down when the angle of inci­

dence is too large. In the Lindman absorbing boundary condition (Lindman
1975; Randall 1988), a better approximation is made for kx in (8) and (9).
Since kx = ~ cos 8, Equation (8) can be rewritten as

[
1 d W]--l)-d +i- ¢(r,w) ==0.

cos 0 x e
(4.7.15)

The above is only exactly valid for a plane wave incident at angle 8; however,
we can approximate [cos 8]-1 with a rational expression as

AI . 2
1 ~ Q rn SIn 8
--~1+~
cos () 1 - 13m sin2 ()

771=1

(4.7.16)

where Q rn and 13m are constants yet to be determined. Since sin2
() = (eky / W)2

(assume k, == 0) for each plane wave, (15) can be written as

where

[
d .] M2W - -

dx + --;;- ¢(r,w) = - 2: hm

r11=1

(4.7.17)

D:rn C
2k; d-

hm = 2 f3 2k2 -d¢(r, w). (4.7.18)
W - me y x

Consequently, Equation (17), when converted to the time and spatial domain
representation, yields

[8 18] M
8x - ~ 8t ¢(r, t) = - L hm(r, t).

rn=l

(4.7.19)

(4.7.20)

Moreover, Equation (18) can be multiplied by w2 - 13me2k~ and converted to
the time and spatial domain, resulting in

82 82 83

8t2hm(r, t) - f3m c28y2 hm(r, t) = cxmc28y28x ¢(r, t).



250 TRANSIENTS

Notice that hm(r, t) is now independent of O. Furthermore, Equations (19)
and (20) can be approximated by a finite-difference scheme and solved in
tandem near a boundary (Exercise 4.25).

It has been found that with M = 3, this absorbing boundary condition
gives a reflection coefficient of less than 1% for angles of incidence less than
89°. Here, am and f3m are chosen in (16) such that the reflected wave is
minimized for angles of incidence less than 89°. They are given in Table
4.3.1.

Table 4.3.1. Coefficients am and (3m

m= 1 m=2 m=3

am 0.3264 0.1272 0.0309

f3m 0.7375 0.98384 0.9996472

The above absorbing boundary condition is valid for propagating plane
waves. Similar absorbing boundary conditions can be derived for evanescent
waves if there exists a preponderance of evanescent waves in a spectrum
(Lindman 1975).

§§4.7.3 Bayliss-Thrkel Absorbing Boundary Condition
An alternative absorbing boundary condition written in the spherical co­

ordinates is the Bayliss-Turkel absorbing boundary condition (Bayliss and
Turkel 1980; Bayliss, Gunzburger, and Turkel 1982). In this absorbing bound­
ary condition, it is assumed that the wave has the form

¢(r,t) =~ fi(ct - r,e,¢)
L-t rl,
i=1

(4.7.21)

in the vicinity of the box boundary. Notice that the above representation is
intuitively obvious since the far field from a source can be expanded in terms
of spherical harmonics.

On defining an operator

(4.7.22)

we can show that
L/i(ct-r,e,¢) =0. (4.7.23)

rl,

Hence, if we apply £1 to (21), it will annihilate the first term in (21) and
convert the other terms to higher order terms, namely,

L
A-.( ) =~ (1- i)fi(et - r,e,¢)

10/ r, t Z:: r i +1 .

i=2

(4.7.24)
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Consequently, L1¢(r, t) r-v 0(1'-3). Similarly, it can be shown that L3L1¢(r , t)
r-v 0(1'-5) and so on. Then, on defining

we have

1 (8 18 2l - 1)
Bi; = II ar + ~ at + -1'- .

l=m

Furthermore, it is easy to show that

Hence, a boundary condition

(4.7.25a)

(4. 7.25b)

(4.7.26)

(4.7.27)

(4.7.28)

can be used as an absorbing boundary condition. It is good up to 0(1/1'2rn +1) .

In particular, if we assume that m == 2 explicitly, the boundary condition is

(
8 18 3)(8 18 1)-+--+- -+--+- ¢(r,t)

81' c Di r 81' c at T

(
a2 2 82 4 a 1 fJ2 4 8 3 )

== 82+-88 +--8 +2-82+--8 +2" ¢(r,t) ==0.r crt T r C t rc t r
(4.7.29)

This boundary condition is increasingly difficult to implement when m be­
comes large. Notice that the 82 / 81'2 term may be removed by using the fact
that ¢(r, t) is a solution to the wave equation in spherical coordinates, con­
verting it into 82/ {)()2 and 82/8¢2 derivatives. By doing so, the boundary
condition is easier to implement because it involves only first derivatives in
1'. In this case, the values on the boundary can be deduced from the values
at grid points in the immediate neighborhood of the boundary (see Exercise
4.26).

§§4.7.4 Liao's Absorbing Boundary Condition

The Liao's absorbing boundary condition is based on the work of Liao,
Wong, Yang, and Yuan (1984). Its advantage is its ease in implementation
even at the corners of a box. This boundary condition is derived as follows.

A plane-wave solution to the wave equation in the time domain can be
written as u(ct - x cos 0) where the direction of the plane wave makes an
angle 0 with the x axis. Moreover, an arbitrary wave can be approximated
by a summation of plane waves with different angles. Therefore,

(4.7.30)
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But if ¢(x, t) represents only a single plane wave, then ¢(x, t + ~t) = ¢(x ­
c~t / cos (), t), which is a primitive absorbing boundary condition to update
the boundary point at x with the interior point if the angle of the wave () is
known. Motivated by this fact, we can write

¢(x, t + ~t) = L udc(t + ~t) - xcosOd
i

= L iuict + c~t - x cos Oi + actsi COSOi - O'.c~t COSOi)
i

=L Ui[ct - (x - O'.c~t) cos 0i + c~t (1 - 0'. cos Oi)]
i

where

'T]i = ct - (x - QC~t) cos ()i,

Ei = c~t (1 - Q cos ()i).

(4.7.31)

(4.7.32a)

(4.7.32b)

The above is useless at this point unless we can express u, ('T]i + Ei), which are
the values at the boundary point, in terms of Ui('T]i -lEi), I ~ 0, which are the
values at the interior points. Note that if only one plane-wave component
exists, Q can be chosen to equal 1/cos (), rendering E = 0, and this problem
disappears. But in general, a spectrum of plane waves exists for which an
absorbing boundary condition is needed.

To this end, we define a difference operator

Then,

~U('T] + E) = u('T] + E) - u('T]). (4.7.33)

~mu('T] + E) = ~m-lu('T] + E) - ~m-lu(1J), m > 0,

and ~o = 1. Using this relationship, it can be shown that (see Exercise 4.27)

N

u(ry + f) = L ~m-lu(ry) + ~Nu(ry + f).
m=l

(4.7.34)

(4.7.35)

The above equation is just the finite-difference analogue of the N-th order
Taylor series expansion. Note that in the limit when E --+ 0, we have

dN

6 Nu(ry + f) '" fN dryN u(ry).

Therefore, for small E, the last term in (34) is of order EN and can be neglected.
As a result,

N

u(ry + f) ~ L ~m-lU(ry).

m=l

(4.7.36)
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On defining a shifting operator Z such that Zu( 7]) == u( 17 - E), the differ­
ence operator becomes

~u(r7) == (I - Z)u(7]),
~rn-1u(17) == (I - z)rn-1 u (7] ),

where I is the identity operator. Then,

(4.7.37a)

(4.7.37b)

N N

u(r/ + E) = L b.m-1U(1/) = L(I - z)m-1 u(1]) = Z-l [I - (I - Z)NJ u(1])
rn=l rn=l

N N

= L(-lF+lCfZi-1U(1]) = L(-1)i+1Cfu[1]- (j -1)10],
j=l )=1 (4.7.38)

where Cf' == N!/[j!(N - j)!]. Note that in the above, u(7] + E) is interpolated
from u[7] - (j - l)E]. Now, using (38) in (31), we have

N

<jJ(x, t + b.t) =L( -1)i+ 1Cf L U;[1/; - (j - l)EiJ,
)=1

With the definition of 7]i and Ei given by (32), one obtains

7]i - (j - l)Ei == crt - (j - l)~t] - (x - jQC~t) cos (}i

and
L U;[1]i - (j - l)Ei] = <jJ[x - jo:cb.t, t - (j - l)b.t].

Consequently, (39) beCOITleS

N

<jJ(x, t + b.t) = L( -IF+ 1Cf <jJ[x - jo:cb.t, t - (j - l)b.t].
j=l

(4.7.39)

(4.7.40)

(4.7.41)

(4.7.42)

The above is now an absorbing boundary condition expressing ¢(x, t + ~t),

where x is the boundary point, in terms of the values of ¢ at interior points
on the x axis and at previous time steps (see Figure 4.7.1). Note that a is
arbitrary at this point. Since a multiplies c in the above, we do not need to
know the velocity c accurately to apply this absorbing boundary condition.
In fact, it can be shown that this absorbing boundary condition holds even
when the waves have different intrinsic velocities (Exercise 4.27). For all
practical purposes, Q can be chosen to be 1 in (42).

Note that when Q == 1, E == 0 in (32) for a normally incident wave. More­
over, f. becomes larger for larger angles of incident. Hence, the interpolation
scheme in (42) is exact for a normally incident wave, and corrects for an
obliquely incident wave via (36).
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Figure 4.7.1 Implementation of the Liao's absorbing boundary con­
dition. Dots are points needed by Equation (42) (with Q = 1), while
crosses are the finite-difference grid.

Equation (42) expresses the boundary point values at x in terms of interior
point values at x - jc~t (for Q = 1), but these points need not lie on the grid
points. An interpolation scheme is further needed to infer the values required
in (42) from the values available on the grid points. For example, it is easily
shown via a quadratic interpolation that (see Exercise 4.28)

(2 - s)(l - s) s(s - 1)
<jJ(x - c/si, t) = 2 <jJ~(x) + s(2 - s)<jJ~(x) + 2 <jJ~(x),

(4.7.43)
where

¢r;(x) =¢[x - (i - l)~x, t - (m - l)~t],

s = c~t / bt.x.

(4.7.44a)

(4.7.44b)

Here, ¢i(x) are values available on the finite-difference grid only. Alterna­
tively, Equation (43) can be expressed as

¢(x - ctxt, t) = T 1
• ~5(x), (4.7.45)
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where

255

T 1 == [(2 - s)(1 - s) (2 _ ) s(s - 1)]
2 ,s s, 2 '

(4.7.46a)

<!'1(x) == [¢i(x), ¢~(x), ¢1(x)J
t

. (4.7.46b)

The subscript 3 in ~~(x) indicates that it is a three-component vector. The
superscript 1 indicates that it corresponds to m == 1 in (44a). Similarly,

¢(x - 2c~t, t - ~t) == ¢(x - c6t - c/si, t - 6t)

= (2 - s)(l - s)¢i(x _ c.6t) + s(2 - s)¢~(x - c.6t)
2

s(s - 1) ,;,.2 ( ~ )+ 2 If/3 X - c t

== T 1
. [¢i(x - c6t), ¢~(x - c~t), ¢5(x - c~t)Jt

== T 1
. q>5(x - c~t). (4.7.47)

Since

¢i(x - c~t) == T 1
. <P5(x), (4.7.48a)

cP~(x - c~t) == <t>i(x - ~x - c6t) == T 1
. q,5(x - ~x), (4.7.48b)

cP5(X - c~t) = cf>i(x - 2~x - c6t) == T 1
. <P5(x - 2~x), (4.7.48c)

where ~~(x) = [cPI(x), ¢~(x), ¢~ (x)]t, q,~ (x - ~x) = [¢~(x), ¢~(x), ¢~(x)]t, and
~~(x-26x) == [¢~(x),¢~(x),¢g(x)]t, we can write the (48) as (Exercise 4.28)

<P5(x - c6t) == [~1 ~1 ~]. q,~(x), (4.7.49)
o 0 TI

where
<P~(x) == [¢i (x), ¢~ (x), ¢~ (x), ¢~ (x), ¢~ (x) ] t .

Consequently, from (47) and (49), one obtains

¢(x-2c~t,t-~t)=TI.[~1 ~1 ~] .q>~(X)==T2.q,~(X).
o 0 T 1

After applying this idea recursively, one obtains

¢(x - [c/si: t - (j - 1)6t) = Tj . <P~j+l(X),

where

[

Tj-l 0 0]
Tj == T 1 . 0 Tj-l ~

o 0 TJ-I

is a row vector of length 2j + 1, and

4l~j+l(x) = [¢((x) , ¢~(x), . " '¢~j+l (x)r.

(4.7.50)

(4.7.51)

(4.7.52)

(4.7.53)

(4.7.54)
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In this manner, the absorbing boundary condition (42) becomes

N

¢>(x, t + ~t) =I) -l)j+lCfT j · cJ!~j+l (x).
j=l

(4.7.55)

Notice that it is now expressed in terms of interior grid points at previous
time steps.

Absorbing boundary conditions are fervently studied by a number of sci­
entists (e.g. see Fang and Mei 1988) because of their potential in reducing
the requirements for computer storage and computer time.

Exercises for Chapter 4

4.1 Show that for the Fourier transform of a causal function, the real part
and the imaginary part are just the Hibert transforms of each other.

4.2 The Hilbert transform of a function f(t) is

00

g(t) = .!.P.V. Jdt' f(t') ·
1r t' - t

-00

(a) Show that
00

1 J e
iwt

isgn(w) = -P.V. dt-.
1r t

-00

Therefore, i sgn(w) can be thought of as the Fourier transform of the
function ~P.V.t. Then, the Hilbert transform of a function f(t) is
the convolution of f(t) with -~P.V.t, or

g(t) = f(t) * ( -~p.v.~) .
(b) From the above, show that

g(w) = -isgn(w)f(w).

Therefore, to obtain the Fourier transform g(w) of the function g(t),
which is the Hilbert transform of f(t), one must only multiply f(w)
with -i sgn(w) to engender an appropriate 90° phase shift to f(w) for
w > 0 and w < o.

4.3 (a) Show that
00

1 J e-
iwt

-isgn(t) = -P.V. dw-.
1r W

-oc
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Hence, the Hilbert transform of f (w), which is the convolution of
f(w) with -~P.V,~, is equivalent to multiplying f(t) by isgn(t) in
the time domain.

(b) Show that (4.1.8) is equivalent to

f/(t) - f(oo) b(t) == isgn(t)E"(t),

and (4.1.9) is equivalent to

f"(t) == -i sgn(t)[E/(t) - E(oo) b(t)),

where
00

E'(t) = ~ Jdwe-iwtE/(W),
21f

-ex::;

00

E" (t) = ~ Jdw e-iwtE"(w).
21f

-00

(c) Show from the above that

E( t) - f ( 00 ) b(t) == f/ (t) + ie"(t) - E( (0) b(t)

== i[sgn(t)f"(t) + E"(t)] == 0, t < O.

Hence, E( t) - E( (0) b(t) is causal if E" (w) and E' (w) are related as in
(4.1.8) and (4.1.9).

4.4 When a medium is active, the singularities in (4.1.10) may be above the
real axis. Show that in order for causality not to be violated, the Fourier
inversion contour would have to be above all the singularities. When
t -f 00, what are the salient features of the solution expressed by (4.1.13)
when the rnedium is active?

4.5 Show that the real-t axis in Equation (4.2.10) maps to Pi, and PL which
form a hyperbola on the cornplex s, plane.

4.6 A fictitious, uniforrn current is turned on at t == 0 on the wire of length
l and turned off cornpletely on the wire at t == T. Find the time duration
at p == a over which the observed field is nonzero (see figure).

4.7 Show that Jordan's lemma and Cauchy's theorem permit the transfor­
mation frorn (4.2.20) to (4.2.21).

4.8 Since a line source is a linear superposition of point sources, integrate
(4.2.26) over a line source (i.e., convolve it with a line source) to obtain
(4.2.15).

4.9 By using Cauchy's theorem and Jordan's lemma, show that (4.2.45a)
transforms to (4.2.46).
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t --a

Figure for Exercise 4.6

4.10 A horizontal electric dipole is pointing in the x direction. It is located at
a distance d above a lossless, dispersionless half-space. Assuming that the
lower half-space is optically less dense than the upper half-space where the
dipole is located, use the Cagniard-de Hoop method to find the transient
reponse of the x component of the dipole by doing the following:

(a) Find the integral representation for the x component of the dipole
field in Cartesian coordinates. Show that there is no pole at kx == iky .

(b) Perform a coordinate rotation to simplify the integral.

(c) Find the P contour on the complex Sx plane which is the mapping of
the real-t axis for the direct field term and the reflected field term.

(d) Go through the necessary procedure that gives the time domain so­
lution for the direct field term and the reflected field term in terms
of a single integral.

4.11 Assuming that d, == Y == 0, find the Cagniard-de Hoop solution to
(4.3.3) in the time domain.

4.12 (a) By writing (4.4.11) as

() - 2~ J 1F t - --~m ds I z [( )2 2 2]1/2'
1r t-SlzZ -SpP

C

where C is the image of the segment of the real Taxis, 81 r < T < t
on the complex SIz plane, show that F(t) reduces to (4.2.25) after
performing the integral in closed form. The relationship between T

and 8Iz is given by (4.4.7).

(b) Use the method in Section 4.4 to derive the transient response of a
vertical electric dipole on top of a half-space.



EXERCISES FOR CHAPTEH 4

4.13 When T ~ 00, (4.5.9) reduces to

A 2AH(et - p)
g(x\ y, t) == .

, v/e2t2 - p2

(a) By substituting g(x, y, t) into (4.5.5) with T -7 00, i.e.,

259

where \7; == ~ gpp gp, show that the left-hand side of the above reduces
to

A 8(ct - p) "fCf=-p
-2 P (ct+p)3/2'

(b) The last expression in (a) is only nonzero if p == 0 and t == O. Other­
wise, it is identically zero everywhere else. By rewriting it as

1· 2 18(et - p) Jet - p + 0:
nn-j ,

0-40 P (et + p + 0:)3/2

show that

oo (X)

I J Jet - p+ ex
-2Al.im dp dt8(ct- p)( )3/2

0-40 et + p + ex
o -:xJ

00

. va J 1 2A== -2A lim - dp == --.
0--0 c (2p + ex)3/2 e

o

(c) Hence, one concludes that

-')A 8(ct - p)~
~ p(et + p)3/2

2A8(t)8(p)
c p

or that the above functions are distributionally equivalent (see Ap­
pendix C for further discussions). By comparing the above with the
right-hand side of (4.5.5), deduce that A == e/41r.

(d) Give an argument for why ..4 cannot be a function of T. Hence, A
derived above is also valid for T -# O.

4.14 The Green's function satisfies (\7'2 + k 2 )g(r ) == -8(r). In three dimen­
sions, the Green's function is ci J..: r/ 41rr . Using this fact, show that in four
dimensions (i.e., \72 == 3 2 /oxf + 8 2

/ ax~ + (]2 / ax~ + 82
/ ax~), the Green's

function g(r) is related to a Hankel function.
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Hint: Fourier transform the four-dimensional equation to reduce it to
three dimensions, which has a closed-form solution. Then, the four­
dimensional Green's function is expressible in terms of a Fourier integral,
which can be related to a Hankel function.

4.15 (a) Using Taylor series expansions, show that the forward and back­
ward difference approximations give rise to errors O(~t), while the
central-difference approximation has an error O(~t2).

(b) Can you design a differencing scheme such that the error is O[(~t)4]

for a¢ (r, t) / at?

4.16 How would the stability criterion (4.6.22) be changed if ~x i- ~y i­
~z?

4.17 Show that the lossy wave Equation (4.6.23) has the same stability cri­
terion as the lossless wave equation.

4.18 The diffusion equation is

2 a
\l ¢(r, t) - J.La at ¢(r, t) = O.

(a) Show that if we use central-difference approximation in time and
space, the finite-difference scheme is always unstable.

(b) Show that if the Euler scheme is employed where forward difference
is used in time, but central difference is used in space, then the finite­
difference scheme is conditionally stable, and that the condition is
given by (4.6.25).

(c) An unconditionally stable scheme, known as the Crank-Nicholson im­
plicit method, can be used to solve the diffusion equation. This is
obtained by averaging the space derivative over time in the Euler
scheme. In one dimension, the diffusion equation then becomes

~l+l ~l _ ~t [~l+l ~l 2(~l+1 ~l) ~l+l ~l ]
'+'m - '+'m - 2(~x)2J.La '+'m+l + '+'m+l - '+'m + '+'m + '+'m-l + '+'rn-l .

This is not an explicit equation for time-stepping. Describe how you
would use this equation to time-step forward in time.

(d) By using a Fourier mode in the above, show that the Crank-Nicholson
method is unconditionally stable.

4.19 Show that Equation (4.6.26) is unconditionally stable.

4.20 The Vee algorithm conserves flux, i.e.,

JdSh·B =0.
s

(a) Show that the B flux is conserved from the finite-difference approxi­
mations of (4.6.35a) to (4.6.35c).
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(b) With this knowledge, B, could be derived from B; and By instead of
time stepping (4.6.35c). Derive a relationship between Bz , Bx , and
By in the Vee algorithm.

4.21 Show that (4.6.37) and its equivalences for (4.6.35e) and (4.6.35f) imply
the same approximation for (a/at) \7 . D == - \7 . J.

4.22 In a homogeneous medium, the magnetic field satisfies

(
1 8

2
)

\72 - c2 [)t 2 H(r, t) = O.

(a) Using central differencing, derive a finite-difference approximation of
the above wave equation in three dimensions.

(b) By eliminating the E field from the approximations of (4.6.35a) to
(4.6.35f) in the Vee algorithm, show that the finite-difference approx­
imation of H; derived in (a) is also derivable from the Vee algorithm.

(c) Therefore, derive a stability criterion for the Vee algorithm.

4.23 (a) By substituting a Fourier mode in (4.7.4) as in the von Neumann
stability analysis, show that it is stable when cbatj bax :S 1.

(b) By similar analysis, show that (4.7.7) is always stable.

4.24 Using Taylor series expansions, show that (4.6.11a) and (4.7.6) are sec­
ond-order accurate for smooth functions of x and t.

4.25 Using central differencing, derive a finite-difference approximation of
the Lindman absorbing boundary condition.

4.26 (a) Use the wave equation to eliminate the 82 jar2 derivatives in the
second-order Bayliss-Turkel absorbing boundary condition given in
(4.7.29) and derive a boundary condition that involves only ajar.

(b) Explain how you would implement this absorbing boundary condition
in spherical coordinates.

4.27 (a) Derive Equation (4.7.34).

(b) Some waves like elastic waves in solids or electromagnetic waves in
anisotropic media have more than one velocity for a given plane wave.
In this case, Equation (4.7.30) may be written as

¢(x, t) = L L Uil(C/t - xcosei ) ,

1

where Cl indicates waves with different velocities. By assuming that
a is al in (4.7.31), derive the equivalence of (4.7.42) for elastic waves.

4.28 (a) Derive the quadratic interpolation formula (4.7.43) and (4.7.47).

(b) Show that tP5(x - c6t) can be written as (4.7.49), and hence, derive
the recursive relation (4.7.52).
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CHAPTER 5

VARIATIONAL METHODS

Variational methods have been used historically to solve many physical
problems. In a variational method, a functional, which has a stationary
property at the exact solution of a physical problem, is first derived. Trial
functions are then used to approximate the solution in order to minimize or
maximize the functional. In this manner, a systematic method can be devel­
oped to find an optimal solution to the physical problem. Such a systematic
way of obtaining an optimal solution is also known as the Rayleigh-Ritz pro­
cedure. Moreover, because of the advent of high-speed digital computers, the
Rayleigh-Ritz procedure can be implemented systematically and efficiently.
In addition, variational methods are also the foundations of the finite-element
method, Galerkin's method, and the method of moments (also known as the
method of weighted residuals). These are numerical methods with marked
impact on our present day science and technology because they can solve
problems which have been previously thought unsolvable.

In this chapter, variational expressions are derived for several physical
wave problems. Furthermore, the finite-elernent method or Galerkin's method
will be shown to follow from applying the Rayleigh-Ritz procedure to obtain
the optimal solution to a variational expression. At this juncture, a proper
understanding of the infinite-dimensional linear vector space is useful. Hence,
the chapter begins with a review of the linear vector space. It is assurned
that the readers possess a basic knowledge of linear algebra.

§5.1 Review of Linear Vector Space
An understanding of the techniques used to solve the related problems

of wave propagations in inhomogeneities varying in more than one dimen­
sion is enhanced by insight into the infinite-dimensional linear vector space.
Hence, we shall present a brief review here. A number of books are available
that contain a more extensive discussion of this topic (e.g., Berberian 1961;
Stakgold 1967, 1979; Mikhlin 1970).

§§5.1.1 Inner Product Spaces
The three-dimensional vector space is a familiar linear vector space. For

instance, if u and v are elements of a linear vector space, then au + f3v is
also an element of the linear vector space embodying the concept of linear­
ity. Moreover, algebraic properties exist for a three-dimensional linear vector
space which are also true for higher-dimensional linear vector spaces. These
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algebraic properties can be summarized as follows: If two vectors u and v are
elements of a linear vector space, then (Exercise 5.1)

u + v = v + u,

u + (v + w) = (u + v) + w.

For two numbers 0: and (3,

(5.1.1a)

(5.1.1b)

o:({3u) = (o:{3)u, (5.1.1c)

(a + (3)u = au + (3u, (5.1.1d)

a(u + v) = au + avo (5.1.1e)

Note that these algebraic properties are the same as those of scalar numbers.

Similarly, many concepts in linear algebra for a finite-dimensional lin­
ear vector space can be extended for an infinite-dimensional linear vector
space. For example, the concept of the inner product is familiar in a finite­
dimensional space. This concept can be extended to an infinite-dimensional
space. The inner product between two vectors whose dimensions are count­
ably infinite is

00

ft. g = ~figi'
i=l

(5.1.2)

Only vectors whose "energies," rt · f, are finite are considered here. More­
over, the inner product (2) could be extended to two infinite-dimensional vec­
tors whose indices are a continuum and uncountably infinite. For example,
the function f(x), defined over a < x < b, can be considered an infinite­
dimensional vector whose index x is a continuum. Hence, f(x) is also called
a vector. Moreover, when the vector f(x) is used to describe the state of an
equation or a system, it is also called a state vector (see Merzbacher 1970).
By a straightforward extension of (2), the inner product between vectors f(x)
and g(x) over the domain a < x < b can be defined as

b

(J,g) = Jdxf(x)g(x).

a

(5.1.3)

The "energy" rt· f or (I, I) is a real number if f and 1(x) are real vectors
and real functions respectively. But when f and f(x) are complex, it is
customary to define the inner product in (2) as

00

and that in (3) as

ft · g = ~ ft gi
i=l

(r,g) = l b

dxr(x)g(x).

(5.1.4)

(5.1.5)
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The bracket notation (f*, g) is often used to denote the inner product between
two vectors, regardless of whether their indices are countably or uncountably
infinite. In some books, a complex conjugate now shown explicitly in (5) is
implicitly implied in all inner products. In this book, however, it is more
convenient to denote a complex conjugate explicitly when it is needed in an
inner product, because the inner product (3) is used in electromagnetics to
denote the reaction between two field quantities (Rumsey 1954).

A linear vector space with an inner product defined as (5) is also known as
an inner product space. [Other definitions of inner products are also possible
(see Axelsson and Barker 1984).] The norm of a vector can be defined as

II f II == (f*, f) ~ , (5.1.6)

which is always a positive number. This is also known as the L 2 norm.
Moreover, a linear vector space with a defined norm is also known as a norm
space. The distance between two vectors can be defined as

d(f,g) == Ilf - gil, (5.1.7)

which is always nonzero if f :f. g. Here, d(f, g) is the metric of the inner
product space. A space with a defined metric is also known as a metric
space.

An inner product space which is complete is called a Hilbert space be­
cause it was extensively studied by Hilbert. A space is complete if it has no
"holes" in it. For example, the set of rational numbers is not complete over
the real number line because there are irrational numbers on the real number
line that leave "holes" which cannot be filled in by the rational numbers.
However, the union of the sets of rational and irrational numbers is complete
over the real number line because there are no "holes" left. This concept of
completeness can be extended to higher-dimensional linear vector spaces.

A complete Hilbert space with an inner product defined in (5) and a
norm defined in (6) is also known as the L2 space. It is the space of square
integrable functions in the interval a to b. This space includes functions with
step discontinuities but not the Dirac delta function.

Equations (2) and (3) are similar in concept except that (2) is a discrete
summation, while (3) consists of a continuous summation. If (2) or (3) is
implemented on a computer, however, the infinite summation in (2) will have
to be truncated somewhere, and (3) must be discretized. For example, (2)
would become

while (3) becomes

N

ft. g ~ '2:figi,
i=l

N

(J, g) = L 6.x f(i6.x) g(i6x).
i=l

(5.1.8)

(5.1.9)
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Hence, in numerical implementations, they are quite similar.

§§5.1.2 Linear Operators
The extension of the matrix concept in a finite-dimensional linear vector

space to an infinite-dimensional linear vector space allows us to write

a! G(x, x') f(x') dx' = h(x).

o

The above is just the extension of the concept

N

L GijIJ = hi,
j=l

(5.1.10)

(5.1.11)

where Gij is a matrix element. Either (10) or (11) can be written symbolically
as

9f == h. (5.1.12)

9 is known varyingly as a transformation, a mapping, or an operator. In the
case of (10), 9 is an integral operator.

Similarly, a linear differential equation

can be written as

[d~2 + k2(X)] f(x) = h(x), a < x < b

Vf = h,

(5.1.13)

(5.1.14)

where V is the differential operator. Moreover, Equations (13) and (10) can
be paralleled by writing (13) as

b! dx'8(x' - x) [d~~2 + k2(X')] f(x') = h(x).
a

Note that the above is the analogue of

N

L 8ijDijIJ = hi.
j=l

(5.1.15)

(5.1.16)

Now, by comparing (15) and (16) with (10) and (11), we note that a differ­
ential operator is diagonal in nature: A differential operator is local while
an integral operator is global. In other words, a differential operator relates
x and x' that are close together, while an integral operator relates x and x'
that are close by as well as far apart.
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A function f maps the number x into the number f (x). The set of
numbers x for which f is defined is known as the domain of the function f.
The set of numbers f (x) generated by f for x in the domain is known as the
range of the function f. On the other hand, an operator maps a vector from
one space to a vector in another space. In a similar manner, the set of vectors
on which an operator 9 operates is known as the domain of the operator g.
Then, the set of vectors into which 9 maps, i.e., the resultant vectors after 9
operates on all possible vectors in its domain, is known as the range of the
operator.

A number 9 is a functional of a function f if 9 is a number that depends
on l- For example, 9 == (h, f) and 9 == (f, f) are both functionals of f·
Moreover, a functional g(f) is linear if ag1 + /3g2 == g(afl + /3f2), provided
that g1 == g(f1) and 92 == g(f2)' Note that a functional is a mapping from
a vector space to a scalar space (Exercise 5.2). It can be proven that all
bounded linear functionals of !, where I E Hand H is a Hilbert space,
can be written as (hi, f), where h, E H also. This follows from the Riesz
representation theorem (see Stakgold 1967, 1979).

§§5.1.3 Basis Functions
A function f (z ), defined in an interval 0 < x < a, may be expanded in

terms of a complete set of functions {fn(x)}, namely,
00

(5.1.17)
n=l

A set {fn (x)} is complete over an interval 0 < x < a if the expansion (17)
exists when its left-hand side is an arbitrary, square integrable function! in
the same interval. Then the set {fn(x)} forms a basis in the function space,
or the set {fn(x)} spans the Hilbert space. Moreover, a Hilbert space is
separable if it is spanned by a countably infinite basis set. Furthermore,
if fn(x) is orthogonal so that (In, fm) == 0 when n =1= m, then fn can be
normalized so that it is orthonormal, that is,

(5.1.18)

Consequently, from (17), and using the orthonormality property of fn' one
obtains

(5.1.19)

and (17) could be rewritten as

(5.1.20)
n=l

a

1 A function f(x) is square integrable over the interval 0 < x < a if Jdx If(x)1 2 < 00. In
o

this case, f(x) is in £2 space which is a Hilbert space. The set {fn(x)} spans the £2
space.
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If fn(x) is not orthogonal, however, then finding the inner product of (17)
with fm(x), we have

00

Urn, f} = L Urn, fn}an-
n=l

(5.1.21)

After defining Bmn
form

(fm, In), em = (1m, I), the above equation is of the

00

ern = LBrnnan,
n=l

(5.1.22)

where Bm n = Bn m . An iterative method may be used to solve (22) for an.

Yet another way to find an is to truncate the sum in (22) and solve (22) as a
finite-dimensional matrix equation.

If gn(x) forms a complete and orthonormal set, then f(x) can be expanded
as

00 00

f(x) = L bn9n(X) = L U, 9n}9n(X).
n=l n=l

(5.1.23)

But gn(x) can be expanded in terms of fm(x) if fm(x) is orthonormal yielding

00

9n(X) = L (9n, frn)frn(x).
m=l

Therefore, (23) becomes

n,m

Then, on comparing (20) and (25), we deduce formally that

n

(5.1.24)

(5.1.25)

(5.1.26)

is an identity operator. In other words, it can always be inserted in an inner
product and the value of the inner product will remain unchanged (Exercise
5.3). For example, if 9n is orthonormal and complete, then

(5.1.27)
n

Moreover, a similar statement applies to fn. Equation (26) is also the sum
of the outer product between the orthonormal vectors. Hence, the sum of
the outer product of a complete set of orthonormal vectors forms an identity
operator.
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If f is expanded in terms of fn as in (20), then an equivalent representa­
tion of the vector f is the numbers an, n = 1,2,3, ... , 00 in (17) in a space
spanned by fn(x) or, equivalently, the numbers bn, n = 1,2,3, ... , 00 in (23)
in a space spanned by gn(x). Moreover, these two bases are related by (24)
via a matrix (gn, 1m). This is analogous to the representation of a vector in
a three-dimensional space. For instance, a vector A can be written as

A == xA x + yAy + iA z == x' AXI + y' Ayl + i ' AZI. (5.1.28)

Here, (x', y', i ') is related to (i:, y, i) via a coordinate-transformation matrix.
Moreover, the two representations of A are completely equivalent. Further­
more, the above could be written analogous to (20) or (23) as

3 3

A = L O,JLj . A = L 0,;0,;. A, (5.1.29)
i=l i=l

where the a, or a~ are orthogonal unit vectors.

Just as it is convenient to write a vector A without explicitly displaying
its constituent components or how it is represented, it is also convenient to
adopt a similar notation for a vector f (x). A vector f (x) can then be denoted
analogous to A as f) (or simply f), and its transpose as (f (or simply ft).
Equations (20) and (23) then becorne

00 00

(5.1.30)
n=l n=l

analogous to (29). Since the representation of the vector f(x) is comparable
to explicitly stating its constituent components at each position x, one may
define an orthonormal coordinate vector x) such that" (x, I) = f(x) (see
Merzbacher 1970; Sakurai 1985). Hence, f(x) is also called the coordinate­
space representation of the vector f).

Assuming that x) is complete and orthonormal for 0 < x < a, analogous
to (30), we can write

a

f) = Jdx' x')(x', f), (5.1.31)

o
where (x', f) = f(x') is the component of the vector f) at position x'. Note
that an integral in (31) replaces the summation in (30) because x) is contin­
uously indexed. On finding the inner product of (31) with x, we have

a

(x, f) = f(x) =Jdx' (x, x')f(x'), 0 < X < a.

o

(5.1.32)

2 This notation, often used by physicists, can be confusing, for one may think that f(x)
is a linear functional of x. But Xl) + X2) =I (Xl + X2)), and hence, f(XI + X2) =I
f(XI) + f(X2)' It will be less confusing to think of x) as some Px) which has the
property that (Px, f) = f(x). For the perplexed readers, x) could be replaced with Px)
for clarity.
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Therefore,
(x, x') = 8(x - x').
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(5.1.33)

(5.1.34)

The above is just the orthonormality condition similar to (18) for a con­
tinuously indexed vector. Hence, the coordinate-space representation of the
coordinate vector x') is 8(x - x').

Analogous to (26), we have
a

I =Jdxx)(x,
o

which is an identity operator. It can be inserted into an inner product, leaving
its value unchanged. For example, inserting this into an inner product (f, g),
we have

a a

(f,g) =Jdx(f,x)(x,g) =Jdxf(x)g(x). (5.1.35)

o 0

The left-hand side of (35) is the inner product between two vectors whose
representation is not explicit. The right-hand side of (35) is the explicit
representation of this inner product in coordinate space. Alternatively, we
can insert (26) into (f, g) to obtain

(5.1.36)

(5.1.37)

n

The above is closely related to the Parseval's theorem, as we shall show next.

§§5.1.4 Parseval's Theorem
Note that the right-hand side of (36) is the explicit representation of the

inner product between two vectors f and 9 in the space spanned by the basis
vector gn). On comparing (35) and (36), we notice that the inner product
(f, g) has different explicit representations for different basis vectors. In fact,
Parseval's theorem can be derived easily using (35) and (36).

For example, if

A. n1rX
9n(x) = - Sln--, n = 1,2,3,4, ... ,00,

a a

then gn(x) is orthonormal and complete in the domain 0 < x < a. Then, we
can write

g(x) = f(gn,g} ~ sin mrx, 0 < x < a, (5.1.38)
V~ a

n=l

where ts«, g) is the Fourier coefficient of the Fourier series. By the same
token, we can write

~ A. nnxf(x) = L...J (gn, f) - SIn-.
a a

n=l

(5.1.39)
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But from (35) and (36), we have

a 00Jdx f(x)g(x) = L(I, gn)(gn, g).
o 71,=1

279

(5.1.40)

The above is just the Parseval's theorem for the Fourier series. Hence, Par­
seval's theorem is just the statement that the inner product between two
vectors is invariant with respect to their representations (Exercise 5.4).

§§5.1.5 Parseval's Theorem for Complex Vectors
It is convenient to define the inner product between two complex vectors

as (f*, g), so that i]", f) ~ defines the length or the norm of a complex vector.
According to this definition, a basis is orthonormal if

(5.1.41)

Consequently, expansions in terms of orthonormal basis will take the form
00

f(x) =L fn(x) (I,:, J)
71,=1

or
00

71,=1

and the identity operator becomes
00

I = L isu:
71,=0

(5.1.42a)

(5.1.42b)

(5.1.43)

It is easy to show, as in (33), that (x*, x') = 8(x - x'). Furthermore, the
identity operator in this case is I = Jdx x)(x*. Moreover, Parseval's theorem
for complex vectors can be similarly derived. For example, if f(x) is defined
over an infinite domain, using Fourier transform, we can write

00

f(x) = vk J dk eik x f(k).
-00

(5.1.44)

Similarly, we can define a coordinate vector x) such that f (x) = (z", f), and
x) is complete and orthonormal. Analogous to the coordinate vector x), we
can define a spectral vector k) which is complete and orthonormal such that
(k*, j) == j(k),3 (k*, k') == 8(k - k'), and I == Jdk k)(k*. Then,

00

f(x) = (x*,J) = J dk(x*,k)(k*,J).

-CX)

(5.1.45)

3 Note again that the vector k) is actually a vector Sk) with the property that (sA:, j) =
j(k).
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Consequently, on comparing (44) and (45), we conclude that

1 'k(x*,k)= fiCe 1 X
• (5.1.46)

v27r

Note that the above is consistent with the idea that (k*, k') = b(k - k')
because

00

(k*, k') = Jdx (k*, x)(x*, k')

-00

00

= 2~ Jei(k'-k)x dx = 6(k' - k).

-00

As a result, Parseval's theorem follows from

(5.1.47)

(j*,g) =Jdx(j*,x)(x*,g) =Jdxj*(x)g(x)

=Jdk(j*,k)(k*,g) =Jdkj*(k)g(k).
(5.1.48)

Moreover, a similar Parseval's theorem can be established for the Fourier
series (see Exercise 5.5).

§§5.1.6 Solutions to Operator Equations-A Preview
A linear operator defined in Equation (10) can be written symbolically

as
Qf)=h). (5.1.49)

If f) is unknown, but h) is known, the above is known as an operator equation.
It is analogous to the matrix equation G . f = h. Then, with a countably
infinite, orthonormal complete set {gn (x)}, or gn), and using the identity
operator defined in (26), we can rewrite (49) as

00

L Qgn)(gn, f) = h).
n=l

On taking the inner product of the above with (wm , one obtains

00

L(Wm,Qgn)(gn,f) = (wm,h).
n=l

(5.1.50)

(5.1.51)

In the above, W m (x) is called the weighting function or the testing junction.
The above is an infinite-dimensional matrix equation. Moreover, note that
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the unknown vector f) is now expanded in terms of gn) but with unknown
coefficients (gn' f). That is,

(5.1.52)
n

Consequently, Equation (51) can be truncated and inverted as a matrix equa­
tion to yield ts-; f). Once (gn' f) is known, f) is found from (52). The matrix
(wm, ggn) is known as the matrix representation of the operator 9 in the
space spanned by wm) and gn)' But for complex vectors where the inner
product is defined as (j*, g), the matrix representation of 9 is defined as
(w:n, Qgn) in the space spanned by wm) and gn)'

The transpose of an operator 9, denoted 9~, is an operator such that

(/,9g) = (g, gt f).

Hence, an operator 9 is symmetric if

(/,9g) = (g,9f)· (5.1.53)

In other words, its transpose is itself. Then, its matrix representation is also
symmetric if W m = gm in (51). The adjoint 4 of an operator g, denoted ga,
is an operator such that ir, 9g) = (g*, ga f) *. An operator 9 is self-adjoint
or Hermitian if

(j*,9g) = (g*,9j)*. (5.1.54)

Consequently, its matrix representation in a complex inner product space is
also Hermitian if W m = gm' Notice that the above definitions are similar to
those for matrix operators (Exercise 5.6).

This method of solving an operator equation like (49) can be extended
to using a nonorthogonal but complete basis set. In this case, we expand the
unknown f) in terms of gn) with the unknown coefficients an as

(5.1.55)
n

Then, after substituting (55) into (49), one obtains

(5.1.56)
n

Moreover, by finding the inner product of the above with (wm , one obtains

(5.1.57)
n

4 Some books do not distinguish between a transpose operator and an adjoint operator.
This distinction is important in electromagnetics because both inner products (/, g) and
(/*,g) are used (see Cairo and Kahan 1965).
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Consequently, an can be solved by inverting a truncated version of the matrix
representation of g. Then, f) can be found from (55). This method of
solving an operator equation is also known as the Petrov- Galerkin's method
(Petrov 1940), the method of weighted residuals (Finlayson and Scriven
1967, and references therein), or the method of moments (Kravchuk 1932,
1936; Kantorovich and Krylov 1958; Harrington 1968).

If instead, W m are chosen to be Dirac delta functions, the above method
is known as the point-matching method (Harrington 1968), or the method
of collocation.' Notice that if 9 is an integral operator, then to find its
matrix representation (wm,ggn) requires two-fold integration, which could
be numerically quite intensive. But the method of collocation allows one of
these integrals to be evaluated in closed form. On the other hand, if 9 is a
differential operator, finding its matrix representation requires only a single
integration (Exercise 5.7). If, however, the method of collocation is used, no
integration is involved.

When the basis sets used are subdomain basis functions," it is known as
the finite-element method.' Sometimes, it may be convenient to find the
inner product of (56) with a same set of functions, thereby deriving

(5.1.58)
n

For example, this yields a symmetric matrix when 9 is a symmetric operator.
This is then known as Galerkin's method (1915).

There is no reason to suppose that (49) has a unique solution. For exam­
ple, if 9 is a differential operator, the solution to (49) is nonunique without
stipulated boundary conditions. In this case, the solution to (57) or (58) will
be nonunique unless 9n (x) satisfies some boundary conditions (Exercise 5.7).

As a result of their versatility, subdomain basis functions are widely used
to approximate functions defined over a complex-shaped domain. Also, be­
cause of their simplicity, many integrals in the matrix representations can be
evaluated in closed forms, avoiding the need for actual numerical integrations.
Furthermore, their use in the finite-element method for solving partial differ­
ential equations yields sparse matrices which are banded. This reduces the
memory and computational requirements of finite-element codes (Axelsson
and Barker 1984).

5 These are all classified as Galerkin-type methods by some authors.

6 A subdomain basis function gn (x) is a function defined only over a subset of the domain
of the functions f (x) on which 9 operates.

7 The finite-element method is sometimes used as a generic name for methods wherein
subdomain basis functions are used. Many books on finite-element method are listed in
the references.
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f(x)

(0) One Dimension

283

II

(b) Two Dimensions

III

Figure 5.1.1 Some subdornain basis functions for piecewise-linear
approximations of a smooth function. (a) A one-dimensional func­
tion can be piecewise-linearly approximated by a linear superposition
of triangular or hat (chapeau) functions. (b) In two dimensions, a
piecewise-linear function can be approximated by pyramidal functions
as in (i), or it can be approximated by the subdomain basis functions
as shown in (ii) and (iii).

Examples of subdornain basis functions are shown in Figure 5.1.1. A one­
dimensional domain is a union of line segments. A two-dimensional domain
can be approximated by a union of triangles, while a three-dimensional do­
main can be approximated by a union of tetrahedrons. Hence, in one dimen­
sion, a smooth function can be approximated by a piecewise-linear function
which in turn is a linear superposition of triangular functions. In two dimen­
sions, a function can be approximated by a piecewise-linear function defined
over a triangle. This in turn can be approximated by a linear superposition
of pyramidal functions as shown in Figure 5.1.1 (b.i). Moreover, a piecewise­
linear function is also a linear superposition of the functions shown in Figure
5.1.1 (b.ii) and (b.iii). Furthermore, this can be generalized to tetrahedrons
in three dimensions.

In addition to linear interpolations between the nodes in the finite-element
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method, more sophisticated quadratic or spline interpolations can be devised
(e.g., see Strang and Fix 1973; Axelsson and Barker 1984; Wait and Mitchell
1985). Moreover, because of their popularity, the matrix representations of
some commonly used operators like the Laplacian \72 are tabulated for such
subdomain basis functions (see Silvester and Ferrari 1983). A whole body of
literature has been written about the finite-element method, some of which
are listed in the references.

§§5.1.7 The Eigenvalue Problem

The eigenvalue problem surfaces when one calculates the resonant or
guided mode of a structure. We shall discuss some salient features of the
eigenvalue problem.

If
(5.1.59)

fi) is known as the eigenvector of g, and Ai is the corresponding eigenvalue.
If 9 is symmetric, however, then eigenvectors corresponding to distinct eigen­
values are orthogonal. For if

(5.1.60)

then by finding the products of (59) with (fj and (60) with (fi, and using the
definition of symmetric operator, one obtains

(5.1.61)

Therefore, if Ai f= Aj, then (fj, fi) == 0 when i f= i, implying mutual orthogo­
nality.

If 9 is Hermitian, however, the eigenvalues are always real, and the eigen­
vectors are orthogonal with a complex inner product. We can show this by
finding the product of (59) with (jj* and (60) with (ft. Then, using the
definition of Hermitian operators, one obtains

(5.1.62)

If i == j, the above implies that Ai == Ai or that Ai is always real. Fur­
thermore, if Ai and Aj are distinct, then v: fi) == 0 implying orthogonality.
Moreover, the eigenvectors of a Hermitian operator form a complete basis,
but the eigenvectors of a symmetric operator may not form a complete basis
(see Exercise 5.8).

In electromagnetics, if a medium is reciprocal and linear, the linear op­
erators representing the vector wave equations are always symmetric (see
Exercise 5.9). Moreover, if the medium is lossless, the operators are also
Hermitian. But if the medium is lossy, the operators are symmetric but not
Hermitian. The symmetric and Hermitian properties of these operators save
computation time in finding the matrix representation of an operator. For
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example, in Equation (57), if we use N basis functions for our matrix repre­
sentation, we need to compute only N(~+l) elements instead of N 2 elements.
The computation of the matrix element (g7n, Qgn) often involves double inte­
grals. Hence, if these integrals cannot be computed in closed form, the com­
putation time needed to compute 's-: Qgn) can be extensive. Consequently,
the time needed to fill the matrix elements of the matrix representation can
be substantial.

§5.2 Variational Expressions for Self-Adjoint Problems

The solutions of the operator equations have been discussed in a cursory
manner in the previous section. Many of the methods previously mentioned,
however, such as the Galerkin's method, rnoment method, and the finite­
element method, can be associated with a variational method. In order to
understand the convergence properties of these methods, it is helpful to study
their variational properties. It can be shown that these methods follow from
the application of the Rayleigh-Ritz" procedure to their corresponding vari­
ational expressions. As discussed previously, operators can be classified as
self-adjoint or non-self-adjoint. The corresponding variational expressions for
these two classes of operators are quite different. Hence, we shall discuss first
the case of the self-adjoint operators. The case of non-self-adjoint operators
shall be considered in the next section. Moreover, this topic is usually dis­
cussed in books on finite-element method listed in the references, and is also
covered in Cairo and Kahan (1965L and Harrington (1968).

§§5.2.1 General Concepts

The derivation of variational expressions for self-adjoint or symmetric
problems can be considered in the context of linear integral or differential
equations. First, consider the operator equation

£f(r) == g(r), (5.2.1)

where E is a linear operator. As mentioned in (5.1.54), £ is self-adjoint if

(5.2.2)

But if the complex conjugate is not used in the inner product, and

(5.2.3)

then [ is symmetric. In the above, the inner product in its coordinate-space
representation is

(5.2.4)

8 Named after Lord Rayleigh, a prodigious English scientist, and Walter Ritz, a Swiss
mathematician.
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Consequently, a variational expression for Equation (1) when £ is self-adjoint
is

1 == (f*,£f) - (f*,g) - (g*,f)· (5.2.5)

Note that 1 is real valued in (5) (see Exercise 5.10). Moreover, it is a nonlinear
functional of f. The stationary point of the functional 1 with respect to
variations in f in an infinite-dimensional space is a solution to (1). To show
this, we take the first variation of (5) about the solution of (1) and show that
indeed 81 == O. So, we let

I == Ie + st, (5.2.6)

where fe is the exact solution to (1). Next, by substituting (6) into (5) and
equating the first-order terms, we have

81 == (f;,£8f) + (8f*,£Ie) - (8f*,g) - (g*,8f)· (5.2.7)

But from the self-adjoint property of L, (f;, £8f) == (8f*, £fe)*' This to­
gether with (1) implies that the right-hand side of (7) equals zero. Therefore,
81 or the first variation of the functional about fe, the exact solution, is zero
implying the stationary property of I about l;

Moreover, if £, is a symmetric operator, then it can be shown that the
corresponding variational expression is

I == (f, £f) - 2(f, g). (5.2.8)

The first variation in I about the exact solution Ie in the above can again be
shown to be zero. Notice that if I is a complex function, then the functional
I need not be real valued in this case.

The advantage of the variational expressions (5) and (8) is that they give
an alternate formulation of the solution to (1). Here, the solution to (1) is
obtained by finding the I such that the first variation of I vanishes with a
first variation of I in either (5) or (8), depending on whether E is self-adjoint
or symmetric. Because of the quadratic nature of expression (5) or (8), it
only has one stationary point. Therefore, if an f that will make I stationary
is found, this f must be the solution to (1).

One may wonder as to where the motivation for the expressions (5) and
(8) has come. from. Act ually, both the variational expressions (5) and (8) are
extensions of the concept of the quadratic expression

I == ax' + bx (5.2.9)

to an infinite-dimensional space. For instance, in a finite-dimensional space,
(5) and (8) correspond to

and

I == at . E· a - at . g - gt . a

t - t -I == a . L . a - 2a . g.

(5.2.10)

(5.2.11)
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Now, if E is Hermitian, then I in (10) is stationary about a.; which is the
solution to the matrix equation

L . a == g. (5.2.12)

But if L is symmetric, then I in (11) is stationary about a.; which is the
solution to (12). Moreover, the stationary point will be a minimum or a
maximum depending on the positive or negative definiteness of E (Exercise
5.11) .

It has been shown that the functional I stated in the above has a second
order error, if the error in f is of the first order. We may not, however,
be directly interested in I. Hence, it may be preferable to derive a varia­
tional expression that relates directly to a measured quantity. For example,
a measured quantity II may be related to f via a linear functional

'U == (h* , f), (5.2.13)

where I is a solution to (1). To fincl a variational expression for u, we define
an auxiliary equation as

[fa == h. (5.2.14)

'I'hen, when L is self-adjoint, a variational expression for u: the measured
quantity, is (Jones 1956)

(f;,g)(h*,f)
ll== .

(f;, Lf)
(5.2.15)

To show that (15) is in fact variational, we cross-multiply (15) and take its
first variation about the exact solution, yielding

u; [(I:e' £8I) + (8I:, LIe)] + 81l Cf;e, LIe)
== (8f; , 9 ) (h * , f e) + (f:e' g) (h* , 8f) , (5.2.16)

where the subscript e denotes exact values of the functions i, fa and the
functional u, By making use of (1), (13), (14), the self-adjointness of L, and
the fact that

(5.2.17)

we can show that ou == O. 'I'his analysis implies that, given rough estimates
of f and fa which depart from the exact solutions by 8f and 8fa respectively,
the error in 1£ estimated via (15) is of higher order. Hence, to obtain a good
estimate of u, we need a good approximation of the solution to the auxiliary
problem in addition to the original problem.

When [ is symmetric but not self-adjoint, an expression corresponding
to Equation (15) becomes

U. ==
(fa,g)(f,h)

(fa, Lf) ,
(5.2.18)
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which can easily be shown to be a variational expression (Exercise 5.12).

§§5.2.2 Rayleigh-Ritz Procedure-Self-Adjoint Problems

Given a variational expression, there exists a systematic way to obtain the
best estimate of I in (5) leading to the solution of (1). This is the Rayleigh­
Ritz procedure. Note that the meaning of the variational expression in (5)
is that when an estimate of 1 with an error of bl is substituted into (5), an
even better estimate of I with a higher order error of order (b1)2 is obtained.
Hence, we can substitute trial functions admissible by E into (5) to obtain a
better estimate of I. {A function 1 is admissible by E if £1 is not singular.)
Another meaning of (5) is that I achieves a stationary value only for the
value of 1 that satisfies Equation (1). This knowledge can be used to develop
a systematic way to obtain an approximate solution to (1).

The trial field can be given N degrees of freedom by expanding it in terms
of N known basis functions. That is, let

(5.2.19)

where In's are known basis functions, and an's are unknowns yet to be deter­
mined. Now, if In is from a complete set, then there exist values of an's which
will form an increasingly good approximation of 1 via (19) when N ~ 00.

Moreover, if the an's are chosen to make I stationary, then in the limit when
N ~ 00, f in (19) approaches the value fe, which is the exact solution to
(1). This is the mark of the Rayleigh-Ritz procedure. It can be placed on a
more systematic ground as follows.

On using (19) in (5), we have

N N N N

I = L L a~,an(J~/,[,fn} - La~(J~,g} - Lan(g*,fn}.
n=l n'=l n=l n=l

The above is the same as

I = at . L.a - 2~e [at. gJ,

where

[L]mn = (f:n, £In),
[g]n = (I:, g),

(5.2.20)

(5.2.21)

(5.2.22)

(5.2.23)

and a is a column vector that contains an's. Since I is quadratic as given by
(21), it has only one stationary point in the space spanned by an's. Then,
the optimal a is the a that will make I in (21) stationary. Hence, around
the optimal values of an's, the first variation of I should vanish. That is, by
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letting a == 80 + ba in (21), where 80 is the optimal 80, and collecting the
first order terms, we have

bJ == bat. Lao + a6 . L . ba - 2Re [bat. g] == o. (5.2.24)

The last equality follows because bJ == 0 for variation about the optimal ao.
Since L is a self-adjoint operator, L is a Hermitian matrix. Therefore, in

order for b1 == 0, one requires

2Re [bat. L . ao] == 2Re [bat. g).

But since bat is arbitrary, one obtains

L· ao == g.

(5.2.25 )

(5.2.26)

Consequently, the optimal value of a to be used in (19) is the solution to
Equation (26). Note that Equation (26) can also be obtained from (1) di­
rectly by applying Galerkin's method described in Section 5.1. However, the
above analysis indicates the link between Galerkin's method and the varia­
tional method. Furthermore, it also shows the underpinning principle behind
Galerkin's method.

By the same token, the Rayleigh-Ritz procedure can also be applied to
Equation (15). In this case, we let

(5.2.27)
n=l

(5.2.28)
m=l

On substituting them into (15), we have

N N
L L s;«, (i:m' g)(h*, in)

1n=1 n=l
U == N N

L L b~Lan (i;m' Lin)
m=l n=l

The above can be written more compactly as

bt·ght·a
U== ,

bt. L· a

(5.2.29)

(5.2.30)

where [g]m == (i:m, g), [h]n == (11:' h), [LJmn == (i:m' Lin), and a and b
are column vectors containing an's and bn's. The optimal values of a and b
are then obtained by requiring that they make (30) stationary. Hence, the
first variation of u due to the first variations of a and b about their optimal
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values, ao and bo, must vanish. Note that both (15) and (30) have only one
stationary point. Hence, by demanding that the optimal values of a and b
in (30) be at a stationary point, f, fa, and u thus obtained will converge to
the exact values when N --t 00.

Consequently, after cross-multiplying (30) and taking its first variation
by letting a = ao + ba and b = bo + bb, we have

t- (t- t-)bu bo . L . ao + Uo bb . L . ao + bo . L . ba

= bb t . gh! · ao + bb .ghl · S«. (5.2.31)

In order for Su = 0 for arbitrary ba and bb so that ao and bo are at the
stationary point of (30), we require that

Uo bb t . L . ao = bb t . gh! . ao,

t - t tUo bo . L .' ba = bo . gh · ba.

But since 6a and 6b are arbitrary, the above implies that

uoL· ao = gh! . ao,

Uo bb .L = b~ . gh t ,

where

(5.2.32a)

(5.2.32b)

(5.2.33a)

(5.2.33b)

b6 .gh! . ao
Uo = t - . (5.2.34)

bo · L· ao

Note that Equation (33a) is actually an eigenvalue problem where uo is the
eigenvalue, and ao is the eigenvector. But the matrix ght, formed by the
outer product of g and h*, has a nullspace of rank N - 1, because there are
N - 1 independent vectors v in an N-dimensional space that are orthogonal
to h that could make gh t . v = O. Consequently, there is only one nontrivial
eigenvalue uo. By inspection, if

L· ao = g,

L· bo = h,

(5.2.35a)

(5.2.35b)

then Equations (33a) and (33b) are satisfied, and bu would be zero. Further­
more, from (34),

uo = h t . ao = b~ · g. (5.2.36)

Therefore, the optimal ao and bo are obtained by solving (35).

Note that in (35), the solutions to the actual problem and the auxiliary
problem are actually decoupled. Consequently, we need only solve one of
the two equations in (35) and obtain uo via (36). Therefore, if we were
to solve (35a), the only involvement with the auxiliary problem is via the
matrix [L]mn = (/:m,Lin). The connection with the auxiliary problem
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seems tenuous at this point. How does the auxiliary problem then play a
role in the convergence of the functional u to its exact value? But note that
the preceding analysis and the analysis in Equation (16) indicate that the
error in u is small only if both the errors in the original and the auxiliary
problems are small. Hence, in computing the matrix L, Jam, the basis function
used for solving the auxiliary problem, should be chosen so that it can best
approximate the solution to the auxiliary equation.

Equations (35a) and (35b) can also be obtained by the direct application
of the method of weighted residuals or method of moments (described in
Section 5.1) to (1) and (14). But the above analysis shows the connection
of (35) with a variational expression and an auxiliary problem. For instance,
in the method of weighted residuals, it is not obvious how the weighting
functions should be chosen. But now the above analysis provides a guideline
for the choice of the expansion and weighting functions.

§§5.2.3 Applications to Scalar Wave Equations

Given a scalar wave equation for an inhomogeneous medium

\7. p(r)\l¢(r) + k2(r )p(r) ¢(r) = s(r),

we can identify the linear operator as

(5.2.37)

(5.2.38)

Moreover, when p and k2 are real, corresponding to a lossless medium, it
can be shown that L is self-adjoint for ¢ satisfying appropriate boundary
conditions, because

(5.2.39a)

and

where the inner product

(1, g) = Jdr f(r)g(r),

v

(5.2.39b)

(5.2.40)

and V is the domain over which Equation (37) is defined.

To show (39a), we use integration by parts, or Gauss' theorem. Then,
the left-hand side of (39a) is just

Jdr4>i(r)V . pV¢2(r) = JdSfl,· ¢i(r)pV4>2(r) - JdrpV¢i(r) . V¢2(r).
v 5 v

(5.2.41)
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If the ¢i'S satisfy either the homogeneous Dirichlet or homogeneous Neumann
boundary condition on S, then the first integral on the right-hand side of (41)
vanishes. With these constraints on ¢l and ¢2, we have

Jdr4>i(r)Y'· pY'4>2(r) = - JdrpY'4>i(r)· Y'4>2(r).
v v

(5.2.42)

Note that the right-hand side of (42) is symmetrical about <Pi and <P2. Clearly,
(39a) is satisfied. Moreover, Equation (39b) follows easily from the definition
of the inner product (40). Hence, E is a self-adjoint operator when operating
on a class of functions satisfying the requisite boundary condition. Conse­
quently, a variational expression for (37), according to Equation (5), is

1= - JdrplY'4>(rW+Jdrk2pl4>(rW-2!Re Jdr4>*(r)s(r).
v v v

(5.2.43)

If p and k2 are complex, however, corresponding to lossy or active media,
then the operator L in (38) is not self-adjoint, but it is still symmetric. In
this case, applying the rule of Equation (8), a variational expression is

1= - Jdrp(Y'4>(r))2 +Jdrk2p4>2(r) - 2Jdr4>(r)s(r).
v v v

(5.2.44)

The expression I in Equation (43) is real valued and can be associated
with the energy of the system. The expression I in Equation (44) cannot be
directly associated with energy because it is a complex number in general.
But since Equations (43) and (44) are variational expressions, we can use the
Rayleigh-Ritz procedure to systematically obtain an approximate solution to
(37) (Exercise 5.13).

Conversely, if the value of interest is the field at a point, then the varia­
tional expression to use is (15). For example, if the value of interest in the
solution to (37) is ¢(r) at r = ra, then the value of interest, according to
Equation (13), is

u = ¢(ra) = ih", ¢(r)), (5.2.45)

where h* = 8(r - ra). Accordingly, from (14), the auxiliary problem is

In accordance with (15), the variational expression for u = J>(ra) is9

¢(ra) Jdr ¢:s
~ v

u = 4>(ro) = _ Jdr pY'4>~ · Y' 4> + Jdr k2p 4>~4>'
v v

(5.2.46)

(5.2.47)

9 We use ¢(ro) to denote the desired value for which the variational expression is written
and ¢( ro) to denote the trial function.
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Hence, given a rough estimate of cPa and ¢, they can be substituted in (47) to

obtain an estimate of ¢(fO), whose error will be of the second order. Moreover,
the Rayleigh-Ritz procedure can be used to find an optimal approximation
to (47) (Exercise 5.13). As previously discussed, the optimal ¢ and cPa in (47)
are obtained by solving (37) and (46) by the method of weighted residuals.
According to (46) then, cPa (r) is the field due to a point source at r == fa,
which is singular at r == fa. Hence, the expansion functions for cPa [which is the
weighting function for solving (37)J should be chosen to closely approximate
the singular field cPa. As a result, a better approximation for u in (47) will
be obtained.

§§5.2.4 Applications to Vector Wave Equations

Given the vector wave equation

(5.2.48)

the linear operator can be identified as

(5.2.49)

If J-L and k2 are real, corresponding to a loss less medium, then it can be
shown that L is self-adjoint with appropriate boundary conditions on E.
Consequently,

and
(Ei(r),11- 1k2E2(r)) == (E;(r),11-1k2 E l (r ))*,

where the inner product is defined as

(A, B) = .I dr A(r) . B(r),

v

and V is the domain over which Equation (48) is defined.

To prove (50a), we use Gauss' theorem and the vector identity

v . (A x B) == B . V' x A - A . V x B

to deduce that

(5.2.50a)

(5.2.50b)

(5.2.51)

JdrEi(r). \7 x 11,-1\7 x E2(r) = - JdSn· [jL-1E i (r ) x \7 x E2(r)]

v s

+ .I dr jL-1\7 x Ei(r) . \7 x E2(r). (5.2.52)
\.1"



294 VARIATIONAL METHODS

Now, if E(r) satisfies the electric wall boundary condition (it x E = 0) or the
magnetic wall boundary condition (it x \7 x E = iWltit x H = 0) on 5, then
the surface integral on the right-hand side of (52) vanishes, and

Jdr Ei(r) · \7 x /1-1\7 x E2(r) =Jdr /1-1\7 x Ei(r) · \7 x E2(r).
v v (5.2.53)

The right-hand side of the above is symmetric about Ei and E2 • Clearly,
(50a) is satisfied. Moreover, (50b) follows from the definition of the inner
product (51). Consequently, a variational expression using Equation (5) is

I =Jdr /1-11\7 x E(rW - Jdr /1-1k2 IE (r W - 2~e [iWJdr E*(r) · J(r)] .
v v v

(5.2.54)

However, if It and k2 are complex, corresponding to lossy or active media,
then the operator E in (47) is not self-adjoint but still symmetric. In this
case, applying the rule of Equation (8), a variational expression is

I = Jdr /1-1[\7 x E(rW - Jdr /1-1k2 [E(rW - 2iwJdr E(r) · J(r).
v v v (5.2.55)

The expression (54) is real and can be related to the energy of the system.
But the expression (55) is complex in general. The inner product

JE·Jdr
v

has the dimension of power; however, it is not related to complex power. It
is the reaction between E and J. Consequently, (55) can be related to the
reaction between the field and the source. Then, the variational expressions
(54) and (55) can be used to obtain an approximate solution to (48) via the
use of the Rayleigh-Ritz procedure.

But if the acomponent of the field at r == ro is the quantity of interest,
then according to Equation (13), it is

u = iL· E(ro) = (h*,E(r)), (5.2.56)

where h" = iL8(r - ro). Then, an auxiliary problem can be defined such that

\l x /-L-l\7 x Ea(r) - /-L-lk2 Ea(r) == a8(r - ro). (5.2.57)

In accordance with Equation (15), a variational expression for u == a.E(ro)
is

iwiL· E(ro) Jdr E~(r) . J(r)

a· E(ro) = Jdr /1-1\7 x E~(r) . \7 x ~(r) + Jdr /1-1k2 E~(r) · E(r)' (5.2.58)
v v
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In Equation (58), with the first order errors in the estimates of E(r) and
Ea(r), the estimate of a.E(ro) will have second order error.

Note that in both (47) and (58)~ when the first order errors are large, the
corresponding second order errors will be large. Hence, in order to obtain a
good estimate of ii-E( ro), good approximations of E( r) and E, (r) are needed.
That is, a good estimate of the solution to the auxiliary equation in (57) is
necessary as well as that of the original equation. The discussion at the end
of Subsection 5.2.3 also applies here.

§5.3 Variational Expressions for Non-Self-Adjoint Problems
Many physical problems are nonsymmetric and non-self-adjoint. Despite

this, we can still write down a variational expression from which a solution can
be derived. For example, for a reciprocal medium, the vector wave equation is
both symmetric and self-adjoint when the medium is lossless. If the medium is
lossy, however, the linear operator corresponding to the vector wave equation
is symmetric but not self-adjoint. Moreover, if the medium is nonreciprocal,
then the corresponding linear operator is neither self-adjoint nor symmetric.
For such a class of problems, an auxiliary problem has to be defined in order
to derive a variational expression (see Chen and Lien 1980).

§§5.3.1 General Concepts

When a linear operator is non-self-adjoint but still symmetric, the con­
cepts of the previous section can be used to derive a variational expression.
However, if a linear operator is non-self-adjoint and nonsymmetric, a different
way of deriving a variational expression is needed.

First, let us define the adjoint operator E" of £ to satisfy

(5.3.1)

In addition, a transpose operator [} of L is defined as

(5.3.2)

If an operator is non-self-adjoint and nonsymmetric, then [,a =1= E and [,t =1= L.
Note that from the definitions (1) and (2), ([})* == E", For the case when
the complex conjugate is used in the inner product, a variational expression
is then

where

1== (f;,£f) - (f;,g) - (g~,f), (5.3.3)

ct == s. c: fa == gao (5.3.4)

Note that now I is a complex functional.

To prove the variational property of (3), we let I == Ie +81, la == lae +8fa,
where the subscripts e stand for exact values. Then

(5.3.5)
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Moreover, using the definition of the adjoint operator and Equation (4), we
can readily show that 81 = 0, implying the stationarity of (3) about the
exact solutions of (4). The variational expression (3) offers an alternate
way of deriving solutions to Equation (4). Consequently, the Rayleigh-Ritz
procedure can be systematically used to obtain approximate solutions to (4)
via (3).

If the inner product is defined without complex conjugation, then a vari­
ational expression is

(5.3.6)

where
(5.3.7)

Furthermore, it" is quite straightforward to show that 81 = 0 for first vari­
ations in fa and f in (6). But since (£t)* = La, Equation (6) is actually
equivalent to (3) if ga in (7) is the complex conjugate of ga in (4). In addi­
tion, when £ is symmetric and ga = g, then from (7), fa = f. In this case,
Equation (6) reduces to (5.2.8). Hence, (5.2.8) can be considered a special
case of (6) where ga = 9 and when E is symmetric.

On the other hand, if a quantity

u = (h*,f) (5.3.8)

is desired, a variational expression can be derived by defining an auxiliary
equation as

ct. = h.

The desired variational expression is then

(f;,g}(h*,f)
u=-----

(f;, £f)

(5.3.9)

(5.3.10)

similar to (5.2.15). The variational property of the" above expression can be
easily established similar to (5.2.16).

If a complex conjugate is not used in the inner product definition, and
the desired quantity is

u = ((), f), (5.3.11)

then a variational expression can be derived by defining the auxiliary equation
as

Consequently, the variational expression for u is

(fa, g)((}, f)
u = (fa, £f) ·

(5.3.12)

(5.3.13)
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Notice that since ([})* := L"; if we assume () := li", then fa in (12) is precisely
the complex conjugate of fa in (8). Moreover, (13) is indeed equivalent to
(10) .

From the above discussions, it is evident that for non-self-adjoint prob­
lems, it is immaterial if a complex conjugate is used in an inner product.
Equation (6) is essentially equivalent to (3), while (13) is essentially equiva­
lent to (10). Furthermore, the case of symmetric but non-self-adjoint problem
expounded by (5.2.8) is just a special case of (6) where the symmetry property
of L is used to simplify (6).

We shall show how these concepts can be used to derive variational ex­
pressions for non-self-adjoint and nonsymmetric problems.

§§5.3.2 Rayleigh-Ritz Procedure-Non-Self-Adjoint Problems
When an operator is non-self-adjoint, a variational expression is given by

(3) where the original and auxiliary equations are given by (4). To invoke
the Rayleigh-Ritz procedure, one first lets

n=1

N

fa = L brnfarn
m=l

(5.3.14)

for both the original and the auxiliary problem. Then, after substituting
them into (3), one obtains

N N N N

1= L Lanb;nU:rn,£fn) - L b:nU:rn,g) - Lan(g~,fn), (5.3.15)
n=1 m=1 rn=1 71.,=1

which can be rewritten more compactly as

1 == b t . E . a - b t . g - gl· a, (5.3.16)

where [EJ1nn == (f;m,[,fn), [g]17t == (f;rn,g), [ga]n == (f~,ga), and a and b
are column vectors containing an's and bm's. Note that L is a non- Hermitian
matrix now because E is non-self-adjoint. Subsequently, the optimal a and
b are obtained by demanding that the first variation of I due to the first
variation of a and b about the optimal solutions, ao and bo, be zero. By
letting a := ao + ba, b == bo + bb, and taking the first variation of (16), we
have

81 == b6 . L . 8a + 8b t . E . flo - 8b t . g - gl· ba.

For 81 to be zero, we require that

L . ao == g,

(5.3.17)

(5.3.18a)

-t
L . bo == gao (5.3.18b)

Hence, the optimal solutions, ao and b o, are obtained by solving (18a) and
(18b). Note that the original problem and the auxiliary problem are decou­
pled. Therefore, if we need only the solution to the original problem, we need
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only solve (18a). The only involvement with the auxiliary problem is in L.
Furthermore, the basis functions fam's should be chosen so that they can best
approximate the auxiliary problem.

In the variational approach to a non-self-adjoint problem, we first derive
a variational expression for the equation

(f = 9 (5.3.19)

by defining an auxiliary problem. Then, the optimal solution to (19) is ob­
tained by applying the Rayleigh-Ritz procedure. Consequently, the resultant
equations are the matrix equations for the original and the auxiliary prob­
lem, Equations (18a) and (18b). Moreover, these two equations are decou­
pled. Alternatively, we may arrive at (18a) more directly using the method
of weighted residuals on (4). In spite of this, the above analysis establishes a
relationship of (18a) and (18b) with the variational expression and the aux­
iliary problem. For faster convergence, we want the weighting functions in
the method of weighted residuals to approximate the solutions of the adjoint
equation well.

The Rayleigh-Ritz procedure can also be applied to (10) and (13), yielding
equations similar to (5.2.35). They also correspond to solving L] = 9 by the
method of weighted residuals where the weighting functions are chosen to
approximate the auxiliary solution effectively.

§§5.3.3 Applications to Scalar Wave Equations

Consider the scalar wave equation

~ .p~¢(r) + k2p ¢(r) = s(r), (5.3.20)

where p and k2 are complex corresponding to lossy media. Then, the operator

(5.3.21)

is non-self-adjoint even though it is still symmetric. The adjoint operator to
L, using the definition of adjoint operators, is

(5.3.22)

This can be proved using manipulations similar to those for Equations (5.2.41)
and (5.2.42). Hence, (22) is the adjoint of (21) if ¢ satisfies either the homoge­
neous Dirichlet or Neumann boundary condition on S, the surface bounding
V. Consequently, and the auxiliary equation is

(5.3.23)

Note that (a is an adjoint operator to ( for a class of functions defined in a
volume V, satisfying either the homogeneous Dirichlet or Neumann boundary
condition on the boundary of V.
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Notice that the auxiliary equation is for an active medium if the orig­
inal equation is for a lossy medium. Consequently, using Equation (3), a
variational expression for this non-self-adjoint problem is

1= - Jdrp(VrjJa)*·VrjJ+Jdrk2prjJ:rjJ-JdrrjJ:s-Jdrs:rjJ,

v v v v

(5.3.24)

where the appropriate boundary conditions are imposed on cP and cPa on 5,
the surface bounding V.

But since E is symmetric, it is preferable to use the symmetric property
of L to derive a simpler variational expression for this example, as is given in
(5.2.44). Note that if we choose Sa == s", then ¢a == ¢* by comparing (20) and
(23). In this case, (24) reduces to (5.2.44). Hence, (5.2.44) is a special case
of (24). Also, the Rayleigh-Ritz procedure can be applied to (24) to obtain
optimal solutions given by (18).

§§5.3.4 Applications to Vector Wave Equations

Many electromagnetic problems are related to operators which are nei­
ther self-adjoint nor symmetric. In the previous section, we notice that when
a medium is lossy, the electromagnetic problem is not self-adjoint; however,
it is still symmetric. The symmetric property of an operator is related to the
reciprocal nature of many wave problems. As seen in the previous subsection,
when the operator is non-self-adjoint, but symmetric, there is no real advan­
tage of using the formulation of Subsection 5.3.2. The use of Equation (5.2.8)
actually yields a simpler expression. But when a medium is non-reciprocal,
the corresponding electromagnetic operators are not self-adjoint and not sym­
metric, as we shall see. Then, the formulation of Subsection 5.3.2 comes in
useful.

Consider an inhomogeneous, anisotropic medium. The general vector
wave equation describing the electric field in a domain V is

\7 X ti:': \7 x E(r) - w2 E ' E(r) == iwJ(r).

The linear operator in this equation can be identified as

Next, let us examine the inner product

(5.3.25)

(5.3.26)

(Ei(r), £E2 (r )) == (E~(r), V x /1-1. V x E 2 (r )) - w2 (E i (r ) ,E' E 2 (r )).
(5.3.27)

It can be shown, with the necessary boundary condition that ii x E == 0 or
ii x H == 0 on S (a surface enclosing V), that (Exercise 5.14)

(E~(r), V x ti:': V x E2(r)) = / drV x E~(r)· /i-I. V x E2(r).

\! (5.3.28)
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Hence, the operator (\7 x Ji -1 . \7 X) is not self-adjoint unless Ji is Hermitian.
Furthermore, the operator W

2€ in (26) is not self-adjoint unless € is Hermi­
tian. But Ii and € are Hermitian only for a lossless medium (see Chapter 1).
Therefore, for a general, lossy, anisotropic medium, £ is non-self-adjoint.

If we examine the inner product

(E1(r ),£E2 (r )) == (EI(r), \7 x Ji-I . \7 x E2 (r )) - w2 (E I(r ),€. E2(r ))
(5.3.29)

with the necessary boundary condition on E, it can be shown that

(EI(r), \7 x Ii-I. \7 x E2(r)) = Jdr\7 x EI(r)· Ii-I · \7 x E2(r).

v (5.3.30)

Hence, the operator (\7 x Ji -1 . \7x) will not be symmetric unless Ji is sym­
metric. Furthermore, the operator W

2€ in (26) is not symmetric unless € is
symmetric. But the condition for Ji and € to be symmetric is for the medium
to be reciprocal (see Chapter 1). Consequently, for a nonreciprocal medium,
£ is nonsymmetric.

From the above discussions, we note that the self-adjointness property
of an electromagnetic operator is closely related to the lossless property of
the medium, while the symmetric property of an electromagnetic operator
is intimately related to the reciprocal nature of the medium. In a lossless
medium, Ji and € are always Hermitian as shown in Chapter 1, and the
corresponding vector wave equation is always self-adjoint as indicated by
(28), even if the medium is nonreciprocal. If a medium is nonreciprocal,
then the corresponding vector wave equation is always nonsymmetric as (30)
shows. But it can still be self-adjoint if it is lossless!

If a medium is lossy but reciprocal, we could exploit the symmetric prop­
erty of the operator and derive a simpler variational expression using the
method given in Section 5.2. However, for a general lossy, nonreciprocal, and
anisotropic medium, a variational expression which follows from (3) is

I =Jdr \7 x E~(r) · Ii-I · \7 x E(r) - w2Jdr E~(r) . €. E(r)

v v

- iwJdr E~(r) . J(r) + iwJdrJ~(r) . E(r), (5.3.31)

v v

where Ea(r) is a solution to the auxiliary equation La fa == gao For this case,
it is (Exercise 5.15)

(5.3.32)

and E and Ea satisfy the appropriate boundary conditions on the surface S
bounding V. Note that if Ji and € are for a lossy medium, then Equation
(32) is for an active medium.
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If instead, the a component of the field E(r) is desired at r == ra, then a
variational expression can be written for

'U == a' E(ro) == (ab(r - ra), E(r)), (5.3.33)

assuming that a is real. When a complex conjugate is used In the inner
product, the auxiliary equation is then

(5.3.34 )

Consequently, the variational expression for a· E(ra) is (Exercise 5.15)

iwa· E(ra) Jdr E~(r) . J(r)
~ ~ v
a . E(ra) == ,J dr~ x E~(r) . V-I. \7 x E(r) - w2 Jdr E~(r) . €. E(r)

v v
(5.3.35 )

where the appropriate boundary conditions are imposed on E and E a on S.

Applications of the above method in deriving a variational expression for
other non-self-adjoint problems are given in Exercises 5.16 and 5.17. More­
over, the Rayleigh-Ritz procedure can be applied to (31) and (35) to yield
optimal solutions.

§5.4 Variational Expressions for Eigenvalue Problems

Many physical problems are expressible as eigenvalue problems. Exam­
ples of these are the cavity resonance problem and the wave guidance problem.
For the cavity resonance problem, the eigenvalues correspond to the resonant
frequencies of the cavity. For the wave guidance problem, the eigenvalues cor­
respond to the wavenumbers of the guided modes of the waveguiding struc­
ture. In order to obtain good estimates for the eigenvalues of the problem,
the variational expression for the eigenvalues of the problem is needed. Once
such a variational expression is obtained, the Rayleigh-Ritz method provides
a systematic approach for finding good estimates of these eigenvalues.

§§5.4.1 General Concepts

Consider the general eigenvalue problem

£f == ABf (5.4.1)

where E and B are operators. If L and B are self-adjoint operators, a varia­
tional expression from which A can be deduced is

or

(f*,£f) - A(f*,Bf) == 0,

.r, £f)
,\ = U*, BJ) .

(5.4.2)

(5.4.2a)
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This indeed has a stationary value when f is a solution to (1). The stationary
value for A is the corresponding eigenvalue of (1). To show this, we take the
first variation of Equation (2) about the exact values to yield

(8t', £fe) + (f;, £8f) - Ae((8f*, Bfe) + (f;, B8f)) - 8A(f;, Bfe) = 0, (5.4.3)

where the subscripts e stand for exact values. Furthermore, using the self­
adjoint properties of L and B, and that fe is the solution to (1) with eigenvalue
Ae , we can show that 8A = 0 from (3), implying the stationarity of (2a). Note
that A in (5.4.2) is always real.

For the case when L and B are symmetric but not self-adjoint operators,
a variational expression from which Acan be deduced is

or

'J, £f) - A(f, Bf) = 0, (5.4.4)

\ = (f, £f) ( )
/\ (I, BJ) · 5.4.4a

It can be readily shown that (4) or (4a) is stationary about the exact eigen­
value as in (3). Notice that in this case, A need not be real.

The Rayleigh-Ritz procedure can also be applied to (2) and (4) to obtain
matrix eigenvalue equations. These matrix eigenvalue equations are the same
as those obtained by applying Galerkin's method directly to (1). In applying
Galerkin's method to (1), we use (f*,g) inner product when L and Bare
self-adjoint operators, and (f, g) inner product when E and B are symmetric.

When [, and B are non-self-adjoint, we define an auxiliary equation such
that

£afa = A*Bafa, (5.4.5)

where E" and B" are the adjoint operators of (, and B respectively. A varia­
tional expression for A is then

(5.4.6)

Then, cross-multiplying the above and taking the first variation yields

8A(f:e,Bfe) + Ae((8f:,Bfe) + (f:e,B8f)) = (8f:,{,fe) + (f:e,{,8f)· (5.4.7)

By making use of Equations (1) and (5), and the definition of adjoint opera­
tors, we can show that 8A = 0, implying the stationarity of (6).

If {, and Bare nonsymmetric, we define an auxiliary equation such that

c: fa = ABt fa, (5.4.8)

where {,t and B' are the transpose operators of L and B respectively. A
variational expression for A is then

(5.4.9)
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Since (L:t)* = L", if fa is a solution to (5), then 1; is a solution to (8).
Therefore, (6) and (9) are actually equivalent to each other. That is to say,
the conjugation in the inner product is immaterial when the operator in non­
self-adjoint. Furthermore, (4a) is a special case of (6) or (9) where £ and B
are symmetric. Note that in (6) and (9), A need not be real.

The Rayleigh-Ritz procedure can be applied to (6) or (9) to obtain matrix
eigenvalue equations. These matrix eigenvalue equations are also obtained
by applying the method of weighted residuals to (1) and (5) directly as in
(5.2.35) (see Exercise 5.18). But the analysis here ties together the actual
problem and the auxiliary problem.

§§5.4.2 Applications to Scalar Wave Equations
Consider the scalar wave equation

(5.4.10)

with either the homogeneous Dirichlet or Neumann boundary condition on
S, the surface bounding the domain V over which Equation (10) is defined.
Since (10) does not have an excitation source, the nontrivial solutions of (10)
are the resonance solutions or the natural solutions. Moreover, these solutions
can exist only at certain values of w, which are the resonant frequencies of
the system.

In the above L, B, and A in Equation (1) can be identified as

(5.4.11).c=\7.p\7, B = _ p(r) ,
c2(r)

But if p(r) and c2(r) are real, then [, and B are self-adjoint with the ap­
propriate boundary conditions for ¢ on 5 [see (5.2.42)]. Then, a variational
expression for w2 is

(5.4.12)

Jdrp(r)I\7¢(r)1 2

2 \l
W == ------2--.Jdr p(r)I<jJ(r)1 /c2(r)

v

On the other hand, if p(r) and c2(r) are complex, L and B are not self-adjoint
but symmetric, then a variational expression using (4a) is

Jdrp(r)[\7<jJ(r)]2
2 \l

W =--------Jdr p(r)[<jJ(r)]2 /c2(r)·

v

(5.4.13)

Note that when L: and B are self-adjoint, all the eigenvalues are real.
This is evident from Equation (12) since it is a real-valued functional for all
possible <jJ(r). Conversely, when £ and B are symmetric but not self-adjoint,
the eigenvalues need not be real valued. This is reflected in the functional
expressed by Equation (13) which need not be real valued.
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The Rayleigh-Ritz procedure can also be used on (13) to yield a matrix
eigenvalue equation.

§§5.4.3 Applications to Electromagnetic Problems

(a) Resonator Cavity Problem

Consider the vector wave equation for anisotropic medium,

\7 X Ji- 1
• \7 x E(r) - w2 e·E(r) = 0 (5.4.14)

defined in a domain V bounded by a surface S. If the medium is loss less ,
then Ji and € are Hermitian. In this case, the operators \7 x Ji-1 . \7x and €
are self-adjoint operators on E( r) with appropriate boundary conditions [see
(5.2.53)]. A variational expression for the eigenvalue w2 from (2a) is then

(5.4.15)Jdr E*(r) · €. E(r)
v

Jdr \7 x E*(r) . Ji- 1 . \7 x E{r)
w2 = _v _

where the appropriate electric wall or magnetic wall boundary condition is
imposed for E on S; here, w is the resonant frequency of the system. Notice
that because of the Hermitian properties of Ji and e, the above is always a
real-valued functional; hence, w2 is always real.

When the medium is lossy, Ji and € are not Hermitian. But when the
medium is reciprocal, Ji and € are symmetric matrices. In this case, the
operators \7 x ti:' . \7x and € are symmetric operators. Then, a variational
expression for the resonant frequency from (4a) is

Jdr \7 x E(r) · Ji-1
. \7 x E{r)

w2 = _v _

JdrE(r) . €. E{r)
v

(5.4.16)

where the appropriate boundary conditions have been imposed on E. Note
that w need not be real in the above.

If Ji and € are neither Hermitian nor symmetric, which is the case of lossy,
nonreciprocal media, then the linear operators associated with Equation (1)
are neither self-adjoint nor symmetric. Consequently, an auxiliary equation
to (14) can be defined as

(5.4.17)

A variational expression for w2 using (9) is then

(5.4.18)Jdr Ea(r) · e' E(r)
v

Jdr \7 x Ea(r) ·1l-1 . \7 x E(r)
w2 = _v__~ _
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Figure 5.4.1 The cross section of a uniform waveguide loaded with
inhomogeneity.

Moreover, an expression using (6) can be derived, but as previously discussed,
(6) and (9) are equivalent to each other. Another variational expression
for the resonant frequencies involving both E and H fields may be derived
directly from Maxwell's equations [see Exercise 5.17(d)] rather than from
(14).

The Rayleigh-Ritz procedure, when applied to (15) or (16), will yield a
matrix eigenvalue equation. But when it is applied to (18), two matrix eigen­
value equations ensue: one for the actual problem and one for the auxiliary
problem, as in (5.2.35). Previous discussions on the auxiliary problem also
apply here.

(b) Uniform, Inhomogeneous Waveguide Problem

A uniform, inhomogeneous waveguide is filled with an inhomogeneous
medium uniform in the direction of wave guidance (see Figure 5.4.1). The
field of the guided modes in the waveguide can be assumed to have eik zz

dependence where z is the axis of the waveguide. As a result of this, and
the \7 . e E = 0 condition, we have E z = -(ikz f )- 1\78 • fEs, implying that
the z component of the electric field is directly dependent on the transverse
components. Therefore, only two cornponents of the electric field are truly
independent in a waveguide.l'' Consequently, the equation governing the

10 If the V' . t E = 0 condition is not irnposed in the waveguide problem, spurious guided
modes will occur due to the presence of fictitious charges.
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electric field in the waveguide can be written as (Exercise 5.19; also see Chew
and Nasir 1989)11

J-lZ x \7s X J-l-1\7s X E, - Z x \7sE-1\7s'
E E, - k2z X E, + k; Z x E, == 0,

(5.4.19)

where k2 = w2 J-LE. Next, if we identify

E = (J-L Z x \7s x J-L -1 \7sx) - Z x \7sE-1 \7s . E - (k2 ZX ), (5.4.20)

B == zx, and - A = k;, then .c is neither symmetric nor self-adjoint, because
(As, £Es) =I (Es, .cAs), and (A:, £Es) f:. ((LA s)*,Es).

More explicitly,

(As,.cEs) == (As,J-Lz x \7s x fL- 1V's xEs)

- (As,z x \7sE-1\7s' EEs) - (As,k
2 z xEs), (5.4.21)

where (As, B s) == f dr As·Bs is a two-dimensional integral over the waveguide
s

cross section. The first term on the right-hand side of (21) is

(As, Z x J.L\ls X J.L- 1\1s xEs) = - Jdr J.Lz x As . \Is X J.L- 1\1s
X Es

s

=Jdr\ls' (J.LZ x As x J.L- 1\1s xEs)
s

-Jdr(\ls x Z x J.LAs)· J.L- 1\1s x Es
s (5.4.22)

after using the identity V's' (B, x C,') == C s . \7s x B s - B s ' V, x C s' The first
integral on the right-hand side of (22) can be converted into a line integral
after using the two-dimensional Gauss' theorem and made to vanish with the
appropriate boundary conditions on E, or As, which is either ii x E, == 0 on
the boundary or n x As == 0 on the boundary. Moreover, using the fact that
\7s x Z x J.lAs == z\7 s' fLAs, and z· \7s x E, == -\7s' (z xEs), (22) becomes

(As,J.Lz x \Is x J.L- 1\1s xEs) = - Jdr(\ls' J.LA s)J.L-I Z. v, x E s

s

= Jdr (\I s . J.LAs)J.L-1\1s . (z xEs)'
s (5.4.23)

Clearly, this part of the operator is neither self-adjoint nor symmetric. Nev­
ertheless, its transpose can be found. Then, after using the identity

11 We have to multiply the equation with zx so that its transpose equation is easily
obtained, as shall be shown.
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\Is' (AscP) == (V s' As) cP + As' \ls¢,

the right-hand side of (23) becomes

307

(As,j.tZ x v, x J-L-1Y's xEs) = .I drY's' (2 x EsJ-L-1Y's' J-LA s)
s

-.I dr (2 xEs) . Y'sJ-L-1Y's' J-LA s. (5.4.24)

s

Note that the first term on the right-hand side of (24) can again be converted
to a line integral using Gauss' theorem and made to vanish with the appro­
priate boundary condition that ii x E, or n x As is zero on the boundary.
Consequently, we conclude that

(As, J-L Zx Y's X J-L-1Y's xEs) =.1drE, . ZX Y'sJ-L-1Y's . J-LA s
5

== (Es' zx \7s/l-l\7s . fLAs)' (5.4.25)

This demonstrates that (fL Z x \78 X /1-
1V o5 x)t == (z x \7.u:' \7s . fL), with

appropriate boundary conditions on As or Es . Similarly, the transpose of the
second term in (20) is easily obtained, i.e., (z x \7sE-

1\705 ' E)t == (EZ X \705 x
E- 1\7sX). Moreover, the last term in (21) is

- (As,k
2 Z xEs) = .I drk2 Es' Z x As = (Es,k

2 Z x As)

s

(5.4.26)

which corresponds to a skew-symmetric operator.

From the above, we conclude that the operator given in Equation (20) is
neither self-adjoint nor symmetric, but its transpose is easily found to be

(5.4.27a)

and
(5.4.27b)

Except for a minus sign, (27a) is also the electromagnetic dual of (20) (for
duality, see Chapter 1). Consequently, if we assume that As == H s, then the
transpose or auxiliary equation to Equation (19) becomes

-E Z x \7s X f-1V s X H, + z X v.«:». '/L H, + k2 Z x H, - k; zx H, == 0,
(5.4.28)

which is actually the equation satisfied by H, in the inhomogcneously filled
waveguide. Furthermore, if IL and E are real representing a lossless medium.
then (28) is also the adjoint equation of (19). As previously mentioned,
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Equation (28) is also the dual of Equation (19). Consequently, from (9), a
variational expression for the propagation constant k; of a uniform waveguide
is

k2 = (2\7s' /-LHs,/-L-l\7s xEs) - (C 1\7s x Hs,z\7s' lOEs ) + (Hs,k2 z xEs)
Z (Hs,z xEs) .

(5.4.29)
Here, the fields E, and H, in (29) must satisfy the appropriate boundary
conditions on the perimeter C of the waveguide.

The Rayleigh-Ritz procedure, when applied to (29), yields matrix eigen­
value equations for the actual and the auxiliary problems.

§5.5 Essential and Natural Boundary Conditions

When we solve the equation

E] == 9, (5.5.1)

where [, is a differential operator, the solution is nonunique unless boundary
conditions are imposed on f. To formulate (1) as a variational problem, we
first derive a variational expression (e.g., for the case where £ is symmetric)
as

1== (f,£f) - 2(f,g)· (5.5.2)

The solution to (1) is the f that will make (2) stationary. Moreover, in
searching for the right f, we look for f in a function space where f satisfies
the requisite boundary conditions. Such a boundary condition imposed on the
f to be used in (2) is known as an essential boundary condition. Frequently,
L is symmetric (or self-adjoint) only if f satisfies these requisite boundary
conditions.

It will be interesting to ask: "If we were to look for f in a function space
larger than that originally defined, i.e., with unspecified boundary conditions,
is there a unique f that would make I stationary, and if so, what is the
eventual boundary condition it would satisfy?" It turns out that an f in
an extended space can still make (2) stationary. In addition, this f would
satisfy a boundary condition known as the natural boundary condition, Le.,
it is the boundary condition naturally satisfied by the f that would make I
stationary. It need not be imposed on f like the essential boundary condition.

§§5.5.1 The Scalar Wave Equation Case

As an example, we first look at the partial differential equation

\7 . p(r)\l¢(r) + k2p(r )¢(r) == s(r), rEV, (5.5.3)

where I: == \l . p\l + k2p. Here, the linear operator [, is symmetric for a
class of functions ¢ satisfying either the homogeneous Dirichlet or Neumann
boundary condition on the boundary of V, and V is the region over which the
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partial differential equation in (3) is defined. Hence, a variational expression,
from (5.2.8) is

I = - ! drp(\7¢)2 +! drk2p¢2 - 2! dt o s, (5.5.4)

v v v

Even though (4) is derived for a class of ¢ satisfying the requisite bound­
ary condition, we can still search for a ¢ that will minimize 1 outside the
above class. What is then the value of ¢ that will minimize (4) without the
boundary condition specified for ¢ on S (the surface surrounding V), and
what is the corresponding natural boundary condition satisfied by ¢ on 5?
To answer these questions, we take the first variation of (4) to yield

8I = -2Jdrp(\7¢)· \7b¢ + 2Jdrk2p¢b¢ - 2Jdr So s.

v v v

Then, using Gauss' theorem, we deduce that

Jdr p(\7¢).\7b¢=! dSil'(P\7¢b¢)-'/ dr(\7·p\7¢)b¢.

v s v

(5.5.5)

(5.5.6)

Hence, (5) becomes

8I = 2 ./ dr (\7.p\7¢) b¢+2 ./ drk2p¢b¢-2Jdrb¢s-2JdSi~·(p\7¢b¢).
v v \/ S

(5.5.7)
In order for 81 to vanish, we require that Equation (3) be satisfied; in addition,

n·\7cjJ==O~ on S, (5.5.8)

and ¢ need not be zero on S. Therefore, if we were to search for a ¢ that
minimizes (4) and in a function space such that ¢ =f. 0 on S, then the ¢
required satisfies (3) plus the natural boundary condition (8) on S. It is the
hornogeneous Neumann boundary condition. Furthermore, this result can
also be explained from another perspective as shall be discussed next.

The operator V' . p\7 is a nonsyrnrnetric operator unless it operates on a
class of functions in V that satisfies the homogeneous Dirichlet or Neumann
boundary condition on S. Hence, (4) is derived for a class of functions sat­
isfying this boundary condition. We can, however, remove this restriction in
the derivation of (4) by defining an extended operator

(5.5.9)

In the above, 6(5) implies that a surface integral on the surface S is to be
invoked when a volume integral is performed with L, namely,

(¢I'!:~(S)pi).· \7¢2) = ./ dS ¢1 p ii- \7¢2,

5
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where it is an outward pointing unit vector normal to the surface S. Hence,
~(S) can be considered a delta function shell on S [this notation is adapted
from Chen and Lien (1980)]. Moreover, this shell is contained in V. As a
consequence, it can be shown easily that (Exercise 5.20)

(IPI, £¢2) = - Jdr (\7¢1) . P (\7¢2) + Jdr ep¢1¢2

v v

(5.5.10)

without imposing any boundary conditions on ¢l or ¢2' In other words, E is
now a symmetric operator for an extended class of functions ¢. Furthermore,
when (9) is used in (2) to derive a variational expression, the same expression
(4) ensues. But the same expression (4) now admits a larger class of functions
¢, which need not satisfy the homogeneous Dirichlet or Neumann boundary
condition on S. From the analysis of (5) to (8), however, the resultant solution
¢ in the extended class that minimizes I satisfies a homogeneous Neumann
boundary condition on S. This can be understood as follows.

Since
(5.5.11)

the second term can be viewed as "charges" on S that are negative of those
induced by ¢. Moreover, these "charges" induced by ¢ are proportional to
pit· \l¢. Hence, the second term always produces "charges" to annihilate
those induced by ¢. As a consequence, it . \l¢ = 0 on S, if we were to solve
the following equation:

(5.5.12)

even without imposing the boundary condition. Note that these "charges"
are true charges if k2 = 0, P = E, and (12) becomes Poisson's equation.
Moreover, the Neumann boundary condition naturally follows from solving
(12).

The original operator in (3) can be extended in another way and yet
remains symmetric. To do this, we define

(5.5.13)

where the divergence operators are to act on everything to their right. In
finding (¢l, £¢2), we perform integration by parts on the first and second
terms in (13) to yield (Exercise 5.20)

(¢1' £¢2) = - Jdr (\7¢1) · P (\7 ¢2) + JdBit . (¢lp\7¢2)

v s

+Jd.S (\7¢1) . pit¢2 +Jdr k2p ¢1¢2. (5.5.14)

S v
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Clearly, L is syrnmetric with no requisite boundary conditions on 1;1 and 1;2.
Consequently, using L in (2), we derive a variational expression

1 = - 1drp('V¢)2 + 21dSil' (¢p'V¢) +1drk2p¢2 - 21dt o s.
v s v v (5.5.15)

Now, taking the first variation of (15), we have

81=21 dr('V, p'V¢)8¢+21 dSil.·(¢p'V8¢) + 21drk2p¢8¢-21dt oos.

v 5 v v
(5.5.16)

In order for bI to vanish, ¢ has to satisfy (3) plus the boundary condition that
1; == 0 on S, i.e., 1; satisfies the homogeneous Dirichlet boundary condition
on S.

The second term in (13) can be thought of as a surface source placed
on S. Here, the surface source is of a "double-layer" type (Stratton 1941,
reference for Chapter 3), and it cancels any "double-layer" source induced
by a nonzero 1; on S. Consequently, the boundary condition 1; = 0 follows
naturally from the stationary solution to (15). It also follows naturally from
the solution of the equation £¢ == 8~ where £ is as defined in (13).

Using a similar idea, if an inhomogeneous Neumann boundary condition
is desired on S, a modification of (2) yields a variational expression, which is
(Exercise 5.21a)

1= - 1drp('V¢)2+21dS/3¢+ 1drk2p¢2-21dx o s. (5.5.17)

v 5 v v

Moreover, it can be shown that the stationary solution of the above varia­
tional expression satisfies the inhomogeneous Neumann boundary condition
it· p\7¢ == (3 on S. The second term in (17) may be thought of as "surface
charges" (independent of ¢) impressed on S to force an inhomogeneous Neu­
mann boundary condition for ¢ on S. Furthermore, it may be grouped with
the last term in (17) if we so wish.

Similarly, for an inhomogeneous Dirichlet boundary condition, by modi­
fying (15), the corresponding variational expression is (Exercise 5.21b)

1 = - 1drp('V¢)2 + 21dSn· (¢ -1)P'V¢ +1drk2p¢2 - 21dt ip s,
v 5 v v (5.5.18)

It can be readily shown that the stationary solution to the above equation
satisfies the Dirichlet boundary condition ¢ == '"'I on S.

If an impedance boundary condition is desired, the variational expression
is (Exercise 5.21c)

1 = - Jdrp('V¢)2 +JdSo:¢2 +Jdrk2p¢2 - 2Jds di s. (5.5.19)

v 5 v V
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The stationary solution to the above satisfies the boundary condition that
n .p\7¢ == a¢ on S. The impedance boundary may be thought of as an
impenetrable impedance layer arising from the values of k2p being infinite on
S.

§§5.5.2 The Electromagnetic Case

The vector wave equation that governs the E field in a volume V for a
general inhomogeneous, anisotropic medium is

\7 x J.L -1 . \7 x E - w2 € . E == iwJ.

Then, the corresponding linear operator

(5.5.20)

(5.5.21 )

is in general non-self-adjoint and nonsymmetric. If, however, E satisfies an
electric wall or a magnetic wall boundary condition on S (the surface bound­
ing V), then it can be shown that the adjoint operator of L is

(5.5.22)

while the transpose operator is

(5.5.23)

Note that (22) is simply the complex conjugate of (23). Consequently, a
variational expression, in accordance with (5.3.3), is

I == (\7 x E~, 11-1
. V' x E) - w2(E~, €. E)

- iw(E~, J) + iw(J~, E), (5.5.24)

where E a satisfies the auxiliary equation

(5.5.25)

and both E and Ea are to satisfy the electric wall or the magnetic wall
boundary condition on 5.

The requirement on E and E, to satisfy the aforementioned boundary
condition could be lifted if we extend the operators (21) and (22) just as
in the scalar wave case (also see Chen and Lien 1980). For example, if we
want the boundary condition n x H == 0 on 5, it could be achieved, in the
spirit of the second term in (9), by adding current sources on the surface
5 in order to cancel the current induced on 5 by the field. This required
surface current, negative of the surface current induced on 5, is (note that n
is pointing outward to the surface 5)

iwJ s == iwn x H == it x Ii -1 . \7 x E. (5.5.26)
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Consequently, the operator (21) can be extended as

L == (\7 X Ii-I. \7X) - [6(5)n x p-1. \7X] -W2E,

with (20) becoming
£E == iwJ.

Then,
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(5.5.27)

(5.5.27a)

(5.5.28)(E~, £E2 ) == (\J x E~, /l-I . \l x E2 ) - w2(E~, E' E 2) .

Now, if La is extended as

£a= [vx (IItr1
. Vx] - [6(S)nx (IItrl.Vx] -w2 'Et, (5.5.29)

and used in (25), then the resultant equation is the adjoint equation of (27a).
As a result,

(E;,CE11 = (V x E;, (IItr 1
. Vx E I ) -w2 (E ; , 'Et . Ell. (5.5.30)

It is clear that (30) is the complex conjugate of (28). Hence, (29) is the
adjoint operator of (27). With the operators extended in this manner, the
variational expression is still the same as (24). But now, E and E a in (24)
need not be chosen from a class of functions that satisfies the electric wall
or the magnetic wall boundary condition. In addition, it can be shown that
the stationary solution to (24) now satisfies (20) and (25) plus the natural
boundary conditions (Exercise 5.22a)

n x ti:': \l x E == 0, on 5,

ii x (pt)-I. \7 x E, == 0, on 5,

(5.5.31a)

(5.5.31 b)

which are the magnetic wall boundary conditions.

Consequently, with the operator extended as in (27), the equation that
we are solving is

\7 X /i-I. \7 x E - 6(5)n x /i-I. \7 x E -W
2 E ' E == iWJ-lJ. (5.5.32)

The second term in (32) is a surface current that will cancel the induced
surface current on 5. Moreover, a similar statement can be made with regard
to the adjoint equations.

On the contrary, if the boundary condition that nx E == 0 on 5 is desired,
it can be achieved by introducing a surface magnetic current to cancel the
surface magnetic current induced by the field on S. Such a current is

M, == -fl, x E (5.5.33)

(note that it points outward frorn the surface). Then, the corresponding
equation is

\7 X p-1. \7 x E - \7 X [p;-1. 6(S)(iL X E)] -W2E ' E == iwJ (5.5.34)
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with the corresponding linear operator
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£ == (~x /1-1. \7X) - [\7 X /-t-l. 6(S)nx] _W2 € .

Consequently, using integration by parts,

(5.5.35)

(Ei, .cE2) = (\7 x Ei, Ii-I. \7 x E2! - Jss«. (Ei x Ii-I · \7 x E2 )

s

+JdS (\7 x Ei . Ii-I) x E2 . n- w2(EiJ · E2 ) . (5.5.36)

S

Therefore, if the adjoint operator in (22) is extended as

(5.5.37)

then

(E;, .caE I ) = (\7 x E;, (JLtr I
. \7 x E I ) - JdSn· (E; x (JLtr I

. \7 x E I )

S

+JdS [\7 x E; . (JLt) -1] X E I . ii - w2 (E; ,€"t · E I ) . (5.5.38)

S

Clearly, (38) is the complex conjugate of (36). Hence, the extended operator
(37) is the adjoint of the extended operator (35). Consequently, a variational
expression is (Exercise 5.22b)

I == (E~, £E) - iw(E~, J) + iw(J:, E)
== ('\1 x E:,p-I . '\l x E) + (E~, ~(S) 71, x J.L -1 . '\l x E)

+ (71, x '\1 x E: . J.L -1, ~(S)E) - w2(E~, €. E) - iw(E:, J) + iw(J:, E).
(5.5.39)

Moreover, if the boundary conditions that 71, x H == 0: and nx H, == aa on
S are desired, then surface currents J s == -a and J sa == -aa can be induced
in the source term of the equations corresponding to (27) and (29), i.e.,

v x J-L -1 . ~ x E - ~(S) n x Ii-I. V x E - w2 €. E == iwJ - iw~(S) 0,

(5.5.40a)
'\1x (lit)-I. '\1x E, -~(S) it x (lit) -1. '\1x E a -w2"Et -E, == iwJ a -iw~(S) Ga.

(5.5.40b)
As a result, the corresponding variational expression, which is a modification
of (24), is (Exercise 5.23a)

I == (V x E~, ti:' . \7 x E) - w2(E~, €. E)

- iw(E:, [J - ~(S)a]) + iw([J: - ~(S)o:~], E). (5.5.41)
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But if we require that it x E == (3 and it x E a == f3a on S, then magnetic
surface currents M, == f3 and M sa == f3a can be added to the surface S.
Consequently, Equation (34) becomes

\7 x ti:' . \7 x E - \7 X ti:' ·6.(5) it x E - w2 €. E

== iwJ - \7 x ~(S) 11-1 . {3, (5.5.42a)

and the equation corresponding to (37) is

\7 x (Jltr1
· \7 x E a - \7 x (Jltr 1

. b.(S) ii x E, - w2 €t . E a

== iwJa - \7 x ~(5) (p)) -1 . f3a. (5.5.42b)

The variational expression, which is a modification of (39), then becomes
(Exercise 5.23b)

I == (E:, LE) - iw(E:, J) + (\1 x E:, ~(5) ti:': (3)

+ iw(J:, E) + (b.(S) (Jltr 1
. (3~, \7 x E) . (5.5.43)

Notice that in (41) and (43), by including surface sources on S, the natural
boundary conditions for the tangential components of the electric field and
the magnetic field are inhomogeneous.

If an impedance boundary condition is required on S, it may be considered
the result of a thin sheet of material with E infinite. Hence, a variational
expression is (Exercise 5.23c)

I == (\1 x E~, II-I. \1 x E) - w2 (E: , [E - 6.(5) r] . E)

- iw(E~, J) + iw(J~, E). (5.5.44)

Consequently, the stationary solution to the above has the following impe­
dance boundary conditions:

it x H == -iwf· E, it x H, == -iwft . E a , (5.5.45)

where iwf is an impedance tensor. Mixed type natural boundary conditions
can be derived by a combination of the above techniques.

In the preceding sections, we have only discussed the use of the extended
operators in deriving the variational expressions I. Similar extended opera­
tors can be used in deriving variational expressions as in (5.2.15).

Exercises for Chapter 5

5.1 Show that any two vectors from the three-dimensional vector space sat­
isfy properties (5.1.1a) to (5.1.1e). Are these algebraic properties satisfied
by real and complex numbers?

5.2 Show that the norm of j, i.e., Ilfll defined in (5.1.6), is a nonlinear, real
functional of f.
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5.3 Using X, y, and i as an orthonormal basis set in a three-dimensional
linear vector space, derive the corresponding identity operator given by
(5.1.26). Show that this identity operator could be inserted between an
inner product and yet leave its value unchanged.

5.4 If we have two different orthonormal basis sets for the three-dimensional
linear vector space, {x,y,i} and {x',y',i'}, write the analogue of Par­
seval's theorem for transformations between these two basis sets. Show
that this is equivalent to the statement that an inner product between
two vectors is invariant with respect to their representations.

5.5 An arbitrary, square integrable function f(x) defined for -a < x < a
can be expanded as a Fourier series

00

f(x) = :L bnein;x.
n=-oo

(a) Show that the basis ein1rx/a is orthogonal with a complex inner prod­
uct, and derive a new orthonormal basis.

(b) Derive the equivalence of (5.1.42a), and hence, the identity operator
(5.1.43) for this basis. Give the explicit expression for (z", Ix'), the
coordinate-space representation of this identity operator.

(c) Derive Parseval's theorem for the Fourier series as in (5.1.48).

5.6 Show that the definitions of symmetric and Hermitian operators given
by (5.1.53) and (5.1.54) are similar to those for matrix operators.

5.7 For a differential equation

[d~2 + k2(X)] f(x) = g(x),

or Vf) = g) where 0 < x < a, and f{O) = f{a) = 0, we can approximate
N-l

f(x) = L anfn(x) where (see figure)
n=l

_ { [x - (:- 1)~], (n _ 1)~ < x < ius;

fn(x) - [( + 1)~ xl
n ~ - , n~ < x < (n + 1)~.

In the above, ~ = alN and fn(x) is a triangular basis function, also known
as a chapeau function.

(a) Find the matrix representation of V in a space spanned by the cha­
peau functions. Also, find the representation of the state vector g)
in this space, and hence, find the matrix equation equivalence of the
above differential equation.

Hint: Use integration by parts to simplify your answer.
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f(x)

f(x)

(N - 1)6 a
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Figure for Exercise 5.7

(b) Assuming that k(x) is a constant, use finite difference with central
differencing to solve the above differential equation. Compare this
with the result in part (a) when k(x) is a constant. What are the
differences and the similarities?

(c) Explain how the local nature of the differential operator expressed by
(5.1.15) is manifested in the numerical approximations.

(d) Show that if half triangular elements are added at x == °and x == a
so that f(O) =1= 0, and f(a) ~ 0, then the matrix equation will be
different, implying a different solution. Hence, the solution depends
on the specified boundary conditions.

5.8 A set of vectors ii} in an N -dimensional space is linearly independent if
N

L aiii} =°implies that a, = 0, i = 1, .... N.
i=l

(a) Show that if Ii} are rnutually orthogonal and that I(Ii, Ii)1 > 0, then
fi} must be linearly independent.

(b) Show that for the vector a == x + if;, at . a =j:. °while at . a = 0.
Therefore, for a noncomplex inner product, a nonzero length vector
may have zero self inner product.

(c) For a symmetric operator that has distinct eigenvalues, we have
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proven that (ii, ij) == 0, i =I- j as in (5.1.61). But this does not
imply that I(ii, ii)1 > 0, because of (b). Hence, the eigenvectors may
not be linearly independent. Show that this problem does not exist
for a Hermitian operator.

(d) Show that a set of N mutually orthogonal and linearly independent
vectors forms a complete basis in an N-dimensional space, Le., there
is no state vector in this N-dimensional space that is orthogonal to all
the N state vectors. Hence, show that the eigenvectors of a Hermitian
operator form a complete set. If the eigenvalues are not all distinct,
show how the Gram-Schmidt orthogonalization procedure can be used
to obtain orthogonal vectors.

5.9 If a medium is reciprocal, the electromagnetic operators are often sym­
metric. The equation governing an electromagnetic field in an inhomoge­
neous, bounded medium is

\7 x /-L-l\l x E - W2
€ E == iwJ,

or .cE = iwJ.

(a) Show that L is a symmetric operator in the sense that (E 1 , .cE 2) ==
(E2 , .eEl)' and hence, its matrix representation is symmetric in a
space spanned by independent vectors En, n = 1,2,.... (Three­
dimensional integration is implied here in the inner product, and the
dot product is taken between two vector functions in a multiplica­
tion. Assume that the medium is bounded by a perfectly conducting
cavity. )

(b) Explain why the above is related to reciprocity.

(c) If the medium is lossless, show that L is Hermitian, but when the
medium is lossy, it is no longer Hermitian.

5.10 Prove that the functional I given by (5.2.5) is a real-valued functional
if E is a self-adjoint operator.

5.11 By taking the first variation of (5.2.10) about a.; which is the solution
of (5.2.12), show that

(a) I has a minimum at a, if L is a positive definite matrix.

(b) I has a maximum at a, if L is a negative definite matrix.

(c) I has a saddle point at a, if E is an indefinite matrix.

5.12 Show that Equation (5.2.18) is a variational expression when E is a
symmetric operator.

5.13 (a) Using the Rayleigh-Ritz procedure and the variational expression in
(5.2.43), derive a matrix equation from which an approximate solution
to (5.2.37) can be derived.

(b) Using the Rayleigh-Ritz procedure, derive an optimal approximation
for u in (5.2.47).
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5.14 Show that Equation (5.3.28) follows from (5.3.27) with the boundary
condition n x E == 0 or n x H == 0 on S, the surface enclosing V.

5.15 (a) Prove that (5.3.32) is the adjoint equation of (5.3.25).

(b) Derive the variational expression (5.3.35).

5.16 A partial differential equation is described by

where a is a constant real vector and k2 is a constant real scalar.

(a) Is the equation self-adjoint?

(b) Find the adjoint equation if it is not self-adjoint.

(c) Derive a variational functional I for the equation.

5.17 (a) Show that Maxwell's equations imply

which is of the form £1 == 8.

(b) Deduce the conditions under which the linear operator £ is self­
adjoint and the conditions under which it is symmetric.

(c) Derive a variational expression I for the above equation when it is
non-self-adjoint.

(d) Assuming that J == 0 and the equation is now defined inside a cavity,
derive a variational expression for the resonant frequencies of the
cavity when the linear operator is symmetric.

5.18 (a) Apply the Rayleigh-Ritz procedure to (5.4.2a) and (5.4.4a) and
show that the ensuing matrix eigenvalue equation is of the form

L· a == AB . a.

How are E and B related to Land B?

(b) Apply the Rayleigh-Ritz procedure to (5.4.6) and (5.4.9) and show
that the ensuing matrix eigenvalue equations are

L . a == /\B . a

and

where a is t for (5.4.6), and CL is t for (5.4.9). How are Land B related
to £ and B?

(c) Could the above matrix equation be more directly obtained using the
method of weighted residuals?
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5.19 Derive Equation (5.4.19) from Maxwell's equations.

5.20 (a) Show that (5.5.9) implies (5.5.10) for an extended class of functions.

(b) Show that (5.5.14) follows from (5.5.13) for an extended class of func­
tions.

5.21 (a) Show that the optimal solution to (5.5.17) satisfies the Neumann
boundary condition that n·p\7¢ = (3 on S, the surface of V.

(b) Show that the optimal solution to (5.5.18) satisfies the Dirichlet
boundary condition that ¢ = I on S.

(c) Show that the optimal solution to (5.5.19) satisfies the impedance
boundary condition that n.p\7¢ = o:¢ on S.

5.22 (a) Show that the optimal solution to (5.5.24), with the operator E
and La extended as in (5.5.27) and (5.5.29), satisfies the boundary
condition (5.5.31).

(b) Show that the optimal solution to (5.5.39) satisfies

n x E = n x Ea = 0

on S.

5.23 (a) Show that the optimal solution to (5.5.41) satisfies nx H = Q and
n x Ha = Qa.

(b) Show that the optimal solution to (5.5.43) satisfies

nxE=f3

and
n x Ea = f3a.

(c) Show that the optimal solution to (5.5.44) satisfies the impedance
boundary condition n x H = -iwf· E and ii x H, = -iwft · Ea.
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CHAPTER 6

MODE MATCHING METHOD

When a two-dimensional inhomogeneity is formed by a junction of two
layered regions, the solution to this problem may be sought by the mode
matching method. In this method, the eigenmodes of each region are found
first and matched to each other at the junction discontinuity to satisfy the
boundary conditions.

If a source is in a layered structure, the field due to the source can be
expanded in terms of the eigenrnodes of the structure. When the structure
is enclosed by impenetrable walls, these eigenmodes have a discrete spectra.
However, when the structure is open, extending to infinity, some of these
modes form a continuum, known as the radiation modes. In this chapter,
the eigenmodes of a layered medium will be studied first. Assuming discrete­
mode spectra only, we shall show how these modes are used to match bound­
ary conditions at a junction of two dissimilar layered regions. Subsequently,
this is generalized to continuum-mode spectra. Later, we shall show how
the canonical solution of one junction discontinuity can be used to find the
solution of the problem involving multiple junction discontinuities. In this
manner, fairly complex two-dimensional problems are solved as a concatena­
tion of one-dimensional problems. Furthermore, the method can be shown to
be more efficient than a direct use of the finite-element method to solve such
a problem.'

§6.1 Eigenmodes of a Planarly Layered Medium

Before introducing the mode rnatching method, it is imperative to un­
derstand the eigenmodes of a layered medium." The field of an open, layered
medium extends to infinity. As a result, an open, layered medium has a con­
tinuum of modes which makes its understanding less transparent. Therefore,
it is more appropriate to study first the eigenrnodes of a layered medium en­
closed by two impenetrable walls (see Figure 6.1.1). In this case, all the eigen­
modes of the layered rnediurn are discrete. The modes of an open medium
can then be obtained by allowing the locations of the impenetrable walls to
tend to infinity.

1 A knowledge of linear vector space as discussed in Chapter 5 is required to understand
the subject matter in this chapter.

2 See also Marcuse (1972) for a discussion.
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Figure 6.1.1 A layered medium bounded by two impenetrable walls.

§§6.1.1 Orthogonality of Eigenmodes in a Layered Medium

When a layered medium is bounded by two impenetrable walls at Zmax

and -Zmin (Figure 6.1.1), the natural solutions to the boundary value problem
are the eigenmodes of the structure. The walls in this case may be electric,
magnetic, or even reactive. The governing equation for such a problem, as
shown in Chapter 2, is

[
d -1 d 2 2]PdzP dz + k (z) - ks ¢(z) = 0, (6.1.1)

where p == E for TM waves and p == p, for TE waves. The natural solutions
or the eigenmodes can only exist for certain discrete values of k;, found by
imposing the guidance conditions (similar to finding the modes of a parallel
plate waveguide). These solutions are the eigenfunctions or the eigenvectors
of the operator equation

(6.1.2)

(6.1.3)

with the appropriate boundary conditions at Zmax and -Zmin. An alternative
way to write Equation (2) is

[i.p-1i. + k 2p - 1] ¢(z) == k 2p - l¢(Z)
dz dz S

making it self-adjoint.

The above is an operator equation of the form

(6.1.4)
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where k; is the eigenvalue, ¢) the eigenvector, and V and B are operators.
The coordinate-space representation of Equation (4) is retrieved by projecting
(4) onto coordinate-space (z', and inserting the identity operator J dz z)(z
into (4).3 For example,

(z','D¢) = !(z','Dz)(z,¢)dZ = ! dz'D(z',z)¢(z),

(z', B¢) = ! (z', Bz)(z, ¢) dz = ! dz B(z', z)¢(z).

On comparing the above with (3)~ we deduce that

V(z', z) = b(z' - z) [:Zp-l dd
z

+ k2p - 1
] ,

B(z', z) == b(z' - z)p-1(Z).

(6.1.5a)

(6.1.5b)

(6.1.5)

(6.1.6)

With some boundary conditions on ¢(z), it can be shown easily that V
and B are Hermitian operators when the medium is lossless (Exercise 6.1).
In this case, Equation (4) is equivalent to a matrix equation of the form

(6.1.7)

where D and Bare Hermitian matrices. Moreover, Equation (7) gives rise
to only real eigenvalues because if

D . cPl == )qB . cPl'

D . cP2 == A2 B . <P2'

then multiplying (Sa) by cP~ and (8b) by cPt, one obtains

t- t-cP2 . D . 1>1 == AlcP2 . B . cPl'

(6.1.8a)

(6.1.8b)

(6.1.9a)

t- t-<PI . D . 1>2 == A2<Pl . B . <P2' (6.1.9b)

Then, after taking the conjugate transpose of (9b) and subtracting it from
(9a), one obtains

* t -(AI - A2)QJ2 . B . QJl == O. (6.1.10)

But if Al == A2 or cPl == <P2 in (10), then (10) could be satisfied only if Al == Ai.
That is, Al is real, since cPt . B . 1>1 is not zero in general. Furthermore,

t- -
if Al =1= A2' then <P2 . B . <PI == 0, i.e., <PI and <P2 are B orthogonal. A
similar proof can be applied to the operator equation. Therefore, in a lossless
medium, Equation (4) possesses only real eigenvalues, and the eigenvectors
are B orthogonal, i.e.,

(6.1.11)

3 See Chapter 5 for a review of linear vector space.
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for two eigenvectors ¢1) and ¢2) corresponding to two distinct eigenvalues.

If the medium is lossy, however, V and B are no longer Hermitian but are
still symmetric. In this case, the eigenvalues k; are complex. But for distinct
eigenvalues, it can be shown that (Exercise 6.2)

(6.1.12)

rPi(Z) = Ai [e-ikiZZ + k,i+1eikiZ(2d;+Z)] , (6.1.13)

where kiz = Jkl- k;. In region 1, the boundary condition at the impene­
trable wall may be a homogeneous Dirichlet boundary condition, which is

§§6.1.2 Guided Modes and Radiation Modes of a Layered Medium
Let us elicit some salient features of the eigenfunctions of (2). These

eigenfunctions are actually the eigenmodes of the layered medium described
by Equation (2). There are two kinds of eigenmodes in Equation (2):

(i) one that corresponds to guided modes in the layered slab,

(ii) and one that corresponds to exterior modes not guided by the layered
slab, but guided by the impenetrable walls.

(We define the layered slab to be the regions excluding region 1 and region
N.) For the slab-guided modes, the field is evanescent in both the open
regions 1 and N (both k1z and kN z are imaginary); hence, the energy is
trapped mainly in the layered slab. These modes are in bound states. An
exterior mode is propagatory in region 1 or N, or both (k1z and kN z are
not imaginary). Hence, the energy of the exterior mode is not bound to the
layered slab but is flowing in the open region; therefore, it is in a free state
with respect to the layered slab.

Now, let us discuss how these modes can be found. Assume first that the
impenetrable walls are at Zmax and -Zmin' Then, the field in each region can
be derived as in Chapter 2. For example, if the inhomogeneity consists of
piecewise constant layers, the field of a mode in the i-th layer can be expressed
as

(6.1.14)

(6.1.15)

This boundary condition corresponds to an electric wall for TE waves, while
it corresponds to a magnetic wall for TM waves (the converse will be true for
a homogeneous Neumann boundary condition). As we shall show, it is from
this boundary condition (14) that the eigenvalue k; in (2) is determined.

The boundary condition (14) at Z = Zmax implies that the solution can
exist only if

R12 can be defined in terms of kiz's of all the regions as shown in Chapter
2. Since ki z = Jkl - k;, the above is an implicit equation for k;, which is
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the eigenvalue of (2). It can be solved to yield eigenvalues corresponding to
modes which are either:

(i) guided by the layered slab with energy bound to the slab, or

(ii) guided by the impenetrable walls with energy outside the slab.

It can be shown that (Exercises 6.3,6.4) Equation (15) produces roots for k;
only at discrete values, implying that all the eigenvalues are discrete. Once
the eigenvalue is found, the field of the eigenmode can be derived from (13).
Moreover, Ri,-i+l and Ai can be found as in Chapter 2-Ai is determined
within a multiplicative factor.

The left-hand side of (15) at this point is a multivalued function because

of the branch point due to k1z == Jkr - k;. But a meromorphic function (a
single-valued function which has only poles and zeroes) can be constructed
to have the same zeroes as (15). It is much easier to look for the roots of
such a function on the complex plane with a numerical equation root solver
because of its single-valued property. Such a function is

(6.1.16)

It can be shown that the above is a single-valued function (see Exercises 6.3,
6.4). Incidentally, the above can be derived by putting a source in region
1 of Figure 6.1.1. Then, from the uniqueness principle, one can prove that
the solution is branch-point free. Since (16) is branch-point free, it is a
meromorphic function with discrete poles and zeroes.

When Zmax and Zrnin are made large, we expect the number of exterior
modes (modes not guided by the slab) to increase but the number of guided
modes (or bound states) in the slab to remain essentially the same. This
becomes clearer if we study the modes of a parallel plate waveguide, namely,
the case when the layered slab is absent. In this case, it is easy to show
that for the n-th mode, k$ = [k2- (,::)2]1 /2, where d is the separation of
the parallel plates. Then, if the separation of a parallel plate waveguide is
increased, the number of guided modes between the parallel plates becomes
denser on the complex k, plane. As a result, when the modes for a layered
medium are sketched on the complex ks plane for large Zmax and Zmin for
a loss less medium, they appear as shown in Figure 6.1.2 for the case when

kN < k1·

For a lossless medium, k; is pure real (positive real as well as negative
real), as shown in Subsection 6.1.1. Therefore, k, is either pure real or pure
imaginary. The modes corresponding to k; > k, > kN are modes guided by
the slab since these modes are evanescent in both regions 1 and N because,
in this case, k1z and kN z are pure imaginary." On the other hand, modes with

4 Note that k· == Jk? - k 2
l.Z 1. S •
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Exterior Modes

Slab-guided Modes

Figure 6.1.2 Slab-guided modes and exterior modes on the complex
ks plane.

kN < ks < k1 are evanescent in region N but propagatory in region 1. Hence,
if Zmax becomes larger, the number of these modes becomes denser as region
1 can accommodate more guided modes. Moreover, when either k, < kN or
ks is purely imaginary, both k1z and kN z are purely real. Consequently, these
modes are propagatory in the Z direction in both regions 1 and N. Again,
their number becomes denser for larger Zmax and Zmin' Note that a mode
whose k, is purely imaginary is evanescent in the s direction, and hence is
cut off. These modes have k1z > k1 and kN z > kN .

Moreover, when region 1 and region N become open regions, f(k s ) in (16)
is no longer merornorphic. This is corroborated by the analysis of Section 2.7
in Chapter 2, where it has been shown that branch points exist at ks = k,
and k, = kN • Hence, branch cuts have to be defined for these branch points.
The radiation modes then fall on the Sommerfeld branch cuts defined for k1z

and kN z ' Surprisingly, this is even the case when the medium is lossy, as shall
be shown next.

When Zmax and Zmin tend to infinity, the exterior modes, i.e., modes not
guided by the slab, become a continuum. Then, the distribution of modes
is as shown in Figure 6.1.3. In other words, the continuum modes lie on the
Sommerfeld branch cut." These continuum modes are called the radiation
modes-so called because they carry energy to infinity."

5 See Chapter 2, Subsection 2.2.3, for a definition of the Sommerfeld branch cut.

6 It is well-known that an operator can have continuous as well as discrete spectra (e.g.,
see Stakgold 1967; Marcuse 1972; Felsen and Marcuvitz 1973).
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Figure 6.1.3 Distribution of rnodes in an open layered slab. The
radiation modes are distributed on the Sommerfeld branch cuts.

When the medium is lossy so that k, and kN are complex, the Sommerfeld
branch cuts are not as shown in Figure 6.1.3, and they do not hug the real
and imaginary axes anymore [see Chapter 2, Equation (2.2.33)]. Even though
this is not obvious, it can be proven that the radiation modes still lie along
the Sommerfeld branch cut as follows: If (15) is solved for the exterior modes
in region 1 when Zmax becomes large, k 1z can only have a small imaginary
part, otherwise eiklzZmax will become inordinately large or small, and Equation
(15) cannot be satisfied unless R12 becomes small or large respectively. For a
mode guided in region 1, however, R12 is finite." Therefore, when Zmax tends
to infinity, k1z corresponding to the exterior rnodes in region 1 has to be real.
Since k1z is real on the Sommerfeld branch cut (defined to be ~m[klz] == 0),
these exterior modes are again distributed along the Sommerfeld branch cut!
Similar argument applies to region N; the exterior modes corresponding to
region N will lie on the Sornmerfeld branch cut corresponding to kNz, which
is defined to be ~m[kNz] == O. Consequently, the distribution of the radiation
modes (which evolve frorn the exterior modes) is as shown in Figure 6.1.4
(also see Exercise 6.5).

The continuum modes plus the discrete modes of a layered slab may be

7 R12 can becorne infinite only at values of ks corresponding to guided rnodes in the
subsurface region with respect to region 1. This can be understood by studying the
expression for R12 given in Chapter 2. Equation (2.1.24).
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Figure 6.1.4 Distribution of modes in a lossy medium case. The
radiation modes are distributed on the Sommerfeld branch cuts.

assumed complete.f Hence, an arbitrary field ¢(z) may be expanded as

N 00

¢(z) = L an¢(n, z) + J dk1za(k1z)¢(k1z, z)
n=l 0

00

+JdkNz a(kNJ¢(kNz, z). (6.1.17)

o

The first term corresponds to discrete modes, and the second term corre­
sponds to radiation modes in region 1, while the third term corresponds
to radiation modes in region N. From (12), however, we deduce that the
eigenmodes are p -1 orthogonal. Hence, these eigenmodes can always be nor­
malized so that they are »:' orthonormal (Exercise 6.6). Then, for discrete
modes, we have

00

J dz¢(n,z)¢(m,z)p-l(z) = Dnm ·

-00

(6.1.18)

8 This is only strictly true for a lossless slab because only the eigenvectors of a Hermitian
operator can be shown to be complete (see Chapter 5, Exercise 5.8). For a lossy slab,
the modes cannot be proved to be complete, but they cannot be proved to be incomplete
either.
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For the continuum modes, we have"

00

J dz ¢(k1z, z)¢(k~z' Z)p-l(Z) =b(k1z - k~z)'
-00

OQ

J dz ¢(kNz, z)¢(k~z, z)p -l(Z) = b(kNz - k~z)'
-OQ

335

(6.1.19)

(6.1.20)

(6.2.2)

Note that a discrete mode and a continuum rnode are also mutually orthog­
onal.

§6.2 Eigenfunction Expansion of a Field

The eigenmodes of a layered medium are also the eigenfunctions of the
medium. Since the set of eigenmodes of a layered slab is complete, a solution
due to an arbitrary source may be expanded in terms of the eigenmodes of
the slab. Moreover, these eigenmodes are orthogonal, making the solution
simpler (Chew 1985). Even though this method of deriving the field due to a
source in a layered medium is different from that in Chapter 2, they can be
shown to be equivalent to each other (Exercise 6.8).

§§6.2.1 Excitation of Modes due to a Line Source

If we have a line source with ei k x x dependence, all the fields it generates
will have ei k x x dependence. Now, if this source is embedded in a medium as
shown in Figure 6.1.1, from Maxwell's equations, it can be shown that the z
component of the electric flux I), satisfies the equation (Exercise 6.7)

[
82 8 -1 8 2 2] . 8 -1

oy2 + f OZ f OZ + k (z) - k x Dz(y, z) = -ZWJlfJz + f OZ f (2,

(6.2.1)
where J, is the z component of the current source and g is the charge density.
J and [)are related by the continuity equation. Furthermore, the z component
of the magnetic flux B, satisfies the equation

[
82 a -1 a 2 2]
oy2 + u ozJl oz + k (z) - kx BAy, z) = -Jl (\7s x Js)z'

Equations (1) and (2) are for the TM and TE waves in the layered medium
respectively.

In the above equations, the ei k x x dependence has been suppressed from
both sides of the equations. Now, if the source is a line source of horizontal
dipoles pointing in the y direction.

J == ylf b(y) b(z), (6.2.3)

9 These orthogonal relationships can be obtained by first considering the discrete mode
case and. finally, allowing the locations of the impenetrable walls to tend to infinity.
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with the implied ei kxx dependence, then
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(} = \7.. J = ~f 8'(y) 8(z)
uo u»

and
"\l s x J s == iiI ekx 8(y) 8(z).

In this case, (1) and (2) become

(6.2.4)

(6.2.5)

(6.2.6)

To solve (6), Dz(Y, z) is expanded in terms of the eigenmodes of (6.1.2)
that correspond to TM waves. Here, we denote the n-th TM eigenmode as
¢€(n, z). We shall assume that only discrete modes exist, which is the case,
for example, when the inhomogeneous slab is placed in between a parallel
plate waveguide. Consequently,

00

Dz(Y, z) = L an(y)¢,(n, z).
n=l

(6.2.8)

The continuum modes can be thought of as a limiting case of the discrete
modes when the walls of the parallel plate waveguide tend to infinity. Next,
on substituting (8) into (6), one obtains

f [dd?2 + k~s, - k;] an(y)¢,(n, z) = :~ 8'(y) 8'(z),
n=l y

after making use of the fact that

(6.2.9)

(6.2.10)

corresponding to (6.1.2) where k~sf. is the n-th eigenvalue for the TM modes.

Assuming that ¢E(n, z) are E -1 (z) orthonormal, on multiplying (9) by

and integrating, we have

[
d2 2 2] () - le, ( ) I ( )dy2 + kms, - kx am y = iWE(O) ¢, m,O 8 y . (6.2.11)
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Furthermore, by matching the singularity at the origin, Equation (11) can be
solved to yield

( ) - ~I£ ~/( 0) ikmy€lyl (6212)arn Y -.' ... ( ) If'E m, e, ..
2~Wf 0

where k?nYE == k?nSE - k~; the upper sign in ± is taken when y > 0, and the
lower sign is taken when y < O. Finally, after substituting the above into (8),
we have the eigenfunction expansion solution

1£ oo .
D (y z) == =F '"' e~knYtIyldJ (n z)~/ (n 0).
z, 2iwE(O) ~ ,E' If'E ,

17,=1

(6.2.13)

Similarly, Bz can be expanded in terms of the eigenmodes of (6.1.2) corre­
sponding to TE modes, rP J1 (n ,z), giving

(6.2.14)

These fields D; and B, represent the TM and TE fields respectively,
excited in the layered slab by the source. Similar expressions could be derived
for other kinds of source excitation (Exercise 6.8). As a final note, the results
above can also be obtained by the Fourier integral technique of Chapter 2
via a contour deformation (Exercise 6.8).

§§6.2.2 The Use of Vector Notation

Equations (13) and (14) are cumbersome to write. To make them more
compact, we introduce vector notation (Chew et al. 1984; Chew 1985). By
doing so, they can be written more succinctly as

(6.2.15)

(6.2.16)

where ¢(z) is a column vector containing ¢(n, z) and K is a diagonal matrix
containing kny6nnt (Exercise 6.9). The above can be further compressed by
defining

(6.2.17)

where

and

K==

(6.2.18a)

(6.2.18b)
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In the preceding equations, ¢s± (0) contains the excitation coefficients, eiKy

is a propagator that propagates the eigenmodes through a distance y, and
<Jl t (z) contains the eigenmodes of the structure.

The transverse to z components of the fields can be found via the equa­
tions derivable from Maxwell's equations:

1 8 iWJl
Ens = -k2 ~\7sEnz + -k2 \7s X H nz, (6.2.19a)

nse uZ nSJ-L

1 8 iw£
Hns = -k2 ~\7sHnz - -k2 v, X Enz' (6.2.19b)

nSJ-L uZ nse

The above applies only to the summands in (13) and (14), or only to the
eigenmodes.'? Hence, Enz and Hnz correspond to the electric field and the
magnetic field respectively derived from the n-th eigenmode of (13) and (14).
The above formulas are valid over a piecewise homogeneous layer only, be­
cause across a discontinuity tzEnz and %zHnz are singular, since Enz and Hnz
are discontinuous. We can, however, by a simple trick rewrite (19a) and (19b)
so that they are valid for all Z in the following manner:

1 -1 a iw
Ens = -k2 £ ~\7sDnz + -k2 v, X Bnz, (6.2.20a)

nSf uZ nSJ-L

1 -1 a iwn., = ~J.L a'VsBnz - ~'Vs x u..
nSJ-L Z nse (6.2.20b)

Now, the 8/8z operates on functions Dnz and Bnz which are continuous
across discontinuities in e and Jl respectively. Hence, the right-hand sides of
(20) are bounded and continuous across an interface, which is also required
of Ens and Hns on the left- hand side. In other words, (20a) and (20b) are
valid for all z. Consequently, they can be used for layers which are piecewise
homogeneous, and also in the limit when these layers become infinitely thin,
reducing to arbitrary, inhomogeneous layers. The above equations could also
be established more rigorously from Maxwell's equations (Exercise 6.10; also
see Chew 1985, 1988a, b).

Using the above, we find that

1 -1' a iw a
Enx = -k

2
c zkx7}Dnz + ---Bnz, (6.2.21a)

nse oz k~sJ-L 8y

1 -1' 8 iw au.; = -k2 Jl zkx~Bnz - -k2 -8o.; (6.2.21b)
nSJ-L oz nsf. Y

where the eikxx dependence of the field has been used to replace tx with ikx ·

To write (21) more compactly, a vector can be defined as follows:

Ax = [~;] = f [~::] = [~:~ fy :: f] .f [~i:~~::] . (6.2.22)
n=l f 8z {}y n=1

10 These equations are similar to those of (2.3.17) in Chapter 2.
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Moreover, if

Lanbn = at. b,

then
LanAnbn = at.:X. b,
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(6.2.23a)

(6.2.23b)

where X is a diagonal matrix conta.ining An. Consequently, with the above,
we deduce that

(6.2.24)

after making use of (13) and its more compact equivalence (15). A similar
statement could be made of the summation over k;;s~Bnz in (22). Conse­
quently, (22) becomes

[

-iwlL ik x Jl.] [ ~¢ t(z) . K -2 . eiKtlYI . ,-hI (0) ]A - oy J1 oz 21,u..,'f.(O) f. Sf. 'Pf.

x >: ikx _o B' I£k --2 oR II --1 ,iw- --'x A-.t(z) . K . e' 11 y . K . At. (0)
f. Bz By 2 "-P,,, SIl, Jl 'PIl

(6.2.25)
where K, is a diagonal matrix containing kn s ' The above can be factorized
to yield

[

' 0
-~w-

Ax == Ok ay
~ x B
7az

(6.2.26)

Note that since the K matrices are diagonal, they commute with each other.
Consequently, we can write (27) rnore compactly as

(6.2.28)

where N ± (z) is the first rnatrix in (27).

In summary, given a horizontal electric dipole at the origin, the fields can
be written compactly as

A z = [ ~:] = pt(z) . eiKlvl . cPs±(O),

Ax = [~:] = N ±(z) . eiKlvl . cPs±(O).

(6.2.2930)

(6.2.29b)
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y=d
2

Figure 6.3.1 A junction between two dissimilar layered slabs.

We can derive a similar expression for the y components of the field. Note
that in the preceding equations the solutions have been factored into their
y and z dependent parts. The ± sign in N ± is for y > 0 and y < 0 as it
assumes different forms for these two regions. When the source is changed
in this factorized notation, we only need to change 4>8(0) (Exercise 6.8).
Moreover, Equation (29) resembles the separation of variables, but is done in
an infinite-dimensiona linear vector space. It exhibits the physical clarity of
propagating waves despite its compact notation.

The above derivation is for a line source modulated with a frequency of
eikxx . To retrieve the point source solution, we only need to multiply (29) by
2~ eikxx and integrate over all kx •

§6.3 Reflection and Transmission at a J unction Discontinuity

Having derived the field due to a source in a layered medium, we can
study how this field, expressed in terms of the eigenmodes of the structure,
is reflected and transmitted at a junction discontinuity between two layered
media shown in Figure 6.3.1. At such a junction discontinuity, a single eigen­
mode incident onto it will be reflected and transmitted into all the other
eigenmodes of the two layered structures. This phenomenon is also known
as mode conversion. It has been studied by many scientists whose works
are listed in the references. We shall see how such a phenomenon can be
described in terms of reflection and transmission operators following Chew
(1985).
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(6.3.5)

(6.3.6)

§§6.3.1 Derivation of Reflection and Transmission Operators
When two regions of layered inhomogeneities rneet at y = d (see Figure

6.3.1), the discontinuity at y == d will scatter any eigenmodes incident on it.
But if a source is at the origin, it will excite all the eigenmodes. Furthermore,
the presence of the discontinuity at y == d results in the reflection of the
eigenmodes in region 1. Therefore, the field in region 1 can be written as

A 1z = ~;(z) . eiKllyl . <P8±(0) + ~:(z) . e- iK 1Y . a. (6.3.1)

Physically, the second term in the above equation denotes a collection of
eigenmodes propagating in the negative y direction representing the reflected
modes from the junction discontinuity. Here, a is a vector denoting the am­
plitudes of the reflected eigenmodes: it is an unknown yet to be determined.
The second term in (1), however, can be written in a physically more sugges­
tive manner by writing a as

a == eiK 1d
. R 12 . ei K 1d

. <1>8+(0).

The above suggests that a is linearly related to <1>8+(0), the excitation coeffi­
cient vector of the eigenmodes at y == 0, via a matrix operator R 12 and the

phase factors eiK 1d . Consequently, (1) becomes

A l z = <I>:(z). [eiKilYI . <Ps±(O) + e-iK1(y-d) . R 12 · e iK 1d. <P8+(0)] .

(6.3.1a)
Then, applying (6.2.28) for positively and negatively traveling waves in the
y direction, we have

A l x = [Nl±(Z) . eiKilYI . <Ps±(O) + Nl-(z) . e-iKdy-d) . R 12 · eiK 1d. <Ps+(O)] .

(6.3.2)

The terms associated with R 12 correspond to waves traveling in the neg­
ative y direction. Physically, R 12 is a reflection operator that is the "ratio"
of the reflected modes to the incident modes (this is obviated by setting the
expression (la) at y == d). Furthermore, it accounts for mode conversions
at the discontinuity, i.e., an n mode incident can give rise to an m mode
reflected, and a TE mode can give rise to a TM mode and vice versa.

In region 2, only transmitted modes exist, and the field can be written in
a similar manner as

A 2z == q,~(z) . eiK2(y - d) . T 12 · eiK 1d . <1>8+(0), (6.3.3)

A 2x == N 2+(z) . e iK2(y-d) . T 12 . eiK 1d . <1>8+(0), (6.3.4)

where T 12 is a transmission operator. Note that (Ez, Hz) and (Ex, Hx) are
continuous at y = d. Consequently, equating (E z , Hz) from (la) and (3), and
(Ex, Hx) from (2) and (4) at y == d results in

E 1-1 ( z) . ~; (z) . [I + R 12] == E 2- 1 ( z) . ~~ (z) . T 12 ,

N 1+(z) + N1-(z) . R 12 == N 2+(z) · T 12 ,
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where

MODE MATCHING METHOD

E.()- [€i(Z) 0]
t Z - 0 /-li(Z)·

The above are two infinite-dimensional matrix equations with two unknown
operators R l 2 and T 12 . They can be solved in many ways, for example,
by projecting them onto an orthonormal and complete set. To do this, we
multiply (5) by a set of weighting functions and integrate over z. If the set
is chosen to be

(6.3.7)

then from the fact that the eigenmodes cPt(n, z) and cPJ1.(n, z) are € and /-l
orthonormal respectively, we have

(6.3.8)

As a result, (5), after projecting onto till (z), becomes

(6.3.9)

(6.3.13)

(6.3.14)

Furthermore, after multiplying (6) by tIlI(z) . E I-
1
(Z) and integrating, one

obtains

(~l(Z),E1-1(Z) · N1+(z)) + (~l(Z), E1-\z) · N1-(z)) · R12

= (~l(Z), E;l(Z) · N 2+(z)) · T 12.
(6.3.10)

The above equations are of the form

I + R 12 = B 12 · T 12 , (6.3.11)

H I+ + H 1- . R 12 = H 2+ . T 12 , (6.3.12)

where B12= (~l(Z), E2-
1(Z)'

~~(z)) and H i ± = (~l(Z), E;\z). Ni±(Z)).

The eigenmodes making up ~l(Z) and ~2(Z) can be found from Equation
(6.1.13) after the eigenvalues are found from (6.1.15). Since the eigenmodes

consist of exponential functions, and E1-
1
(z) and E2-

1
(z) are piecewise-con­

stant functions, these inner products can be obtained in closed forms. [An
alternative way of calculating these matrices via a numerical method will be
discussed in Section 6.4.) The matrices are, in theory, infinite-dimensional
matrices. In practice, however, they must be truncated and solved as matrix
equations, giving

R 12 = - (B1~1 - H2-: · H1- ) -1 · (B1~1 - H2-: · Hl+) ,
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By truncating the infinite-dimensional matrices, we are implying that
only N eigenmodes are used in the calculation, even though an infinite num­
ber of eigenmodes are excited by the source and generated by mode conversion
at the junction discontinuity. As seen from Figure 6.1.2, many of these eigen­
modes have large imaginary ks , and hence, large imaginary ky ( ==' Jk; - ki).
Therefore, these modes are highly evanescent in the y direction and can be
partially ignored. In general, R 12 and T 12 are dependent on the relative lo­
cation of the source to the discontinuity (Exercise 6.11; also see Chew 1985,
1988a, b, 1989).

In general, R 12 and T 12 are full rnatrices. They account for the mode
conversions within TE and TM modes and also between TE and TM modes.
More explicitly,

TM to TNI
mode conversion

TN! to TE
mode conversion

TE to TNI
mode conversion

TE to TE
mode conversion

(6.3.15)

(6.3.16)

(6.3.17)

The same could be said of the T 12 operator in its mode conversion properties.
Note that if kx == 0, then N±(z) in Equation (6) is block diagonal. Then, the
corresponding H i ± in (12) is block diagonal, and subsequently, R 12 and T 12

in (13) and (14) are also block diagonal. In this case, there are no inter- TE
and TM mode conversions.

Having obtained the line source solution, we can Fourier transform in the
x direction to retrieve the point source solution. This type of problem, where
the field varies in three dimensions but the inhomogeneity varies only in two
dimensions, is known as a two-and-a-half-dimensional problem.

§§6.3.2 The Continuum Limit Case

The previous discussion is valid for when there are discrete modes only.
However, when Zmax and Zmin tend to infinity, continuum modes as well as
discrete modes constitute the set of eigenmodes. In such a case, the dot prod­
ucts in the previous section, which imply infinite summations, also involve
integral summations. For clarity, we will use double-dot products to indicate
products where a continuum may be involved. In this case, Equations (5)
and (6) become

E~\z) . eJJ:(z) : (I + R 12 ) = E~\z) . eJJ;(z) : T 12 ,

N 1+(z) + N1-(z) : R 12 == N 2+(z) : T 12 .

Now, if the same operations were applied to the above equations as in the
previous section, the resulting equivalence of Equations (11) and (12) still
involves integrals, and may not be easily solvable.
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One way to overcome this problem is to find an orthonormal basis set
which is countable and yet complete over the infinite domain -00 < Z < 00,

e.g., Laguerre polynomials or Hermite polynomials. The eigenmodes can then
be expanded in terms of this basis set to give!'

00

<pp(kz, z) = L bnp(kz)Sn(z),
n=l

(6.3.18)

where Sn(z) is an orthonormal complete set over -00 < z < 00 and kz implies
either the discrete modes or the continuum modes. Therefore, ¢p(kz , z) can
be thought of as a vector of continuum dimension indexed by kz , i.e.,

<pp(z) = bp . S(z), (6.3.19)

where <pp(z) is a column vector of continuum dimension indexed by kz , bp is a
matrix of continuum dimension by discrete dimension, and S(z) is a column
vector of discrete dimension. Hence, we write

;F,.lt(Z) = [<PifO(Z) 0] [st(Z) 0] [6:f 0] -st() B t
't" ¢{/L(z) - 0 st(z)' 0 b:/L = z i - l'

(6.3.20)
where S(z) and B 1 are defined accordingly as the matrices above. On using
this in (16), one obtains

--1 -t -t - - --1 -t -t-
El (z)· S (z) . B 1 : (I + R 12 ) = E 2 (z)· S (z) . B 2 : T 12 • (6.3.21a)

(6.3.23)

Then, after multiplying the above by S(z) and integrating, one obtains

-1 -t - - -1 -t -
PI · B I : (I + R 12 ) = P 2 . B 2 : T 12 , (6.3.21b)

where P: = (S(z), E i-
1
(Z) · st(z)) is the matrix representation of E i-

1
(Z) in

a space spanned by Sn(z).

From (6.2.27), after using (19), then we have

[

-t - --2 . -1 a t -t --2]N ( ) - ±wSt(z)· b f : x, : K S! zkxJ.L 8z S (z)· bJL : K SJL
± z - 1 a -t --2 -t - --2 ·

ikxf.- 8z St(z) ' b f : K S f =FwSt(z)· bJL : KJL : K SJL (6.3.22)

Moreover, using the properties of orthonormal basis, we can deduce that
(Exercise 6.12)

p-l(Z) :z st(z) = st(z) . (S(z), p-l :z st(z)) = st(z) · n;

11 It is debatable whether a nonseparable Hilbert with undenumerable (continuum) eigen­
modes can be expanded in terms of a denumerable (discrete) basis function. Neverthe­
less, this method has been adopted by a number of scientists to solve this problem (e.g.,
see Rozzi 1978; Rozzi and Veld 1980).
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where D; == (S(Z),p-l %zst(z)), the matrix representation of the operator
»:' gz in a space spanned by Sn(z). Subsequently, (22) becomes

- [st(Z) 0]
N±(z) = 0 st(z)'

-t -
== S (z) . M±.

ikxD'l .b~ : Ks~2 ]
-t - --2

=fwbJ-l : KJ-l : KSJ-l

(6.3.24)

Using the above in (17), one derives

(6.3.25)

Because of the meaning of the double-dot products, the above is an integral
equation. Therefore, it needs to be manipulated into a matrix equation so
that its solution can be computed.

Using the orthogonality property that [see (6.1.18) to (6.1.20)]

(6.3.26)

we deduce that

(6.3.27)

Calling 151 == (S(z), p-1st(z)) the matrix representation of p-l, (27) can be
rewrit ten as

- I- t
b; . P . bp == b(kz - k~). (6.3.28)

The above delta function becomes a Kronecker delta function when discrete
modes are involved, which is implied in (26) to (28). Hence, bp . pI ·b; is an

identity operator, or using the definition of B given by (20),

(6.3.29)

Finally, on inserting this piece into the double-dot product in (25), one obtains

(6.3.30 )

Then, after multiplying the above by B 1 from the right, one derives

M 1+ : B 1 + M 1- : B 1 . P~ . (B; : R 12 : B 1)

- - -1 -t - -
== M 2+ : B 2 . P 2 . B 2 : T 12 : B 1 . (6.3.31)

Consequently, the above becomes

(6.3.32)
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where
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- -t - -
t 12 = B 2 : T 12 : B 1 . (6.3.33)

Similarly, after multiplying (21b) from the right by B 1, one obtains

(6.3.34)

Equations (32) and (34) are now matrices with discrete, infinite dimensions.
But they can be truncated and solved as matrix equations, yielding r12 and
t 12 . Then, the relationship between r12 and t12 , and R 12 and T 12 can be
found from (33). For example,

(6.3.35)

Moreover, using (29), it can be shown that (Exercise 6.13)

(6.3.36)

and similarly,
(6.3.37)

Therefore, the continuum reflection and transmission operators are derivable
from the discrete reflection and transmission operators.

§6.4 A Numerical Method to Find the Eigenmodes

Finding the eigenmodes of an inhomogeneous slab is often a rather labo­
rious procedure, especially if the inhomogeneity is arbitrary and general. To
do so, one has to solve the implicit equations (6.1.15) or (6.1.16) for the eigen­
values. Then, the eigenmodes are found using (6.1.13). Since the eigenmodes
satisfy Equation (6.1.3) where p is either J-L or € for TE and TM waves respec­
tively, a systematic way of finding the eigenvalues k; and the eigenfunction
¢(z) is via a numerical method. In this method, Equation (6.1.3) is con­
verted into a matrix eigenvalue problem whose eigenvalues and eigenvectors
are found efficiently using matrix eigenvalue solvers (Pudensi and Ferreira
1982; Chew et al. 1984; Chew 1985).

To solve (6.1.3) numerically, we let

N

¢(z) = L bnSn(z),
n=l

(6.4.1)

where Sn(z) is a basis set that can approximate ¢(z) fairly well over its
support -Zmin < Z < Zmax' For example, Sn(z) may be the Fourier series
basis, some orthogonal polynomials, or subdomain functions like the trian­
gular functions. If the support of ¢(z) is infinite, we may choose Sn (z) to



§6.4 A NUMERICAL METHOD TO FIND THE EIGENMODES 347

be Laguerre polynomials or Hermite polynomials. Consequently, using (1) in
(6.1.3), we have

N [d d ] N
~bn dz p-1dz + k2(z)p-l Sn(z) = k;~bnp-lSn(Z). (6.4.2)

The above could then be multiplied by Sm(z) and integrated over the support
of ¢(z), or

~ »; [(Sm(z), ddz p-
1:z Sn(Z)) + (Sm(z), k2(Z)p- 1Sn(Z))]

N

= k; L bn(Sm(z),p-1Sn(z)), m = 1, ... , N, (6.4.3)
n=l

Zmax

where (a, b) =: J a(z)b(z) dz. Next, using integration by parts, we have
-Zmin

-Zmin

(6.4.4)

-Zrnin

However, if the basis function Sn(z) is chosen such that either Sm(z) or
-tSn'(z) is zero at -Zrnin and znlax,12 then the first term on the right-hand
side of (4) vanishes, and we have

( Sm(z), :Zp-l d~ Sn(Z)) = - (S:n(z),p-lS~(z)). (6.4.5)

The choice of 8 m (z) =: 0 at the end points corresponds to a homogeneous
Dirichlet boundary condition. In this case, the walls at -Zmin and Zmax

correspond to electric walls and magnetic walls for TE and TM waves re­
spectively. On the other hand, the choice of S'm (z) = 0 at - Zmin and Zmax

implies a homogeneous Neumann boundary condition. This corresponds to
a magnetic wall and an electric wall for TE and TM waves respectively.l"

As a result, (3) becomes
N

Lbn [- (S:n(Z),p-lS~(Z))+ (Sm(z),k2(z)p- 1Sn(z))]

n=l

N

=k;Lbn(Sm(z),p-1Sn(Z)), m=l, ... ,N. (6.4.6)
n::::l

12 These are the essential boundary conditions described in Chapter 5.

13 If Sm(z)'s values at -Zmin and Zmax are allowed to float, then the solution satisfies the
homogeneous Neumann boundary condition naturally as described in Chapter 5.
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Equation (6) is now a matrix equation of the form

N N

L t.;»; = k; Lp~~bn, m = 1, ... , N,
n=1 n=1

or

where

Lmn = - (S:n(Z),p-1S~(Z)) + (Sm(z), k2p - 1Sn(z)) ,

P~n = (Sm(z),p- 1S
n(z)) .

(6.4.7)

(6.4.7a)

(6.4. 7b)

(6.4.7c)

Therefore, (6.1.3) has finally been converted to a matrix Equation (7). It
corresponds to a conventional eigenvalue problem where the eigenvalue is k;
and the eigenvector is b. Moreover, it is easy to show that Lmn and p:nn
are symmetric matrices due to reciprocity. In fact, Lmn is also the matrix
representation of the operator :Zp-lf;+k2p-l in the space spanned by Sn(z),
and likewise, p:nn is a matrix representation of p-l (Exercise 6.14).

Now, we can solve (7a) for the eigenvector b and the eigenvalue k;. And
if N basis functions are used in (1), there would be N eigenvalues and N
eigenvectors. Hence, the general solution to (6.1.3) corresponding to the i-th
eigenfunction is

N

¢(i, z) = L binSn(z), i = 1, ... ,N,
n=1

(6.4.8)

where bin is the i-th eigenvector of (7a). The tilde is used here to denote
a numerical approximation of the actual eigenfunction. Furthermore, since
(7a) is a conventional eigenvalue problem, bin can be found efficiently and
systematically. In addition, since L and pI are symmetric, it can be readily
shown that the eigenvectors are pI orthogonal, i.e.,

bit. pI . b, = 0, i 1= j.

From (9), it also follows that (Exercise 6.15)

(¢(i,Z),p-l(Z)¢(j,z)) = 0, i #).

(6.4.9)

(6.4.10)

Hence, these approximate eigenfunctions are still p -1 orthogonal.

The numerically approximate eigenfunction ¢(i, z) given in (8) can be
used in place of that in (6.2.8), yielding

N

Dz(Y, z) = L an(Y)¢t(n, z).
n=l

(6.4.11)
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Moreover, the eigenvectors and eigenfunctions can be orthonormalized for
convenience. Then, after substituting the (11) into (6.2.6), one obtains

l:N [82 8_1a 2 2] )- ) Ie, ( ) ,(
~ 2 + E~E ~ + k - kx an(y cPE(n, z == -:- [; y [; z).
uy uZ OZ ZW

n=l

(6.4.12)

Next, on multiplying the above by ¢((m, Z)E -1 and integrating over z, one
obtains

On using (8), it follows that (Exercise 6.16)

(6.4.13)

lV N

= l: l: bmiLijbnj

j=l i=l

t -== b7n . L . bn .

But since E . b., == k~spJ . bn, the above equals

k2 b t -I b - k2 c
128 'rn' I) . ti - ris Urnn ·

Therefore, (13) becomes

(6.4.14)

(6.4.15)

(6.4.16)[
d2 2 2] - I g - /

dy2 + kn s - kx am(y) = iWE(O) ¢€(m, 0) (j (y).

The above is similar to (6.2.11) but for quite a different reason.

From this point onward, the development of the theory is the same as
that after (6.2.11) before. Moreover, Equation (8) can be written as

¢(z) == b· S(z), (6.4.17)

where b is the matrix containing bin' As a matter of fact, Equation (7a) can
be solved for both TE and TM waves. Therefore, in general, the eigenfunction
g>(z) defined in (6.2.18a) can be written as
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where the subscript i represents the region, and € and J.L represent TM and
TE wave eigenvectors obtained from (7a) by letting p be € and J-L respectively.
Now, Equation (18) is similar to Equation (6.3.20). Note that the basis S(z)
is assumed to be the same for all regions. With the above definition, B 12 in
(6.3.11) can then be written as

B12 = (~l(Z), E2- \ z ) · ~~(z)) = B1· (S(z), E2-
1
(Z) . st(z)) · B~

- -1 -t
= B 1 . P 2 . B 2 , (6.4.19)

where P~ = (S(z), E 2-
1

• st(z)). After using (18) in the definition of N±(z)

in (6.2.28), N±(z) becomes

N ( ) _ [±wst(Z)'b:. K,' Ks~2 ikx/-l- 1 tzst(z). b~. Ks~2]
± z - . -1 a t -t --2 t -t - --2 ,

~kx€ 8z S (z) . b, · K Sf =t=wS (z) · bJl · KJl • K SJl (6.4.20)

similar to (6.3.22), except that the double-dot products have been replaced
with dot products here because of the absence of continuum modes. Fur­
thermore, the basis Sn(z) can always be orthonormalized if it is a linearly
independent basis. Consequently, we can approximate

p-l(Z) :z st(z) ::: st(z) · \ S(Z),p-l(Z) :z st(z)) = st(z) · n; (6.4.21)

where Dp is the approximate matrix representation of the operator p-l(z)tz'
Then, (20) becomes

N = [st(z) 0] . [±Wb:' K,' Ks~2 u;», b~. Ks~2]
± 0 st(z) 'k D .-b t . K - 2 l)t K K-2

'l x f e Sf =t=w Jl' Jl' SI1

-t -= S (z) . M±. (6.4.22)

As a result, H i ± defined in (6.3.12) becomes

Hi± = (~l(Z), E1-\z) · N:±(z)) = B 1· P~ · M i ± , (6.4.23)

where P~ = (S(z), E 1-
1

. st(z)).

In this manner, B 12 and H i ± in (6.3.13) and (6.3.14) can be computed.

Moreover, if E1-
1
(Z) is a piecewise-constant function, and if the basis func­

tions are subdomain functions, e.g., triangular functions, then all the integrals
-1 -

needed to compute P and D, can be .found in closed forms. Consequently,
the reflection operator R 12 and the transmission operator T 12 can be found
in a systematic manner for quite a versatile range of e, (z) and J-Li (z). This
manner of performing the mode matching is known as the numerical mode
matching method. The numerical mode matching method exploits the versa­
tility of a numerical method like the finite-element method in solving (6.1.3).
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In addition, it makes use of well-developed software in solving the matrix
eigenvalue problem in (7a) to find the eigenfunctions of the structure. More
importantly, when eigenmodes of different regions at a junction discontinuity
are expressed in terms of the same basis set as in (18), the matrix elements of
B I 2 and H i ± can be found in closed forms. Furthermore, the approximation
(21) allows H i ± to be expressed in a simple form as in (23) (Chew 1985). As
a result, this method of solving a two-dimensional, inhomogeneous problem
is a lot more efficient than the direct use of the finite-element method.

§6.5 The Cylindrically Layered Medium Case

The scattering of waves by a junction of two cylindrically layered half­
spaces finds applications in geophysical prospecting and in the study of optical
fibers and dielectric resonators. This problem can be solved by the mode
matching method, as will be shown in the following. Unlike a planarly layered
medium, a cylindrically layered medium does not support a pure TE or TM
wave except for the axisymmetric waves (see Chapter 3). Therefore, the
problem is inherently vector in nature even before a junction discontinuity
is introduced. However, when the source is axially symmetric so that the
fields generated are also axially symmetric, then the scattering problem can
be decomposed into two decoupled scalar problems of the TE and TM types.

The scattering of waves by junction discontinuities has been reported in
the literature (Chew et al. 1983, 1984: Tsang et al. 1984; Pai and Huang
1988; Moghaddam and Chew 1988). Such junction discontinuities have also
been studied in the context of dielectric resonators (Hong and Jansen 1982,
1984; Zaki and Atia 1983; Zaki and Chen 1986).

§§6.5.1 Eigenmodes of a Cylindrically Layered Medium

The eigenmodes of a cylindrically layered medium can be found in a
manner similar to that of the eigenrnodes of a planarly layered structure. We
shall consider first the case of the cylindrically layered medium enclosed in
an impenetrable, outermost cylindrical wall. In this case, the eigenmodes of
the structure are discrete in nature. The field in region i, in the manner of
Equation (3.2.20) of Chapter 3, can then be written as

(6.5.1)

where Ei, represents the TM to z waves while Hi, represents the TE to z

waves. Referring to Figure 3.2.2 of Chapter 3, RIO = 0 in the above. Now,
if an electric wall is placed at P == Pmax, then the field in region N can be
written alternatively as

(6.5.2)
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where (Exercise 6.17)

R - [-HAl)(kNPPmax)/ In(kNpPmax) 0 ]
N,N+l - 0 H(l)'(k)/ I ( ) ,- n NpPmax I n kNpPmax

(6.5.2a)
is the reflection matrix for the wave due to a perfect electric conducting wall
at P = Pmax' Using (1) for region N, (I) and (2) imply that

--
RN,N-l · aN = b N, RN,N+l' b N = aN· (6.5.3)

The above is only possible if

det (I - RN,N+l . RN,N-l) = 0 ~6.5.4)

which is the guidance condition for the modes of the structure. Here, RN,N-l
embodies the physics of the layered medium. Moreover, the above yields
discrete modes when Pmax is a finite number. When Pmax --+ 00, a portion
of the discrete modes becomes a continuum of modes just as in the planarly
layered medium case. Furthermore, it can also be proven that the radiation
modes lie on the Sommerfeld branch cut.

Equation (4) is a multivalued function. Hence, its direct use to search for
the eigenvalues of the structure may not work well. It can be shown from the
uniqueness principle that the solution of a problem involving only a closed
region should be single-valued. This fact can be used to derive an expression
which is branch-point free, and hence, single-valued as in the case of (6.1.16).
This will expedite the solution for the eigenvalues using a numerical root
solver. Once the eigenvalues are found, they can be used in (1) to derive
~he eigenfunctions within a multiplicative constant. The coefficients a, and

Ri,i-l in (1) can be derived as shown in Chapter 3.

An orthogonality relationship exists between the eigenfunctions of a cylin­
drically layered structure. Because of the vector nature of the problem, the
orthogonality relationship exists as (Collin 1960)

J(Eis x Hj s ) · zdB = 0, i f. j, (6.5.5)

s
where Eis is the transverse to the z component of the electric field of the i-th
mode and Hj, is the transverse to the z component of the magnetic field of
the j-th mode; S is the cross-sectional area of the whole structure.

Consequently, when a source is placed inside a cylindrically layered me­
dium, the transverse to z fields have to be found from (1). Then, the eigen­
function expansion method can be used to deduce the excitation coefficients
of all the modes via the use of the orthogonality relationship (5).

Because of the complexity of the cylindrically layered problem compared
to the planarly layered problem, it may be more expedient to find the eigen-
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Figure 6.5.1 A junction consisting of two cylindrically layered half­
spaces.

modes via a numerical approach. In the next subsection, we shall discuss the
use of such a numerical approach to find the eigenmodes. But before doing
so, we need to derive the pertinent differential equations.

§§6.5.2 Differential Equations of a Cylindrical Structure

Prior to applying the mode matching method across a junction disconti­
nuity as shown in Figure 6.5.1, the modes in each region need to be found.
These modes are found by solving the implicit equation discussed in the pre­
vious section, or they can be found by numerically solving the differential
equation governing the modes directly. Therefore, it is useful first to derive
these equations satisfied by the electrornagnetic field in a cylindrical struc­
ture.

The vector wave equation satisfied by the electric field in an inhomoge­
neous medium with electric and magnetic current sources is

(6.5.6)

Since \7 . D == (}, only t\VO of the three components of the electric field are
independent given the knowledge of {}. Hence, by letting E == E, + E, and
\7 == \7s+ z:z' the transverse components of (6) can be extracted to yield
(Exercise 6.18)

( a2 )p,V" x P,-IV" X Es(r) - V"E -IV 8 . EE, - k2 + OZ2 E,

o
== iwItJ S - v,~ =- - It(\l x fL - 1M) s , ( 6.5.7)

E
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where we have made use of the \7 . E E == f2 condition to remove the E,
component in Equation (7). Furthermore, by duality, the equation for the
transverse magnetic field is

EVs x E-1Vs x Hs(r) - \!s/l-lVs· /lHs - (k2 + ::2) a,

= iWE M, - V's em + E(\7 x E-1 J)s' (6.5.8)
/-l

In an inhomogeneous cylindrical structure, the field in general cannot
be decomposed into TE and TM fields as in (6.2.1) and (6.2.2). Hence, at
least two components of the field have to be considered simultaneously, as is
implicit in (7) and (8) above. The eigenfunctions of the above equations are
their solutions when the sources are absent. Note that when the source terms
on the right-hand sides of (7) and (8) are set to zero, (8) is the transpose
equation of (7), as was shown in Chapter 5, Subsection 5.4.3. Furthermore,
if we assume the field to have eik z z dependence, then (7) and (8) become

/-l'\1 s X/-l- 1\7s x E, - '\1sE -l'\1s . E E, - k2E
s + k;Es == 0, (6.5.9)

E'\1s x E-IV's x H, - s.«»: zz H, - k2H
s + k;Hs == O. (6.5.10)

These are the eigenequations in differential forms that yield the eigenvalues
k;. Moreover, the orthogonality relationship expressed by (5) can be easily
proven from (9) and (10). Since (9) and (10) are the transpose of each other,
they share the same set of eigenvalues (Exercise 6.19). For a general /-l(x, y)
and E(X, y), these eigenmodes have to be found numerically. However, when
/-l = /-l(p) and E == E(p), i.e., the inhomogeneity has a cylindrical symme­
try, the eigenmodes can be found via the method in Chapter 3, just as the
eigenmodes of a planar slab can be found via the method in Chapter 2. For
more versatility, a numerical method for finding these eigenmodes may be
preferred. We shall discuss such a numerical method next.

§§6.5.3 Numerical Solution of the Eigenmodes

When Equations (7) and (8) are source-free, the solutions can be assumed
to have ein

¢ dependence where n is an integer. By doing so, a/a¢; = in, and
the source-free equation for the electric field simplifies to (Exercise 6.18)

1 [ a 1 a n
2

2 a2
] 2in

-- pEr"!:) - "!:) - 2" + k + ~ 2 pe-E; + -2E¢ == 0, (6.5.I1a)
PEr Up PEr up P uZ P

in (~-2_1_) pErEp - _1_ [P/lr~_l_~ _ n: + k2 + 8
2

2
] pE¢ == O.

ap p /-lrEr pu; ap PI-lr op P iiz
(6.5.1Ib)

The magnetic field equations are just the dual of the above equations:

1 [ a 1 a n
2

2 8
2

] . (a 1 )-- PEr~-~ - 2" + k + ~ 2 pH</> + ui -a-2-- ptu.H; == 0,
PEr up PEr up P uz PP /-lrEr

(6.5.12a)
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2in 1 [ 8 1 8 n
2

2 8
2

]
-2H¢ - - Pl-lr~-~ - 2" + k + ~ 2 Pl-lrHp = O.
P P/1r up PI-lr up P uZ

(6.5.l2b)

(6.5.13)

For compactness, (12a) and (12b) can be written in a matrix form

_ 82 _

I:(p) . E(p, z) + 8z 2 R(p) . E(p, z) = 0,

2in ]-PJ
1 a 1 a n 2 k2 '

Pltr (Pf.Lr 8p Pltr 8p - p2 + )
(6.5.13a)

(6.5.13b)R(p)==[p~r 1], E(p,z) = [PEtp
] .

pu ; P ¢

Similarly, Equations (12a) and (12b) become

-t 82 _
I: (p) . H(p, z) + 8z

2
R(p) . H(p, z) = 0, (6.5.14)

where

H(p, z) == [ pH
H
¢ ] . (6.5.14a)

PI1r p

Note that (14) is just the transpose of (13). Hence, once the solution to (13)
is found, the solution to (14) can be obtained easily. Moreover, Equations
(13) and (14) are inherently vector in nature. But when n = 0, (11a) and
(lIb), and (12a) and (12b) are decoupled. For this case, the problem reduces
to two sets of scalar problems representing the TE and the TM waves in the
geometry.

Because of the simple [)2 /8z 2 operator, the general solutions to (13) and
(14) have ei k z z dependences. Hence, (13) becomes

l(p) . E(p) - k;R(p) . E(p) = O. (6.5.15)

To solve the above numerically, we let

E(p) = [p;t
p

] = t [~:~~~~~:~] =t [Sil~P) Si2~P)] [~:~] = gt(p).a,
z=1 z=1

(6.5.16)
where Sil(P) and Si2(P) are basis functions that can approximate pf-rEp and
pE¢ respectively, over the support 0 < P < Pmax. For example, the basis
functions could be triangular functions, Bessel functions, Laguerre or Hermite
polynomials. In the above,

(6.5.17)
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where Sj(p) is a column vector containing Sij(P), i = 1, ... , N, and aj is a
column vector containing aij, i = 1, ... ,N, as elements. Consequently, using
(16) in (15), we have

(6.5.18)

The above can be left-multiplied by S(p) and integrated over p to yield

where

In the above,

L = (S(p), l(p) · st(p)) ,

R = (S(p), R(p) · st(p)) .

(6.5.19)

(6.5.20a)

(6.5.20b)

pmax

(J(p), g(p)) = J j(p)g(p)dp,
o

and E and Rare 2N x 2N matrices. L is asymmetric while R is symmetric
(Exercise 6.20). A similar procedure applied to (14) then yields

(6.5.21 )

from which 2N eigenvalues k;z with 2N eigenvectors 8 0 or b., can be found.
It is easy to show that (Exercise 6.20)

(6.5.22)

where Do is a constant. Hence, a o and b{3, i.e., eigenvectors to (19) and (21),
for different eigenvalues k~z and k~z' are R orthogonal. Furthermore, it can
be shown that

(E~(p),R(p) . H{3(p)) = 80{3Do , (6.5.23)

-t -t
where Eo(p) = S (p) · a., and H{3(p) = S (p) · b{3' The eigenvectors and the
eigenfunctions can be normalized for convenience setting Do = 1. Note that
Equations (22) and (23) are just different ways of expressing the orthogonality
relationship (5).

§§6.5.4 Eigenfunction Expansion of a Field

Given the eigenfunctions of Equations (7) and (8), we can use them to
solve for the fields when the source is present by the eigenfunction expansion
method. Consider the case when the source is a vertical magnetic dipole such
that

M = ZImf 8(r) = ZImf 8(p - p') 8(r/> - r/>') 8(z - z').
p'

(6.5.24)



§6.5 'fHE CYLINDRICALLY LAYERED J\lIEDIUM CASE 357

Then, (\7 x M)s becomes

('7 x M), = -¢lm l '(p ~ p')b(¢-¢')6(z-z')+i/m
2
/! b(p-p')b'(¢-¢')b(z-z').

p' p'
(6.5.25)

The ¢ variation of the source could be expanded using Fourier series as (see
Appendix C)

b(¢ - rjJ') = ~ f ein(</>-q,').
211

n=-oo

(6.5.26)

Hence, the source (25) can be expanded in terms of eincf> harmonics. Further­
more, each of these harmonics will excite a field with eincf> dependence. For
the n-th harmonic, Equation (7) can be written as

- 8
2

- [Sl(P,Z)]£(p) . E(p, z) + 8z2R(p) . E(p, z) = S(p, z) = S2(P, z) ,

where

'J 0 -cincf> ,

( )
~ m {,ne ') ( /51 p,» == 2 6(p-p {) z-z),

211p'

I 0 -in¢'

() m {,e I ( ') ( ')52 p, Z == - 2 {) P - P {) Z - Z .
1rp'

(6.5.27)

(6.5.27a)

(6.5.27b)

The unknown field, E(p, z), can be expanded in terms of the eigenfunc­
tions EO' (p) such that

E(p, z) == L Ea(p)aO'(z).
a=l

(6.5.28)

(6.5.29)

Consequently, after multiplying the above by HJ(p) and integrating over p,
we have

2N a2 2N

L (HJ(p), l(p) . E,,(p)) Q,a(z) + 8z2 L (HMp), R(p) . E,,(p)) Q,n(z)
0'=1 0'=1

== A{,8(z - z'), (6.5.30)

where AiJ = Im~:~:n1>' [yH01(p') + H;,2(P')]. Then, using E(}(p) = st(p) . an

and HiJ(p) == st(p) . b{3, it can be shown using (21) and (23) that

(H~(p),Z(p) . E(}(p)) == bA .L· a., == k;zbJ . R· a., == k~z6a{3, (6.5.31)
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(6.5.32)

where we have assumed an orthonormal set so that Do = 1 in (23). Equation
(31), together with the orthogonality relationship (23), transforms (30) to

::2 ap(Z) + k~zap(z) = Ap6(z - z').

Solving (32) yields
eik.azlz-z'l

ap(z) = Ap 2.k ·
2 {3z

Hence, the solution (28) becomes

Moreover, using vector notation, the above becomes

(6.5.33)

(6.5.34)

(6.5.35)

where Et(p) = (E1(p), E2(p), ... ,E2N(P)] is a 2 x 2N matrix, K, is a diagonal
matrix containing ko z , and S(p') is a column vector containing Ao which
embodies the characteristics of the source alone. For some sources, S(p')
may assume different values for z > z' and z < z', Hence, more generally,

(6.5.36)

where the ± refers to different S(p') for z > z' for the upper sign and z < z'
for the lower sign. In the above, S±(p') is the excitation coefficient vector,
eiKzIz-z'l is a propagator that propagates the field from z to z', and E t (p) is
a matrix that contains the eigenmodes of the structure. A similar expression
can also be derived for other source excitations (Exercise 6.21).

§§6.5.5 Reflection from a Junction Discontinuity

The expression (36) represents the field when the source is in an infinitely
long, cylindrically layered medium. But when a junction discontinuity is
present at z = 0, the field will be reflected by the discontinuity. For example,
if the source is in region 1 at z = z', in the manner of (6.3.1), the field in
region 1 can be written as

E1(p, z) = E:(p). [eiKlzlz-zII · Sl±(P') + eiKlzZ· R 12 · eiKlzlz'1 · Sl-(P')] .

(6.5.37)
Here, the subscript 1 denotes quantities associated with region 1. Further­
more, the term additional to (36) is due to reflection from the discontinuity
at z = O. In region 2, a transmitted wave will exist and

(6.5.38)
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In (37) and (38), R 12 is the reflection operator while T 12 is the transmission
operator, which are unknowns yet to be sought. To find them, the boundary
conditions for the continuity of tangential electric and tangential magnetic
fields have to be imposed at z == O. Hence, we need to derive an expres­
sion for the transverse component of the magnetic field from the transverse
component of the electric field.

From Maxwell's equations, we can show that (Exercise 6.22)

. ~ a H D -In E 2 E (6539)-zwz X az S == v s x /--l v s x s - W E s· . .

The above can be written in a matrix form relating H(p, z) to E(p, z), yielding

0- -
fJz R(p) . H(p, z) = M(p) . E(p, z), (6.5.40)

where
1

[
~ - ~ --E!:-2.-]- 3 2 2 aM (p) == -.- P ~LTEa ;E r a ~ ILafr P k 2 • (6.5.40a)

ZW/--lo -zn-;:--2- ---;- + -
Bp P lirer Bp PILl' op PIll'

Then, on applying (40) to (37) and (38), we have

H 1(p,z) == »:.M 1 . E~(p) . (iK1z ) -1

. [±iK1Z!Z-Z'! . Sl±(P') + i K1ZZ . R 12 • eiK1Zlz'I . SI-(P')] , (6.5.41)

Hz(p, z) = R
Z
-

1
. M z · E~(p) . (-iKzz) -1 . e-iK2zZ . T 1Z · eiKlzlz'1 . SI-(P').

(6.5.42)
Moreover, by matching the continuity of the tangential E and tangential H
fields at z == 0, one obtains

E1-1 . E ~ (p) . [j + R 12J == E2-
1

. E~ (p) . T 12 , ( 6.5.43a)

ti;' .n: .M 1 . E;(p) . K;zl . [I - R 12 ]

== Ji2-
1

. R 2-
1

. M 2 . E~(p) . K;: . T 12 , (6.5.43b)

where

Ei -
1 = [('6 1

~], it;' = [~ fl~I]' (6.5.43c)

Next, after multiplying (43a) by ~Jil-l and H 1(p), and integrating over p, one
derives

\H1(P), ~Til-1 . E1-
1

. E:(P)) . [1 + R 1Z] = (Hl(P), ~P:l-l . EZ-
1

. E~(P)) . T 1Z .

(6.5.44)
Since lp1-1'El-1 == R(p), the inner product on the left-hand side of (44) results

P

in an identity matrix from Equation (16) if the eigenvectors are orthonormal.
Hence, the above becomes

[I + R 12 ] == L12 . T 12 ,

where L12 = (H1(p), ~JI1-1 . EZ-
1

. E~(p)),

(6.5.45)
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Similarly, we can multiply (43b) by 1€1-1 and E 1(p), and integrate over
p

p to yield

\E1(p), M 1 • E:(p)) · K;zl · [I - R 12]

= ( E 1(p), ~€1-1 · Ji2-
1

· R 2-
1

• M 2 • E;(p) ) · K;zl · T l2 . (6.5.46)

The above is just of the form

All · [I - R 12] = A 12 . T 12 . (6.5.47)

Hence, solving (45) and (47) yields

R 12 = (A1~1 . All + L1~1) -1 . (A1~1 · All - L1~1) , (6.5.48a)

T 12 = 2L~21 · (A1~1 . All + L;;/) -1 . A1~1 . All. (6.5.48b)

Once R 12 and T 12 are found, the field can be found everywhere.

§6.6 The Multiregion Problem

In the previous sections, we have developed the theory for the radiation
and propagation of waves in a two-region inhomogeneous region. The two­
region problem is a canonical problem; once the reflection operator and trans­
mission operator for a single discontinuity, two-region problem are found, they
can be used to construct the reflection and transmission operators for a mul­
tiregion problem shown in Figure 6.6.1. The theory developed in this section,
though using the results of Section 6.5 as examples, can be easily adapted to
the results of Sections 6.3 and 6.4. 14

§§6.6.1 The Three-Region Problem
For the three-region problem as shown in Figure 6.6.2, the solution in

region 1, using the notation of Section 6.5, is

E1(p, z) = E:(p). [iKtzIZ-Z'1 · S1±(p') + eiKtz(z-dJ) . R12 . eiKtzIdt -z'l · Sl- (pI)] ,

(6.6.1)
---

where R 12 is now a reflection operator that incorporates subsurface reflec-
tions. Furthermore, in region 2, the solution is

E2(p, z) = E~(p) . [e-iK2Z(Z-d2) + i K 2z(Z- d2) . R 23] . A 2 , (6.6.2)

since the upgoing wave and the downgoing wave have to be related by R 23

at z == d2 . In addition, in region 3, the solution is

E3(p, z) == E~(p) . e-iK3Z(z-d2) . A 3 . (6.6.3)

14 For example, see Chew and Anderson (1985); Chew (1988a, b); Liu (1989).
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Figure 6.6.1 The multiregion geometry.
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Figure 6.6.2 The three-region geometry.

To find A 2 , we make use of constraint conditions similar to those adopted
for Chapter 2, Subsection 2.1.3, or Chapter 3, Section 3.2. Consequently, we
use the fact that the downgoing wave in region 2 is a consequence of the
transmission of the downgoing wave in region 1 plus the reflection of the
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upgoing wave in region 2. In other words, at z == d1 ,

e-iK2Z(dl-d2) • A 2 == T 12 · eiKIZldl-Z'1 . Sl-{P')

+ R e iK 2Z(dl - d2) R A
21 . · 23· 2·

Then, solving the above yields

A - e iK 2Z(dl-d2) D T eiKIZldl-Z'1 S (pi)2 - . 2-· 12· · 1- ,

where

(6.6.4)

(6.6.5)

(6.6.5a)

and it accounts for multiple reflections in a layered region (Exercise 6.23).

Similarly, A3 is just the transmission of the downgoing wave in region 2,
which is

(6.6.6)

But in region 1, the reflected wave, which is described by the second term in
(1), is the reflection of the downgoing wave in region 1 due to the discontinuity
at z = d1 plus a transmission of the upgoing wave in region 2. Hence, at
z == d1 ,

Consequently, using A 2 from (5), we deduce that

- - - iK (dl -d) - iK (d -d) - -R 12 == R 12 + T 21 . e 2z 2. R 23 . e 2z 1 2. D 2- . T 12 .

(6.6.7)

(6.6.8)
........

Hence, the generalized reflection operator R 12 is found. No~, if a subsurface

layer exists below region 3, we need only change R 23 to R 23 in the above
and in D 2_ . Moreover, the above analysis can be easily repeated for planarly
layered regions of Section 6.3 (Exercise 6.24).

§§6.6.2 The N -Region Problem
In general, when we have N regions below the source, the field in region

m can be written in the manner of (2) as

(6.6.9)

........

where R m ,m + 1 is a generalized reflection operator. As shown previously, it
can be found recursively as

R - R + T . eiKm+l.z(dm-dm+l)
m,m+1 - m,m+l m+1,m

- "K (d d ) - -. R 1 2 . e' m+l.z m - m+l • D 1 . T 1m+ ,m+ m+ ,- m,m+, (6.6.10)
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(6.6.11)

Figure 6.6.3 In region m where the source is, the field consists of
that due to the source plus an upgoing wave and a downgoing wave.

where D m +1,- is the generalization of (5a) given by

D - [-I - R . eiI<rn+l,z(dm-dm+dR""""' . eiKm+l,z(drn-dm+l)] -1
m+1,- - m+l,rn 7n+l,m+2 .

(6.6.10a)
Moreover, a generalization of Equation (5) can be used to find Am' i.e.,

A - eiKmz(dm-l-drn) . D . T . A
m - 771,,- m-l,rn m-l'

Therefore, the field in all the regions can be found in this manner. Further­
more, if there are N regions above the source, the problem can be treated in
a similar manner.

Now, if the source is embedded in region m as shown in Figure 6.6.3, the
field in region m becomes

Em(p, z ) = E~(p). [iKmzlz-zll . Sm±(P') + i K mzz . em + e-iKmzz. Dm] .

(6.6.12)
At z == dm , the upgoing wave rn~st be related to the downgoing wave by the

generalized reflection operator R rn .m + 1 . Hence,

(6.6.13)

At z == dm - 1, the downgoing wave 2?ust be related to the upgoing wave by

the generalized reflection operator R m ,7n - l . Hence,

-iKmzdm- 1 • D - R""""' [eiKmzldm-l-zll . S (p') + eiKmzdm-l . C ]e m - rn,rn-l rn+ m ·

(6.6.14)



364 MODE MATCHING METHOD

.-..."

In (14), Rm,m+l can be found.-..."recursively via the relation (10). Note that a

similar recursive relation for Rm,m-1 can be written as follows:

~ - n + T eiKm-l,z(dm-2-dm-l)
.I."m,m-1 - .I."m,m-l m-l,m

. ~ . eiKm-l,z(dm-2-dm-I) . D . T
.I."'m-l,m-2 m-l,+ m,m-l,

where

D = [-I - n . eiKm-l,z(dm-2-dm-l)
m-l,+ .I.Lm-l,m

.~ . eiKm-l,z(dm-2-dm-l)] -1
.I.Lm-l,m-2 .

(6.6.15)

(6.6.15a)

Consequently, we can solve (13) and (14) for em and Dmto yield (Exercise
6.25)

e iK mzdm C - M . ~ . [eiKmzldm-z'l . s
m - m+ .I."'m,m+1 m-

+
eiKmz(dm-l -dm) . ~ . eiKmzldm-l-Z'1 . S ]

.I.Lm,m-l m+ ,

e - iK mzdm - l D = M . ~ . [eiKmzldm-l-z'l . s
m m- .I."'m,m-1 m+

+eiK mz(dm- l - dm ) . ~ . eiKmzldm-z'l. S ]
.I. Lm,m+ 1 m- ,

where

-- [- - ] -1M - j - n . eiKmz(dm-l-dm) . n . eiKmz(dm-l -dm)
m+ - .I. Lm,m+1 .I."m,m-l ,

(6.6.16a)

(6.6.16b)

(6.6.17a)

(6.6.17b)
Hence, the field in region m is derived.

When (16) is substituted into (12), it can be shown after some algebraic
manipulation that for z > z' (Exercise 6.25),

Em(p,z) = E:(p). [eiKmz(Z-dm) + e-iKmz(z-dm-Jl. :Rm,m-l' eiKmz(dm-l-dm)]

. M m+ · [e-iKmz(Z'-dm). s.,; + :Rm,m+l' eiKmz(z'-dm). Sm-]. (6.6.18a)

For z < z',

Em(p,z) = E:(p). [e-iKmz(Z-dm-Jl + eiKmz(Z-dm). :Rm,m+l' eiKmz(dm-l-dm)]

. M . [eiKmz(Z'-dm-d . s + R- . eiKmz(dm-l-Z') . S] (6 6 ISb)
m- m- m,m-1 m+" .
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The preceding equation has the advantage of being more symmetrical.

In region n where n > m, the field can be written as

365

(6.6.19)

-... '"'-

where RN,N+l = 0, and Rn,n+l can be found recursively using (10). Then,
in the manner of (11), An can be found in terms of A n - I recursively, until
region m is reached. In region m, A 7n , the amplitude of the downgoing wave
at z = drn , is given by

(6.6.20)

from (12). Hence, the field in all the regions n where n > m can be found.

In region n where n < m, the field can be written as

(6.6.21)

,...",., -...

where RIO = O. Here, Rn,n-l can be found recursively using (15). Moreover,
a recursive relation for B; analogous to (11) can be derived:

(6.6.22)

where D n ,+ is given by (15a). The above lets one find B; in terms of Bn + 1

recursively until Bm is reached where Bm is the amplitude of the upgoing
wave in region m at z = dm - 1 . Then, from (12),

(6.6.23)

In this manner, the field in all regions can be found when the source is
embedded in region m. Note that in this algorithm of solving the inhomo­
geneous medium problem, the computational time grows linearly with N,
where N is the number of regions. The eigenfunctions of each region can
be found analytically or numerically. And if a numerical method is used
where M basis functions are used to expand the field, it will yield M eigen­
functions for each region. But the computational effort needed to find the
eigenvalues and eigenfunctions is proportional to M 3 . Therefore, in total, the
computational effort grows as N M 3 using this approach. For many applica­
tion problems, like waveguide junctions, dielectric resonators, or geophysical
prospecting problems, N need not be large. Hence, the mode matching ap­
proach can be much more efficient than the direct use of the finite-element
method in solving such problems.

Exercises for Chapter 6

6.1 Find the conditions on the class of functions ¢(z) and the operators V
and B in (6.1.4) so that D and B are (a) Hermitian and (b) symmetric.
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6.2 Given the operator equation (6.1.4), prove that two eigensolutions with
different eigenvalues are B orthogonal if the operators are symmetric.

6.3 (a) By putting a source field eiklzlz-z'l/klz in region 1 of Figure 6.1.1,
derive the expression for the total field in the manner of (2.4.6) of
Section 2.4, Chapter 2.

(b) Using the uniqueness theorem, show that such an expression is
branch-point free in the manner of Section 2.7, Chapter 2.

(c) Show that such an expression can be used to derive (6.1.16) which is
branch-point free.

6.4 (a) Write the guidance condition (6.1.15) for the geometry (see figure).

(b) Show that the function

is a single-valued function. Therefore, it is a meromorphic function
with discrete zeroes and poles.

(c) Show that the zeroes of f(k s ) are the zeroes of the guidance condition
derived in (a). This implies that the modes of geometry (see figure)
exist only at discrete values of k;. This proof can be generalized to
an enclosed layered slab.

_____________.r Lx
u .....oo

Figure for Exercise 6.4

6.5 For the geometry (see figure for Exercise 6.4):

(a) Write down the guidance conditions for the TE and TM modes. Sim­
plify where possible.

(b) Solve for the locations of the modes on the complex kx plane when d1

and d2 ---+ 00. Sketch the locations approximately on the complex kx

plane.
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(c) Repeat part (b) by introducing some loss into the medium. Again,
sketch the locations of the modes approximately on the complex kx

plane.

6.6 For the geometry shown in Exercise 6.4,

(a) Write the closed-form expressions for a TE and a TM eigensolution.

(b) Normalize this solution such that (6.1.18) is satisfied.

(c) Assuming J-Ll == fJ2, tl == t2~ explain what happens to this normaliza­
tion when d1 and d2 -t 00.

6.7 From Maxwell's equations, assuming that fJ and t are functions of z only,
derive Equations (6.2.1) and (6.2.2).

6.8 (a) If J == ilf b(y) 8(z), i.e., a line source of dipoles pointing in the
i direction, using the eigenfunction expansion method, derive the
solution for D, and B, in a layered slab.

(b) Now, using the Fourier transform method described in Chapter 2,
derive a solution for the same source in terms of a Fourier inverse
transform.

(c) By deforming the Fourier inversion contour in part (b), show that the
results in parts (a) and (b) are equivalent.

6.9 If K is a diagonal matrix with elements k1, k2 , k3 , k4 , ... , show that eiK z

is a diagonal matrix with elements eik 1Z , eik2Z , eik3Z , eik4Z , ••••

6.10 Derive Equations (6.2.20a) and (6.2.20b) rigorously from Maxwell's
equations.

6.11 With the source now located to the right of a junction discontinuity as
shown in the figure:

Region 2
y=-d

Region I

Figure for Exercise 6.11

lJIIo---~"Y
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(a) Find the reflection and transmission operators.

(b) Explain why the reflection and transmission operators are not iden­
tical to those given in (6.3.13) and (6.3.14).

6.12 For a complete, orthonormal basis set {Si (z)}, show that f (z) = S t (z) ·
(S(z), f(z)), where S(z) is a vector containing Si(Z) and f(z) has the same
support as Si(Z). Therefore, derive the result in (6.3.23).

6.13 Derive the results in Equations (6.3.36) and (6.3.37).

6.14 Show that

(a) Equation (6.4.1) can be written as ¢(z) = st(z) · a, where S{z) is a
vector that contains Sn(z) and a is a vector that contains an.

(b) Therefore, show that in Equation (6.4.7a),

L = (S(z),.c(z)st(z)), pI = (S(Z),p-l(Z)St{z)),

where .c(z) = d~p-l ddz + k2(z).

(c) Show that L and pI are symmetric matrices.

6.15 (a) Show that the eigenvectors of (6.4.7a) are pI orthogonal, i.e., prove
Equation (6.4.9).

(b) From (a), deduce that the eigenfunctions ¢(i, z) and ¢(j, z) are p-l(Z)
orthogonal, i.e., prove Equation (6.4.10).

6.16 Derive the results of (6.4.14) and (6.4.15).

6.17 Derive (6.5.2a) which is valid for a metallic cylinder.

6.18 From the vector wave equation for inhomogeneous media, where t(rs )

and J.L( r s) are not constants:

(a) Derive (6.5.7) and (6.5.8).

(b) When t(p) and J.L(p) are functions of p only, derive (6.5.11) and
(6.5.12).

6.19 (a) Show that (A + >.B) · a = 0 and (At+ >.B t) ·b = 0 share the

same set of eigenvalues.

(b) Show that bl ·B . aj = 0, i # j for two different eigenvalues.

(c) Show that the eigensolutions of (6.5.9) and (6.5.10) are orthogonal in
the manner of (6.5.5).

6.20 (a) Give expressions for the mn elements of the matrices Land R given
in (6.5.20). Show that L is asymmetrical while R is symmetrical.

(b) Show that Equation (6.5.21) follows from (6.5.14), and it is just the
transpose equation of (6.5.19). Hence, derive (6.5.22).

6.21 Derive the equivalence of (6.5.35) or {6.5.36} for a vertical electric
dipole.
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6.22 From Maxwell's equations, derive Equation (6.5.39), and hence, Equa­
tion (6.5.40).

6.23 Expand the term D2- in (6.6.5) into a geometric series. Use this in

(6.6.8) to derive a series expansion for R 12 and give a physical interpre­
tation to the series.

6.24 Repeat the three-region problem in Subsection 6.6.1 for the case when
each region is planarly layered rather than cylindrically layered.

6.25 (a) Derive Equations (6.6.16a) and (6.6.16b) from Equations (6.6.13)
and (6.6.14).

(b) Derive Equations (6.6.18a) and (6.6.18b).
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CHAPTER 7

DYADIC GREEN'S FUNCTIONS

A dyadic Green's function is a dyad! that relates a vector field to a vector
current source. It was introduced briefly in Chapter 1. In this chapter, we
will study it in greater detail. The use of dyadic Green's functions makes
the formulations and the solutions of some electromagnetic problems more
compact. Even though most problems can be solved without using dyadic
Green's functions, the symbolic sirnplicity they offer makes their use attrac­
tive. Only in a few simple geornetries can the dyadic Green's functions be
solved in closed form. In many instances, the dyadic Green's functions are
obtained in terms of the vector wave functions of the geometry considered.

We shall first derive the various representations of the dyadic Green's
function for a homogeneous medium. Later, the dyadic Green's functions for
planarly, cylindrically, and spherically layered media will be derived. Only
the electric-type dyadic Green's function that relates the electric field to the
current density will be discussed, since the magnetic-type dyadic Green's
function can be found by invoking duality. Once the electric field is obtained,
the magnetic field is derivable by taking the curl of the electric field, and vice
versa. Much has been written on the topic of dyadic Green's functions, and
some of these works are found in the references for this chapter. Yaghjian
(1980) presents a historical review of the works that predate van Bladel's
work (1961).

§7.1 Dyadic Green's Function in a Homogeneous Medium

The dyadic Green's function in a homogeneous, isotropic medium can be
represented in many forms. First, it can be represented in terms of simple
algebraic functions which are the derivatives of the scalar Green's function
(Exercise 7.1),

eikolr-r'J

g(r, r') = I I' (7.1.1)41T'r - r'

as shown in Chapter 1, where ko == wJlii.. This is the spatial representation
of the dyadic Green's function. Furthermore, it can be represented in terms
of the eigenfunctions or the vector wave functions of the geometry. This is
then the eigenfunction representation of the dyadic Green's function. The
spatial representation of the dyadic Green's function shall be examined first.

1 See Appendix B for a review of dyads.
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§§7.1.1 The Spatial Representation

The dyadic Green's function relates the electric field E(r) to the current
density J (r) via

E(r) = iwJ.LJG(r,r')· J(r') dt',

v

Since E(r) is a solution of

\7 x \7 x E(r) - k~E(r) == iWJ-LJ(r),

using (2) in (3), we have

\7 x \7 x G(r, r') - k~G(r, r') == I8(r - r').

(7.1.2)

(7.1.3)

(7.1.4)

One way to obtain G(r, r') is described in Chapter 1. Yet another way to
obtain G(r, r') is via an indirect means using scalar and vector potentials.

The electric field E(r) is a solution of Maxwell's equations in the presence
of a source J(r), i.e.,

\7 x E(r) == iWJ-LH(r),

V x H(r) == -iWE E(r) + J(r).

(7.1.5a)

(7.1.5b)

Since V' . J-L H == 0, J-L H must be of the form J-L H == V' x A, where A is a
vector potential. This ensures the zero divergence of J-L H. Consequently,
(5a) becomes

\7 x E(r) = iw\7 x A(r).

Since \7 x \7¢ == 0, the above implies that

E(r) == iwA(r) - \7¢(r),

where ¢(r) is a scalar potential. Also, (5b) becomes

\7 x \7 x A(r) == W2J-LE A(r) + iWJ-LE\7¢(r) + J-LJ(r),

(7.1.6)

(7.1.7)

(7.1.8)

which, after using the identity V x \1 x A == \7(\7 . A) - \72A, is the same as

\72A(r) + k5 A (r ) - \7[\7 . A(r)] == -iWj-LE\7¢(r) - j-LJ(r), (7.1.9)

where k6 == W2j-LE. In the above, A(r) is nonunique because we can define a
new A' == A - \7'ljJ, that will yield the same' H field. To uniquely define A,
we need to specify \7 . A in addition to specifying \7 x A == J-L H. From (9),
it is apparent that letting

(7.1.10)

greatly simplifies (9), reducing it to

(7.1.11)
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The rnethod of pinning the value of A by Equation (10) is known as the
Lorentz gauge. 2 Since \7 . E == p]« in a homogeneous medium, taking the
divergence of (7) and using the Lorentz gauge yields"

(7.1.12)

Equation (11) consists of three scalar wave equations. Hence, using the
scalar Green's function (1), its solution becomes

A(r) = JLJdr' g(r, r') J(r').

v

Similarly, the solution to (12) is

¢(r) = ~ Jdr'g(r, r') (}(r').
v

Consequently, the electric field given by (7) is

E(r) = iWJLJdr' g(r, r') J(r') - ~Jdr' g(r, r') (}(r').

v v

(7.1.13)

(7.1.14)

(7.1.15)

From the continuity equation that V' . J (r) == iwO( r), a relationship between
the electric field E( r) and current source J (r) is

E(r) == uau Jdr' g(r, r)J(r') - :?- Jdr' g(r, r')\7' . J(r').
'lWf.

V v

(7.1.16)

Using integration by parts, and the fact that V'g(r, r') = - \7'g(r, r') and that
J(r) is only supported in V, (16) becomes

J \7\7. JE(r) = iWJ-l dr' g(r, r') J(r') - -.- dr' g(r, r') J(r').
'lWE

v v

It seems natural at this point to write

E(r) = iWJLJdr' G(r, r') . J(r'),

v

(7.1.17)

(7.1.18)

2 Other ways of pinning the value of A are possible; e.g., V' . A = 0 is known as the
Coulomb gauge (Exercise 7.2).

3 These manipulations are found in standard books on electromagnetics available in the
references for Chapter 1.
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where
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(7.1.20)

G(r, r') = [I + :~] g(r, r'). (7.1.19)

But if r, the point where the field E(r) is observed, is in the source region V,
[r - r'l could be zero. When [r - r'l -+ 0, g(r, r') becomes singular, and the
term V'V', operating on g(r, r'), gives rise to terms "J O(l/lr - r'13) . Hence,
the resultant integral is nonuniformly convergent.

§§7.1.2 The Singularity of the Dyadic Green's Function
When the vector and scalar potentials are calculated from the source

J(r) and g(r) as in (13) and (14), the integrands of the integrals involve
singularities due to g(r, r'). Therefore, to be strictly correct, when rEV,
(14) should be written as

4J(r) = ~ lim J dr' g(r, r') g(r'),
f Vb-'O

V-Vb

where V6 is an exclusion volume surrounding r. In this way, the integral with
the singularity is properly defined. An integral defined this way to circumvent
integrating over the singularity in the integrand is known as an improper
integral in the classical function theory (Kellogg 1953; Fikioris 1965). The
improper integral converges if the integral tends to a fixed limit regardless
of the shape of \16. The condition for (20) to be convergent is for g(r) to
be piecewise continuous. Hence, if J(r) is continuous, then the improper
integrals in (13) and the first terms of (16) and (17) are convergent. However,
this is not true for the second terms because derivatives are involved as we
shall show.

In order for the second terms of (16) and (17) to converge as an improper
integral, J(r) has to satisfy the Holder's condition (Kellogg 1953) at r, i.e.,
there exist positive constants c, A, and a such that IJ(r) - J(r')1 :$ AIr' ­
rIo for [r' - r] < c. This condition is slightly stronger than the continuity
condition (Exercise 7.3). The improper integral in (18), however, does not
converge in the classical sense because of the invalid exchange of the integral
and the differential operators. In particular,

lim J dr' G(r, r') · J(r')
Vb-'O

V-Vb

(7.1.21)

converges but to a value dependent on the shape of Vo. Hence, the principal
value of this integral exists, and its value depends on the shape of V6. There­
fore, Equation (18), as it stands, is nonunique and undefined in a classical
sense, if rEV. The nonconvergence comes from the VV' part of the inte­
grand because it introduces an O(I/lr - r'13) term. Since the field generated
by a current source has to be unique, there is a way of uniquely defining this
integral to relate the electric field to the current source.
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To do this, we write the second term in (17) as

\7\7 .Jdr' g(r, r') J(r') == lim [\7\7. Jdr' g(r, r') J(r')
Vb- O

v v-~

+ \7\7 . Jdt' g(r, r')J(r')]

Vb

== lim [J dr' \l\lg(r, r') . J(r')
vs-o

/ -V6

-\7Jdr'\7'g(r,r')'J(r')] '

Vb

379

(7.1.22)

when r E V8 E V. Since the first integral is excluded from the singularity
at r, we can bring the \7\7 operator into the integrand. The second integral
contains r, and it converges only if one \l operator is brought into the inte­
grand. Hence, when V6 ~ 0, both the first and the second integrals on the
right-hand side of (22) converge, but to values dependent on the shape of Vb.
Nevertheless, the sum of the two integrals equals the left-hand side, which
should be independent of V6 . More specifically, using integration by parts,
the second integral reduces to

Jdt' \7'g(r, r") . J(r') = JdS' ii- J(r')g(r, r") - iwJdt' g(r, r") g(r'),
Vb Ss V6 ( 7.1.23)

where we have made use of \7 . J == iWQ. For a volume current, Q(r) is
continuous; hence, the second integral in (23) vanishes when V8 ---t O. In the
first integral, it . J (r') is the surface charge on 88 (the surface surrounding
V8) . Hence, the first integral is proportional to the field at r due to a surface
charge on 56, which is scale invariant": i.e., it does not vanish when \18 ~ 0,
but it very much depends on the shape of \18. In the limit when V8 ~ 0, (23)
should be linearly proportional to J(r). Therefore, (22) can be written as

\7\7 .Jdr' g(r, r') J(r') == lim Jdr' \l\7g(r, r') . J(r') - L· J(r),
v Vb~OV _ Vb ( 7.1.24)

where L is a dyad dependent on the shape of V6 . Consequently, (18) becomes

E(r) == iWfJ lim J ds' G(r, r") . J(r') + L.,J(r),
v6-o ZWf.

V-Vb

(7.1.25)

4 This follows from the concept that the solutions to Laplace's equation only depend
on the shape of the geometry but not on the size of the geometry because Laplace's
equation is scale invariant.
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Exclusion
Volume

Exclusion
Volume

(0 ) (b)

Figure 7.1.1 A cavity in a current source region. The discontinuity
in the current generates a local field inside the cavity.

or in short,

J - L·J(r)
E(r) = iWJ-LP.V. dr' G(r, r') · J(r') + . ,

uae
V

when rEV, where

(7.1.26)

P.v.J
v

stands for a shape dependent principal value integral. In this manner, E(r) is
unique, but the two terms in (26) are both dependent on the shape of \16, the
exclusion volume or the principal volume. The above method of treating the
singular nature of electric dyadic Green's function is known as the principal
volume method (van Bladel 1961).

Physically, the first integral in (26) corresponds to putting the observation
point r inside a cavity excavated in the current source region V. Since the
current is discontinuous on the surface of this cavity, charges accumulate on
the surface of the cavity (see Figure 7.1.1). When the size of the cavity is
very small, the field due to these charges is essentially electrostatic in nature
in the cavity. Since the electrostatic field satisfies Laplace's equation which is
scale invariant, this field persists even in the limit when the exclusion volume
tends to zero. This electrostatic field is also a function of the shape of the
cavity, irrespective of how small it is.

These charges give rise to a field that should not have been there since the
exclusion volume is absent in the first place. Therefore, to obtain a correct
answer, the expression (26) is augmented by a second term which removes
the effect of the surface charges around the exclusion volume. The second
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(7.1.27)

term could also be thought of as due to a current element in the shape of the
exclusion volume containing the observation point r.

As a consequence of the preceding discussion, a symbolic way to write
the dyadic Green's function which is valid for all observation points r is

-(') r-(,) L8(r-r')G r. r == P.v.G r, r - k2 .
o

When this dyadic Green's function operates on a current, the first term yields
a principal value integral to be integrated over a specific exclusion volume,
and the second term depends on the shape of the exclusion volume chosen for
the first term. In this way, the dyadic Green's function is uniquely defined.

In light of the above discussions, even though the representation (18)
is not valid in the classical function sense, it is valid in the distributional
function sense if G(r, r') is regarded as a generalized function. A generalized
function is a function that does not have a meaning by itself, but whose
properties are defined by its action on other functions, i.e., by the values
of the integrals when it is multiplied by other functions and integrated over
space."

Hence, the right-hand side of (27) can be considered as generalized func­
tions. A volume integral over P.V.G(r,r') acting on a current J(r') implies
that a principal volume integral has to be invoked, and the result is a function
of the shape of the exclusion volume in the principal volume integral. The
second term is just the well-known generalized function, which is the singular
distribution of the Dirac delta function.

The values of L in (27) for various exclusion volumes shown in Figure
7.1.2 are (Exercise 7.4~ see Yaghjian 1980; Lee et al. 1980)

- f
L == "3' for spheres or cubes,

L == zz, for disks,

-L __ xx + YY. for needles,
2

L == LIX:i~ + L 2Y1J+ L 3zz, for upright ellipsoid.

(7.1.28a)

(7.1.28b)

(7.1.28c)

(7.1.28d)

L is also related to the depolarization factors discussed by Stratton (1941).
In general, the trace [1] == 1 (Yaghjian 1980).

§§ 7.1.3 The Spectral Representation
Sometimes, it is preferable to express the dyadic Green's function in terms

of a Fourier transform or in terms of vector wave functions (Stratton 1941).

5 For a review of generalized functions. see Lighthill (1958)1 Stakgold (1967), and Ap­
pendix C.
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(a) Sphere @
(b) Disks ~)

(c) Needles

(d) Upright Ellipsoid

Cube

~
--- i---- ....

I
I

I

Figure 7.1.2 Various types of exclusion volumes for the principal
value integral.

When the dyadic Green's function is expressed as a Fourier integral, it is in
its spectral representation. When the dyadic Green's function is expressed
in terms of the vector wave functions, it is in its vector-wave-function rep­
resentation. Since the Fourier transform method is simpler than the vector­
wave-function method, and its manipulations more transparent, it will be
presented first. The vector-wave-function method will be presented in the
next section.

With the understanding that the Fourier space can be expanded to accom­
modate generalized functions described in (27), the dyadic Green's function
in its spectral representation can also be derived by first Fourier transforming
Equation (4) in the r variable giving

-k x k x G(k, r") - k3G(k, r') = I e- ikor
' , (7.1.29)

where k = xk x + iJky + ik z • The above can be inverted to yield (Exercise 7.5;
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also see Tsang et al. 1975)

383

(7.1.30)
'" - 2
- ') Iko - kk -ik.r'
G(k, r = k6(k2 _ k6) e

where k2 == k; + k~ + k;. Equation (30) can be shown to be a solution of (29)
by backsubstituting (30) into (29).6 Consequently, we can write

oo
- 2

G( ') - 1 if] ik·(r-r') Iko - kk
r,r - (271-)3 dke k6(k 2 - kZ)'

-ex:;

(7.1.31)

(7.1.32)

where dk == dkxdkydkz •

The above Fourier representation of G(r, r') is a nonconvergent integral
in the classical sense because the magnitude of the integrand tends to a
constant when [k] --t 00. This Fourier representation, however, includes
generalized functions or distributions such as the Dirac delta function. Such
Fourier representations are usually nonconvergent integrals as in (31). Hence,
in deriving (31), the principal volume integral need not be specified as in
(25) or (26), since the Fourier space representation of G(r, r') in (31) can
accommodate the generalized functions defined in (27).

To extract the delta function singularity from Equation (31), note that
the integrand tends to a constant when Ikl ~ 00. For example, if kz --t 00

while kx and ky are finite, then

Ik6 - kk A A

k2 _ k2 "-.; -zz,
o

Hence, contour integration techniques used in Chapter 2 cannot be used to
evaluate (31) directly, as Jordan's lemma is violated. To remedy this, (31) is
rewri t ten as

- , _ 1 iJoo

] ik.(r-r') [ IkZ - kk ZiJ
G(r,r) - (271")3 dke kZ(k2 - kfi) + k6

-00

00

- (2:~3k6 JJJdkeik.(r-r'). (7.1.33)
-00

The first integrand now vanishes when k, ~ 00, while kx and ky are held
finite. By virtue of Jordan's lemma and Cauchy's theorem, the dk, integral
can be evaluated first using residue calculus for (z - z') > 0, by picking up the

6 Note that in (3D), the 1/r3 singularity in (19) is mapped to the high-frequency spectral

component in (3D), causing G(k, r') '" const. as [k] -+ 00 (Exercise 7.6; also see Doetsch
1974).
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residue contributions at the pole locations given by koz == ±(ka - k; - k;)~,
as was done in Chapter 2.

The second integral in (33) is just the Fourier representation of the dis­
tribution 8(r - r'). Consequently, we arrive at

k = {Xkx + yky + ikoz,
o ~k Ak ~kx x + Y y - z Oz.

z - z' > 0,

z - z' < o. (7.1.34a)

It is understood that the integration path is chosen such that ~m[koz] > 0
in order to satisfy the radiation condition. It should be noted that when
[z - z'l = 0, the above integral is not uniformly convergent (Exercise 7.7).
Furthermore, it should be emphasized that when (31) or (34) is applied to
a current source, they are to be used in the manner of Equation (18) since
they are distributions.

Note that a delta function singularity has surfaced in Equation (34). This
may be surprising since an exclusion volume is not specified. Furthermore,
Equation (31) is symmetrical about kx , ky , and kz • If the dk« or the dky

integral is evaluated first, one would obtain an xx or a yy dyad for the
singular term respectively. Therefore, it seems that the singularity in the last
term of Equation (34) is nonunique. However, if the dk; or the dk y integral
is performed first, the first term in (34) would also have a different form.
Hence, a combination of the first term and the second term in (34) still yields
a unique value. Similar representations of the dyadic Green's function have
also been presented by Johnson et al. (1979), Kerns (1981), and Kong (1986).

§§7.1.4 Equivalence of Spectral and Spatial Repreeentetions'

The reason for the apparent nonuniqueness of G(r, r') in its spectral rep­
resentation and its many forms of singularities is intimately related to the
nonuniqueness of the principal volume integral and the corresponding Dirac
delta function term in the spatial representation in (27). In the principal
volume integral in (26), for example, the integral approaches different values
depending on the shape of the exclusion volume that is approaching zero.
Since a singularity has high spectral components, this singularity in the spa­
tial domai~ is mapped to infinity in the spectral domain. In Equation (30),

note that G(k, r') tends to different values depending on how one approaches
infinity in the k space, very much the way G(r, r') approaches infinity de­
pending on how [r - r'l --t o.

7 Also, see Chew 1989.
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To see this more clearly. let us assume a current distribution in the shape
of a cuboid of the form

B(X-XO)B(~)B(~)
J (r) == ali (L be,

abc

where a is an arbitrary unit vector. and

(7.1.35)

{
I ,

B(cs) ==
O~

lsI ~ ~,

lsi > ~.
(7.1.35a)

The electric field due to this current, using Equation (31) in Equation (18)
and after performing the spatial integration, is

. 00 - 2

E( ) == 'lWJ-Lolf iffdk ik·(r-ro) Iko - kk . j(k)
r (27r)3 e k6(k2 - k6) ,

-(X)

(7.1.36)

(7.1.37)

where j (k) is related to the Fourier transform of J (r) and is given by

- A 2 . (kxa) 2 . (kyb) 2 . (kzc)
J(k) = ed£ kxa sin 2 kyb sm 2 kzc sin 2 .

Since j(k) ~ 0 when k ~ 00, the integral in (36) is well defined. We may
consider Equation (36) as consisting of an integral summation of the field due
to distributed current sources. If o: b, and c -t 0, then

J(r) == ali 8(x - xo) 8(y - Yo) 8(z - zo) == ali 8(r - ro), (7.1.38)

(7.1.39)

which is a point source whose Fourier transform is &1fe- ik .ro . The integral
(36) can be rnanipulated to different representations, however, depending on
the order in which a, b, and C tend to zero. For instance, if c ---+ 0 first, then
Equation (37) becomes

jl(k) = cH£2- sin (kxa) k2b
sin (kyb) .kxa 2 y 2

Also, note that j 1(k) now contains more high-frequency components of k,
than before. After substituting (39) into (36), applying Jordan's lemma and
Cauchy's theorem as in (33) by subtracting a constant term corresponding
to the constant when k, ~ 00 first. we have

00

- iWllo iffdk A A. ik.(r-ro)J- (k) (7140)(21T )3 k6 zz e 1 8' ••

-ex)
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Now, if a and b~ 0, then jl(ks ) ~ ale, and
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iw /-La " " " I IJ c ( )- ~zz . Q (, U r - ra .
a

The above can be written as

E(r) = iW/-loJdr' G(r, r") · aU 8(r' - ro),

(7.1.41)

(7.1.42)

where G is as defined in (34). 8 Of course, if a or b tends to zero first, (41)
will have different representations corresponding to different representations
of G(r, r').

Therefore, the representation (34) is equivalent to a point source response
where the point source is the limit of a disk-shaped source; that is, the z
dimension of the disk vanishes before its transverse dimensions. Equation
(34) can be viewed as due to a linear superposition of current sheet sources;
hence, the z dimension becomes more highly resolved before the transverse
dimensions.

A more succinct but less formal approach for deriving (34) is to substitute
the Weyl identity (Chapter 2)

00

e ikor _ i jj eiks·rs+ikzlzl
-- - - dk s k '

r 21r z
-00

(7.1.43)

for g(r, r') in (17) and interchange the order of integration and differentiation
(Exercise 7.8).

There is a close relationship between the spectral representation in the
Fourier domain and the spatial representation of the dyadic Green's function.
The last term in (34) is precisely the effect due to the charges on the disk­
shaped box [see Equation (28b)] if the observation point is inside this box.
It is nonvanishing even when the size of the box vanishes. Hence, in order
for (34) to represent the dyadic Green's function uniquely, the first term in
(34) must be a representation of P. VG(r, r') with a disk-shaped principal
volume. Therefore, the action of the first term in (34) on a current source is
the same as the action of P.V.G(r, r') (with a disk-shaped principal volume)
on a current source. In other words, the first term in (34) is the spectral
representation of P.V.G(r,r') with a disk-shaped exclusion volume. This is

8 Here, we assume that J8(r - r') 8(r' - ro)dr' == 8(r - ro).
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very much like the distribution P. \/.1. in one dirnension, which has a spectral
y

representation (see Exercise 7.9)
oc

P.V.~ == -i Jdxsgn(x) eix y
.

y 2
-00

(7.1.44)

The distribution on the left-hand side, when integrated with another function,
is defined to yield the Cauchy principal value (see Stakgold 1967).

§7.2 Vector Wave FUnctions

The dyadic Green's function in a hornogeneous medium can also be ex­
pressed in terms of vector wave functions. In this section, the vector wave
functions for an unbounded medium will be derived. Once these vector wave
functions are known, the dyadic Green's function for an unbounded medium
can be expressed in terms of these vector wave functions. These vector wave
functions can be derived in the Cartesian, cylindrical, and spherical coordi­
nates (Stratton 1941).

§§ 7.2.1 Derivation of Vector Wave Functions

In a source-free region V filled with a homogeneous medium, the electric
field and the magnetic field satisfy the following vector wave equation

\7 x \7 x F(r) - k2F(r) == O. (7.2.1 )

Moreover, for a homogeneous medium, F(r) is derivable from the scalar po­
tential ?jJ(r). For example, if ?jJ(r) satisfies

and a vector wave function is defined as

M (r) == \7 x cib(r ),

(7.2.2)

(7.2.3)

where c is a constant vector known as the pilot vector, then M( r) is easily
shown to be a solution to (1) (see Exercise 7.10). Furthermore, if another
vector wave function is defined as

1
N(r) = kV x M(r), (7.2.4)

then N(r) can be shown to be a solution to (1). Also, it follows that \7 x
N(r) == kM(r) from (1). Notice that M(r) is the equivalence of an electric
(or a magnetic field) and N (r) is the equivalence of a magnetic field (or an
electric field) respectively.

It is clear that the M and N vector wave functions are divergence-free but
not curl-free: They are also known as the solenoidal vector wave functions.
For a bounded volume V, they are related to the solenoidal modes of the
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cavity formed by V. Consequently, they cannot be used to represent all
electromagnetic fields, as not all fields are divergence-free." As a result, a
third vector wave function L{r), defined as

L{r) = \1~{r), (7.2.5)

is needed to represent fields with nonzero divergence. Clearly, \1 . L(r) =
\12~ = -k2~(r) is nonzero. Also, \1 x L{r) = 0, implying that it is curl-free
or that it has no rotation. Hence, L(r) is also known as the irrotational
vector wave function. Furthermore, for a bounded region V, L{r) is related
to the irrotational modes of a cavity formed by V (also see Kurokawa 1958;
Collin 1966, 1973).

Alternatively, one knows that the eigenvectors of the eigenequation £1 =
Al are complete if c is Hermitian (Exercise 5.8). In (1), c = \1 x \1x
is Hermitian if F satisfies some prescribed boundary conditions on S, the
surface bounding V (see Chapter 5), and the eigenvalue is k2 • However,
£ has an infinite-dimensional nullspace formed by all solutions of £1 = 0,
corresponding to A = 0. Also, this nullspace is spanned by functions L{r)
given by (5), where ~(r) is all the possible solutions of the eigenequation
(\12 + k2)~ = °for all possible eigenvalues k2. But if \12 is Hermitian,
~(r) again forms a complete set. Note that \1 x \1x and \12 operators are
Hermitian only under prescribed boundary conditions (Chapter 5). Hence,
the eigenvectors in (1) and (2) span the space of functions satisfying the same
boundary conditions. In other words, the set of eigenvectors F and the set of
eigenvectors 'l/J are complete in their respective space of functions satisfying
the same boundary conditions.

§§ 7.2.2 Orthogonality Relationships of Vector Wave Functions
The orthogonality relationship between vector wave functions defined in

a bounded V can be shown. To do this, we need the orthogonality between
the scalar functions ~ (r ). For a bounded V, the pilot vector c produces
orthogonal vector wave functions only for a V with a shape shown in Figure
7.2.1: It consists of a section of a uniform, arbitrarily shaped waveguide
terminated with two end-caps.

If two scalar potentials ~a(r) and ~b{r) satisfy the equations

(\12 + k~)~a{r) = 0, (7.2.6a)

(\12 + k~)~b{r) = 0, (7.2.6b)

with prescribed boundary conditions, then ~a(r) and ~b{r) are orthogonal if
k~ =f: k~. To show this, we multiply (6a) by 'l/Jb and (6b) by 1/Ja and subtract
the result. Consequently,

1/Jb(r)\121/Ja(r) -1/Ja(r)\121/Jb(r) = (k~ - k~)1/Ja(r)1/Jb(r). (7.2.7)

9 It follows frorn the Helmholtz theorem (Morse and Feshbach 1953; Plonsey and Collin
1961) that an arbitrary vector field can be decornposed into a divergence-free part and
a curl-free part.
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s

Figure 7.2.1 The surface 5 bounding the volume V and the pilot
vector c necessary for the derivation of (15).

Furthermore, one can show that

(7.2.7a)

Hence, integrating (7) over volume and invoking Gauss' theorem for the left­
hand side yields

JdS ii . (Wb '\lWa - 'ljJa'\lWb) = (k~ - k~)Jdr Wa (r )Wb(r),
5 V

(7.2.8)

where S is the surface bounding V. Consequently, if the homogeneous Dirich­
let boundary condition 'l/J := 0 on S or the homogeneous Neumann boundary
condition ii . \7'l/J := 0 on 5 is satisfied, then the orthogonality relation that

JdrWa(r)Wb(r) = 0

v

(7.2.9)

follows when k~ i= k~.

Note that with the homogeneous Dirichlet boundary condition rljJ = 0 on
S, then n·M(r) = 0 and nxN(r) = 0 on the side wall, while nxM(r) = 0 and
ii N(r) = 0 on the end-caps. Furthermore, with the homogeneous Neumann
boundary condition ii- \lrljJ = 0 on S, then ii- N(r) = 0 and nx M(r) = 0 on
the side wall and it x N(r) := 0 and it· M(r) = 0 on the end-caps (Exercise
7.11).

From the above, similar orthogonality relationships can be inferred about
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the vector wave functions. Consequently, one can show that

Jdr Ma(r) · Mb(r) =Jdr [\7 x c1/Ja(r)] · [\7 x c1/Jb(r)]
v v

= Jas«. [1/Ja(r)c x \7 x c1/Jb(r)] +Jdr1/Ja(r) c· \7 x '\7 x c1/Jb(r),
s v (7.2.10)

where the identity that \7 . (A x B) == B . \7 x A - A . \7 x B and Gauss'
theorem have been used. But it can be shown that

(7.2.11)

where \7s == \7 - cc . \7 is a del operator transverse to c== c]c. Furthermore,
one can show that

(7.2.12)

(7.2.13)

where \7; is the Laplacian operator transverse to C, and k;b == k~ - k;; for if
'l/Jb( r) is assumed to have e±ikcc dependence, then

(\72+ k;)1/Jb(r) = ( '\7;+ ::2 + k;) 1/Jb(r) = (\7; + k;b)1/Jb(r).

Therefore, (10) becomes

Jdr Ma(r) . Mb(r) = c2JdS 1/Ja (r)n . '\7 s1/Jb(r) + c2k;bJdr 1/Ja(r )1/Jb(r).
v s v

(7.2.14)
Note that with the surface S and the pilot vector c chosen such that it .
\7s7/Jb(r) == it . \7'l/Jb(r) on the side wall as shown in Figure 7.2.1, then the
homogeneous Dirichlet or the homogeneous Neumann boundary condition
on VJ (r) will make the first term vanish on the side wall as well as the end
walls. Hence,

JdrMa(r)· Mb(r) = c2k;bJdr1/Ja(r)1/Jb(r) = 0, if k~ -# k;. (7.2.15)

v v

Furthermore, it can be shown that

Jdr Na(r) . Nb(r) = k~kb Jdr \7 x Ma(r) . '\7 X Mb(r)
v v

== _1_ JdSn. [Ma(r) x \7 x Mb(r)]
kakb

s

(7.2.16)
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where the identities that \7. (A x B) == B· \7 x A-A· \7 x B, \7 x \7 x Mb(r) =
k~Mb(r), and Gauss' theorem have been used. Since 'l/J(r) satisfies either the
homogeneous Dirichlet or the homogeneous Neumann boundary condition on
S, the first integral on the right-hand side of (16) can be shown to vanish.
As a result,

Jdr Na(r) . Nb(r) = ~: Jdr Ma(r) · Mb(r)
v

Note that the second equality follows from (15).

Similarly,

Jdr La(r) . r.,(r) = Jdr v».(r) . \lWb(r )

v V

=JdSit· [Wa(r)\lWb(r)] + k~ JdrWa(r)Wb(r)
s V (7.2.18)

by using the identity that \7 . ('l/JA) == \l'l/J . A + 'l/J\l . A, Gauss' theorem, and
that \J2'l/Jb = -k~'l/Jb' By the same token, the first integral on the right-hand
side of (18) again vanishes by virtue of the boundary condition on 'l/J. Hence,

Jdr Lb(r) . Lb(r) = k~Jdr Wa(r)Wb(r) = 0 if k~:f k~.
v v

(7.2.19)

The M, N, and L functions are also mutually orthogonal under one
condition: if all of them represent the electric field, or all of them represent the
magnetic field. This distinction is unimportant for the unbounded medium
case, but for a bounded V, this ensures that M, N, and L satisfy the same
boundary condition on S. Note that for a bounded medium, if

then
1

Nb(r) = k\l x v x cWb(r),

where 'l/Ja(r) satisfies the homogeneous Neumann boundary condition, while
'l/Jb(r) satisfies the homogeneous Dirichlet boundary condition, or vice versa.
In this manner, M a and N, satisfy the same boundary condition on S. Oth­
erwise, they cannot be used to represent the electric field or the magnetic field
simultaneously, and yet satisfy a physical boundary condition on S, the wall
of V. For example, if 1/Ja(r) satisfies the homogeneous Neumann boundary
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condition on S, then Ma(r) satisfies the boundary condition it x Ma(r) = 0
on the side wall of V while it satisfies it . M, (r) = 0 on the end walls of V as
shown in Figure 7.2.1. In other words, if Ma(r) represents an electric field,
the side wall has an electric wall boundary condition, while the end walls
have a magnetic wall boundary condition. Thus, in order for Nb(r) to satisfy
the same physical boundary conditions on S, it is necessary that 'l/Jb(r) satisfy
the homogeneous Dirichlet boundary condition on S. Because of the different
boundary condition on 'l/Ja and 'l/Jb, Nb(r) cannot be derived from Ma(r) using
(4).

To show the mutual orthogonality of M, N, and L functions under the
above condition, a similar procedure is used. For example,

Jdr Ma(r) · Nb(r) = Jdr [V x C1Pa(r)] · Nb(r)
v v

=JdS n' [C1Pa(r) x Nb(r)]

s

+ Jdr1Pac, V x Nb(r) = O.
v (7.2.20)

The last equality follows because c·\7xNb(r) = kbc·Mb(r) = kbc·\7xc'l/Jb(r) =
0, and ii- c'l/Ja(r) x Nb(r) = -c'l/Ja(r)· it x Nb(r), which is zero if 'l/Ja (r) or 'l/Jb(r)
satisfies the homogeneous Dirichlet boundary condition on S.

Similarly,

Jdr Ma(r) · Lb(r) =Jdr [V x C1Pa(r)] · V1Pb(r)
v v

=JdSn· (1PbV X C1Pa) = 0,

s (7.2.21 )

if either 'l/Ja (r) or 'l/Jb( r) satisfies the homogeneous Dirichlet boundary condition
on S. Notice that in the above, we have used the fact that \7 · ('l/Jb \7 x c'l/Ja) =
\7 x c'l/Ja . \7'l/Jb.

Furthermore,

Jdr Na(r) · Lb(r) = :a Jdr (V x V x C1Pa) · V1Pb
v V

= ~JdS it . (c x \7'l/Ja) x \7'l/Jb = 0
ka

s (7.2.22)

for the same condition on 'l/Ja and 'l/Jb as before.

When the medium is unbounded, so that V is unbounded, it could be
viewed as the limiting case of the above when V and S ~ 00 in all directions.
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Consequently, in the next subsection, we will give examples of the vector
wave functions for unbounded media in Cartesian, cylindrical, and spherical
coordinates.

§§7.2.3 Vector Wave Functions for Unbounded Media

The vector wave functions for unbounded media can be derived for a
number of coordinate systems. Therefore, we shall present the derivations
for Cartesian, cylindrical, and spherical coordinate systems. As shown pre­
viously, when the region V is bounded, the vector wave functions have a
discrete spectrum k. But when the region V is unbounded, this spectrum
becomes a continuum. In spite of this, the unbounded region vector wave
functions can be thought of as a limiting case of the bounded region vector
wave functions. [These results are also presented by Stratton (1941).]

(a) Cartesian Coordinates

In Cartesian coordinates, the solution to (2) is

(7.2.23)

where k; + k; + k; == k2 and k is a continuous variable. To use (3), we may
choose the pilot vector c as i, Then,

M(k,r) == ~ x ieik .r == ik x ieik .r .

Hence, M(k, r) is a vector wave function transverse to i, Similarly,

1 l'k
N(k,r) == -k~ x M(k,r) == --k x k x iel

-r
~ k

and

L(k, r) == ~eik .r == ikeik .r .

Consequently, an arbitrary field E(r) can be expanded as

(7.2.24)

(7.2.25)

(7.2.26)

00

E(r) = III dkxdkydkz[a(k)M(k,r) +b(k)N(k,r) +c(k)L(k,r)].
-00 (7.2.27)

We can show readily that (see Exercise 7.12)

00III dxdydz1j;(k, r)1j;(-k', r) = (27l')38(k- k').

-00

(7.2.28)
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Then, from (15), (17), and (19), it follows that

00

JJJ dr M(k, r) . M(-k', r) = k;(211")3 o(k - k'),
-00

00

JJJ dr N(k, r) · N(-k', r) = k;(211")3 o(k - k'),

-00

00

JJJdr L(k, r) · L(-k', r) = k2(211")3 o(k - k'),
-00

(7.2.29)

(7.2.30)

(7.2.31)

where k; = k; + k~. Also, M, N, and L are mutually orthogonal. Thus,
the above orthogonality relationships can be used to find the unknowns a(k),
b(k), and c(k) in (27).

(b) Cylindrical Coordinates

In cylindrical coordinates, the solution to (2) that is regular at the origin
is

(7.2.32)

where k; + k; = k2 and k is a continuous variable. Choosing the pilot vector
c = Z, we have accordingly,

M (k k r) - \7 x iJ (k p)eikzz+in4>n p, z, - n p ,

N (k k ) - 1 t"7 t'i "J (k ) ikzz+in4>
n p, z, r - k v x v X Z n pP e ,

Ln(kp, kz, r) = \7 In(kpp)eikzz+in4>.

As a result, an arbitrary field E(r) can be expanded as

(7.2.33)

(7.2.34)

(7.2.35)

00 00 00

E(r) = L Jdk; Jdkp[an(kp, kz)Mn(kp, kz, r)
n=-oo -00 0

+ bn(kp,kz) Nn(kp, kz, r) + cn(kp , kz) Ln(kp, kz, r)]. (7.2.36)

But it can be shown that (see Exercise 7.13)

2~ 00 00Jd¢ Jdz JdPP1/Jn(kp,kz,r)1/J-n,(-k~,-k~,r)
o -00 0

2 , 8(kp - k~)
= (211") onn' o(kz - kJ k · (7.2.37)

p
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Hence, from (15), (17), and (19), it follows that

2~ 00 00Jd¢ Jdz JdppMn(kp,kz,r). M-n,(-k~,-k:,r)

395

o -00 o

== (2n)2k p8nn, 8(k z - k~) 8(kp - k~), (7.2.38)

2~ 00 00

Jd¢ Jdz JdppNn(kp,kz,r)· N-nl(-k~, -k~,r)

0 -00 0

== (21r)2kp8nn, 8(k z - k~) 8(kp - k~), (7.2.39)

2~ 00 00

Jdd: Jdz Jdp pLn(kp , k z, r) . L_n , ( -k~, -k~, r)

0 -00 0

8(k - k/)
- (2 )2k28 8(k - k' ) p p (7.2.40)- 1r tin' z z k .

p

Furthermore, the M, N, and L functions are mutually orthogonal. Conse­
quently, the above orthogonality relationships can be used to find the un­
knowns in (36).

(c) Spherical Coordinates

In spherical coordinates, the solution to (2) that is regular about the
origin is

where i; (kr) is a spherical Bessel function,

(7.2.41 )

(n - m)!(2n + 1) pm( B) im¢
( ) I

n cos e ,
n + m .41r

(7.2.41a)

and P;;:(cosB) is a Legendre's polynomial (see p. 193). As a result, it can be
shown easily that Y nrn (B, 1» is orthonormal and Yn,-rn (B, 1» == (-1 )rn Yn*rn (B, 1»
[see Exercise 7.14 and Equation (3.7.3)].

In this case, the pilot vector c == r , and we have

Mnrn(k, r) == V x rjn(kr)}~lJn(e, 1»,
1

Nnm(k, r) = k\l x \l x rjn(kr)ynm(e, ¢),

1
Lnrn(k, r) = k \l.in(kr)Ynm(e, ¢).

(7.2.42)

(7.2.43)

(7.2.44)
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Note that 1/k is included in (44) to keep the dimensions of all the vector
wave functions the same. Now, the pilot vector r is not a constant vector as
in the other coordinate systems. Hence, the orthogonality relationships have
to be rederived.

It can be shown readily that [~nm(k, r) here implies the complex conju­
gation of the angular part of 'l/Jnm (k, r) in (41) only]

Jdr'l/Jnm(k, r)~n'm,(k', r)

2~ ~ 00

= Jdr/JJdOsinOYnm(O,r/J)Y;'m,(O,r/J) Jdrr2jn(kr)jn,(k'r)

000
00

= 8mm,8nn,Jdrr2jn(kr)jn(k'r). (7.2.45)

o

Hence, using the identity that [see Exercise 2.10 and Equation (1.2.40a)]
00

1r 8(k - k') J 2 . ( ). ( I )2k2 = dr r In kr In k r ,
o

we have (see Exercise 7.14)

J A I 8(k - k')dr 'l/Jnm (k, r )'l/Jn'm' (k , r) = 1r 8mm, bnn, 2k2 .

(7.2.46)

(7.2.47)

Moreover, it can be shown that

JdrMa(r)· Mb(r) = Jdr\1 x r'l/Ja(r)· \1 x r'l/Jb(r)
v v

= Jas ii · [r'l/Ja(r) x \1 x r'l/Jb (r )] +Jdr 'l/Ja(r ) r . \1 X \1 X r'l/Jb(r ).
S v (7.2.48)

In addition, using the definition of \7x operator in spherical coordinates, it
follows that (see Subsection 3.5.1)

(
1 8. 8 1 82

)

r . \1 X \1 x r'l/J = - sin 0 BO sin 000 + sin2 0 Or/J2 'l/J

== n(n + 1)'l/J (7.2.49)

if'l/J is of the form (41). Note that the second equality follows from Equation
(1.2.39). Furthermore, the first integral on the right-hand side of (48) vanishes
if S is a spherical surface. Therefore,

Jdr Mnm(k, r) . Mn'm,(k', r) = n(n + 1)Jdr 'l/Jnm(k, r)~n'm,(k', r)
v v

8(k - k')
= n(n + 1)1r bmm, bnn' 2k2 .

(7.2.50)
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Similar to (16) and (17), it can be shown that

Jdr Nnm(k, r) . Nnlm/(k', r) = n(n + 1)JdrWnm(k, r)~nlm/(k, r)

v v

397

8(k - k')== n( n + 1)7f8rn m , 8n n , 2'
2k

By the same token as (18), we have

Jdr c.:». r) . Llll m/(k' . r) = Jdr «:». r)~nlm/(k, r)
v

, 8(k - k')
= 11 brnm, 8nnl 2k2 .

(7.2.51 )

(7.2.52)

Furthermore, M, N, and L are mutually orthogonal for reasons analogous
to those given in (20), (21), and (22). Therefore, given an arbitrary field E(r),
it can be expanded as

00

E(r) = f t Jdk k2 [anm(k) Mnm(k, r) + bnm(k) Nnm(k, r)
n=1 rn=-n 0

+ Cn m ( k) r.,m ( k, r )]. (7.2.53)

Moreover, the coefficients an rn (k), bn rn (k), and Cn rn (k) can be found by using
the orthogonality relationships of the M, N, and L vector wave functions.

§7.3 Dyadic Green's Function Using Vector Wave Functions

Given the vector wave functions M, N, and L, which are complete, the
dyadic Green's function in terms of these vector wave functions can be found
easily. Accordingly, we shall discuss how this can be done in Cartesian coor­
dinates, cylindrical coordinates, and spherical coordiriates.!"

§§7.3.1 The Integral Representet.ious

As can be seen frorn the previous section, a straightforward use of the
vector wave functions to expand the dyadic Green's function results in the
representation of the dyadic Green's function in terms of at least a single
integral. But these eigenfunction representations can be extended to include
distributions (see Appendix C). Hence, a dyadic Green's function, which
should actually be thought of as (-1, distribution, is accommodated by such
representations.

10 The L functions are left out by some authors. In this case: the dyadic Green's functions
are invalid in a source region (1~ai 1971, 1973).
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(a) Cartesian Coordinates

In Cartesian coordinates, the dyadic Green's function is expandable in
terms of dyads using vector wave functions as (Johnson et al. 1979)

00

G(r, r') = JJJdk [M(k, r) a(k) + N(k, r) b(k) + L(k, r) c(k)J.
-00

(7.3.1)
But then, it is required that

\7 x \7 x G(r, r') - k5G(r, r') = I b(r - r').

First, the right-hand side of (2) can be easily expanded as

(7.3.2)

(7.3.3)

00

Ib( - ') = -l-fJfdk [M(k,r)M(-k,r') N(k,r)N(-k,r')
r r (211")3 k; + k;

-00

L(k, r) L(-k, r')]
+ k2

using the orthogonality relationships given in Equations (7.2.29) to (7.2.31)
in the previous section, where k; = k; + k;, and k2 = k; + k; + k;. Then,
on substituting (1) into the left-hand side of (2) and equating it with (3), we
deduce that

M(-k, r') N(-k, r') L(-k, r')
a(k) = (211")3(k2 _ k5)k;' b(k) = (211")3(k2_ k5)k;' c(k) = - (211")3k5 k2'

(7.3.4)
Therefore, the dyadic Green's function becomes

00

G( ') = _1_ fff dk [M(k, r) M(-k, r')
r, r (211" )3 (k2 - k5) k;

-00

N(k,r)N(-k,r') L(k,r)L(-k,r')]
+ (k 2 - k2)k2 - k2k2 •o s 0

(7.3.5)

(b) Cylindrical Coordinates

Using the vector wave functions for cylindrical coordinates, the dyadic
Green's function can be expanded as (Howard 1974; Pearson 1983)

00 00 00

G(r, r') = L Jdk;Jdkpkp[Mn(kp, kz , r) an(kp, kz )

n=-oo -00 0

+ Nn(kp , kz, r) bn(kp , kz) + Ln(kp , kz, r) cn(k p , kz)]. (7.3.6)
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On substituting G(r, r') into (2) and using the orthogonality relationships of
M, N, and L functions in Equation (7.2.38) to (7.2.40), the dyadic Green's
function is derived to be (Exercise 7.15; note that k2 == k; + k~)

(c) Spherical Coordinates

The dyadic Green's function can be derived similarly in spherical coor­
dinates. Thus, using the orthogonality relationships (7.2.50) to (7.2.52), we
deduce that (Exercise 7.15; also see Collin 1986a)

G(r, r') = ~ ~ ~ JOO dk k2 [Mnr~(k, r,) Mnm(k, r')
IT L L . (k 2 - k2 )n(n,+ 1)

n=l m=-n 0 \ 0

Nnrn(k, r) Nnrn(k, r') Lnm(k, r) Lnm(k, r')]
+ (2 2) ( ) - 2 . (7.3.8)k - ko 71, 17, + 1 ko

Note that M and N are also zero when n == O.

As shown in Equation (1.3.52), reciprocity requires that G(r, r') == G t

(r', r). Accordingly, the above representations of the dyadic Green's function
can be shown to satisfy this property quite easily (Exercise 7.15).

§§ 7.3.2 Singularity Extraction
A dyadic Green's function is highly singular. As was shown in Section

7.1, the dyadic Green's function can be written as a principal value part
plus a part proportional to a Dirac delta distribution. Moreover, this de­
composition is nonunique. Notice that the integral representations given in
Subsection 7.3.1 do not have the Dirac delta singularity explicitly shown. But
by evaluating one of the integrals in the representation, a singularity can be
explicitly extracted from the vector wave function representations. By doing
so, we can reduce the above integral representations by one fold of integra­
tion. Also, the dyadic Green's functions thus obtained will be of the same
form as those in Section 7.1.

(a) Cartesian Coordinates

Take for example Equation (5), which could be simplified by residue cal­
culus. Since k2 == k~ + k~~ + k; and dk == dkxdkydkz , the dk, integral can be
perforrned first. Therefore, a, typical integral in (.5) is of the form

oc

I = Jdl«, ------ (7.3.9)
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1m [kz]

Deformed
Integration Path

x

'Pole
Original
Integration Path

Figure 7.3.1 The original path of integration and the deformed path
of integration.

(7.3.10)z > z',

At this point, the integrals in (5) and (9) are undefined because of the exis­

tence of poles at k, = ±Jk5- k; - k;. But by introducing some loss, the

integrals are well defined (see Subsection 2.2.2 and Figure 7.3.1). Conse­
quently, if z > z' and f(k z ) ---+ 0 when k, ---+ 00, the contour of integration
can be deformed from the real axis to the upper-half plane, thereby picking
up a residue contribution of the pole located at kz = (kZ - k; - k~)1/2. Note
that the integral on the deformed path (Figure 7.3.1) vanishes by virtue of
Jordan's lemma. Therefore, (9) becomes

.f (koz )ei koz (z-z')
I = 1r'l ,»;

where koz = J k5 - k; - k;. By the same token, a similar operation can be

performed when z < z'. Therefore,

I - .j(±koz ) ±ikoz(z-z')
- 1r'l k e ,

Oz

z > z'
, .

z<z
(7.3.11)

The above contour integration technique can be used to simplify the first
term in (5). But in the second term in (5), because N(r) = t\7 x M(r),
N(k, r) N( -k, r') has poles at k = 0 or at k; = ±iJk; + k~ on the complex
k, plane. Furthermore, the residue contribution of this pole satisfies the
dispersion relation k; + k; + k; = 0, rendering it static in nature. To one's
disappointment, this static field is unphysical in view of this electrodynamic
solution. Fortunately, the last term in (5) also has "static" poles at k, =
±iJk2 + k2 whose residue contribution should cancel that from the "static"x y

pole in the second term.
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From (7.2.26), L(k, r) L( -k, r) r-;» zzk;erj,k.(r-r') when kz ~ 00, violating

Jordan's lemma. Therefore, the contour integration technique cannot be used
directly on (5). But then, we can rewrite (5) as

00

G( ') == _1_ ]ff dk [M(k, r) M( -k, r') N(k, r) N( -k, r')
r , r (27r)3 (k2 _ k6)k; + (k2 - k6)k;

-00

00

_ (L(k, r) L( - k, r') _ A A eik.(r-r
f

) )] __1_ ZZ ]ff dk ik·(r-r') (7 3 12)
k2k2 ZZ k2 (2n):) k2 e ....
000

-00

Note that Jordan's lemma now holds true for the deformed integration path
on the k, plane for all the terms in the first integral. Furthermore, the pole
contributions at k; == ±i(k~ + k~)1/2 cancel each other from the second and
the third terms in the first integral (see Exercise 7.16). Moreover, the second
integral is just the Fourier integral representation of the Dirac delta function.
Consequently, the dyadic Green's function becomes (also see Johnson et al.
1979)

N(ks , ±koz, r) N(-ks , ~koz, r')] _ zz ~( _') ( )+ ') k 2 u r r, 7.3.13
kozk; 0

where dk s == dkxdky . The above is the representation of the dyadic Green's
function in the Cartesian coordinates using vector wave functions. Notice
that it is very similar to the spectral representation of the dyadic Green's
function given by (7.1.34).

Note that M and N functions in (13) are now discontinuous functions at
z == z', These discontinuities surface after the contour integration which is
performed after the differentiations are performed in (7.2.24) to (7.2.26).

On first sight, it appears that v' G(r, r') = - k
Z&tz 8(r - r') since v' M =

\7 . N == O. Apparently, this implies that

\7 . E == \7 . iWJ-1J f G(r, r') . J(r') dr' =~ [)8 Jz(r) =I ({,
. ZWE Z E

and (13) seems to be in error. One 111USt note, however, that M(ks , ±koz, r)
and N(ks , ±koz, r) are now discontinuous functions across the plane Z == z'
since (11) is a discontinuous function across such a plane. Fortunately, by
taking this into account, it can be shown that in fact V . E == g/ E (Exercise
7.17).

(b) Cylindrical Coordinates

In the same manner, (7) can be simplified by evaluating either the dk, or
dkp integral first. For instance, eva.luating the dk; integral first and using the
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technique described in (a) previously will give rise to an expression similar
to (13), namely,

(7.3.14)

Again, in (14), the derivatives in M and N are performed before the contour
integration.

On the other hand, from Equation (7), another expression involving a
dk; integral only will be obtained if the dk; integration is performed first. To
this end, we write

Mn(kp,kz,r)M-n(-kp,-kz,r') == (\7 X i)(\7' x i)

VJn(kp,kz, r)VJ-n(-kp, -kz, r'),
(7.3.15a)

Nn(kp , kZ 1 r) N_n(-kp , -kz, r') = (\7 x \7 x z)(\7' X \7' x z) ~2

VJn(kp,kz, r)'l/J-n( -kp, -kz, r'),
(7.3.15b)

Ln(kp, kz, r) L_n ( -kp,-kz, r') == '\l'\l'VJn(kp,kz, r )'¢-n( -kp, -kz, r'),
(7.3.15c)

where VJn(kp, kz, r) is given by (7.2.32). In actuality, the differentiations are
performed before the integration. But in this case, it may be simpler to
perform the dkp integration before taking the derivative operations inside
M n , N n , and Ln. Hence, after exchanging the order of dk; integration and
differentiation, typical integrals involving Mj,, N n , and Ln terms in (7) are
of the form

(7.3.16a)

(7.3.16b)

(7.3.16c)

Let us consider first the evaluation of II when n =I- o. With I n (x)
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Figure 7.3.2 The contour C and the deformed path of integration
on the complex k p plane.

[

00 (1) 00 (2)]
I == li ~Jdk In(kpp)Hn (kpp') ~Jdk In(kpp)Hn (kpp')

1 <5~ 2 P kp(k
2 - k6) + 2 p kp(k2 - k6) .

8 8
(7.3.17)

Here, the limit is introduced because now, a pole at kp == 0 exists in each
of the integrands due to the Hankel functions. Furthermore, by letting kp ==
e-irrk~, and using the reflection formulas HA2)(e- i 7r z) == -(-I)nHA1)(z) and
I n(-z) == (-l)nJn(z) in the second integral in (17), we have

-00

where P.V. represents a principal value integral. Notice that in (18), poles

exist at kp == ± Jk6 - k; == ±kop which may be on the real axis. But with
the introduction of some loss, these poles are displaced from the real axis as
shown in Figure 7.3.2 and the integral in (18) is well defined. Moreover, a
residue contribution can be added to (18) at the origin to make it a complete
contour integral. In other words,

(7.3.19)
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where C is as shown in Figure 7.3.2. In (19), the last term is the residue
contribution which has been included in the first term to make C a continuous
contour (Exercise 7.18).

When kp ---. 00, using the large argument approximations of In(x) and
H~I)(X), one can show that In(kpp)H~l)(kppl)"J aeikp(p+p') + beikp(p'-p). Thus,
if pi > p, the integrand becomes exponentially small in the upper half plane.
Consequently, by virtue of Jordan's lemma and Cauchy's theorem, the in­
tegral along C can be deformed to the deformed path of integration, which
vanishes, leaving a residue contribution due to the pole at kop (Exercise 7.18).
Hence,

(7.3.20)

When p > pi, we can use a similar technique to evaluate II. In general,

n # 0, (7.3.21)

(7.3.22)

where P» is the larger of p and p' and P« is the smaller of p and p'.

Analogously, we have (Exercise 7.18)

_ 1ri (1) 1fi. (1) ( . )
12 - 2k 2 k2 In(kopp<)Hn (kopp» + 2k 2k2 In(zkzp<)Hn zkzp>

Op 0 z 0

1 (p<) n
- 2nk~k5p p> ' n i- O.

Note that the second term in (22) is derived because of the "static" pole at
kp = ±ikz in the integrand of 12 in (16b) due to the 1/k2 term. Indeed, this
pole gives rise to a static-like field.

Similarly (Exercise 7.18),

(7.3.23)

which is also static-like. As is expected, the static fields from (22) and (23)
should cancel each other on physical grounds.

In simplifying (7), we are evaluating the dkp integral first in 11,12 , and 13

before performing the differential operation warranted by (15). As a result,
Equations (21), (22), and (23) are apparent discontinuous functions of p
and p'. Hence, it seems that if the differential operations are performed,
Dirac delta functions would result. But instead of directly performing the
derivatives to obtain the Dirac delta function, it is simpler to first anticipate
the term from which the Dirac delta function would come.
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A Dirac delta function is represented by (Exercise 2.10)

405

(7.3.24)

With the large argument approximation for In(x), notice that the amplitude
of the integrand in (24) becomes a constant when kp --+ 00. 11 Hence, a
necessary condition for the dk p integration to produce a Dirac delta function
is that the amplitude of the integrand tends to a constant when kp ~ 00.

Consequently, to determine whether an integral has a Dirac delta function
singularity, we study its integrand when kp --+ 00.

It can be shown that when the following differential operator acts on a
Bessel function,

(V x 2)(V' x 2) rv ¢¢' aaa
2

'" 0 (kp
2

) ,
P p'

(7.3.25a)

because 8/8pJn(kpp) == kpJ:t(kpp) rv O(kp)Jn - 1(kpp) when kp --+ 00, and the
a/8p derivative dominates over all other derivatives when kp --+ 00. (The
Bessel functions In(x) and In-1(x) are of the same order of magnitude when
x --+ 00.) Similarly, when the following operator acts on a Bessel function,

(\7 x V x 2)(V' X V' x z) == (Vik z - z\72 ) ( - sr«, - 2\7,2)

a2 a2

'" z : 8
p2

8p'2 '" O(k;), kp -+ 00, (7.3.25b)

(7.3.25c)

Thus, after substituting these order-of-magnitude estimates into (15) and
then into (7J, it is evident that the first term and the second term in (7)
do not produce a delta function after integration because their magnitudes
vanish when kp ~ 00. On the contrary, using (25c), the third term in (7)
contains a delta function because it tends to a constant amplitude when
kp ~ 00. This can be verified in another way. For example, by applying
(\7 x i)(V' x i) to II given by (21), the Dirac delta function terms from the
first term in (21) cancel with those from the second term in (21), although
this method of verifying the nonexistence of the Dirac delta function in the
first two terms in (7) is rather tedious.

11 Actually, the integrand becomes a sinusoidal function whose amplitude is a constant,
because a Dirac delta function has a nondiminishing spectral content even in the very
high spectrurn region.
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Consequently, after substituting II, 12 , and 13 from (21), (22), and (23)
into (7), we have (Exercise 7.19)12

.0000

G(r, r') = 8~ L Jdkz k; [Mn(kop , kz, r) M_n(kop , -kz, r')
n=-oo -00 Op

+ Nn(kop , kz, r) N_n(kop , -kz, r')] - ~~ 8(r - r'). (7.3.26)
o

Indeed, the static terms in 12 and 13 cancel each other as expected, except
for the delta function term. This delta function term has to remain after
substituting (23) into (7), as seen from the preceding argument. In addition,
the last terms in II and 12 given in (21) and (22) also cancel each other. This
is expected on physical grounds since this is an unphysical field with kp = 0,
k z i= o. In fact, this field does not satisfy the dispersion relationship. More
rigorously, they can be shown to cancel as a consequence of

(\7 x 2)(\7' x 2) (;:) n = -(\7 x \7 x 2)(\7' x \7' x 2):; (;:) n . (7.3.27)

To show this, first note that \7 x \7 x i = V'ikz - \72z = \7 sikz - \7;z.
Then,

In the above, we assume that 8j8z = ik; and 8j8z' = -ikz , and \7; (~) n =
afor p i= p'. Moreover, assuming the field to have ein¢ and e-in 4>' dependences,
we have

v, (f)n = (p~ + ¢in) (f)n = (p + i¢)!!. (f)n ,
p' 8p p p' p p' (7.3.29a)

\7's (f) n = (_p' _ i¢') n (f) n . (7.3.29b)
p' p' p'

Then,

\7s \7' s (f) n = (p + i¢)( _p' _ i4>')~ (f) n .
p' pp' p'

(7.3.30)

12 Different forms were obtained by Howard (1974) and Pearson (1983), but the errors
were noted by Collin (private communication).
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Figure 7.3.3 A pill box whose axis points in the p direction and
whose p dimension shrinks before its prj; and z dimensions.

Furthermore, it can be shown that

( )

71, 2 ( )n(\78 X i)(\7'8 X z) f == (-¢+ijJ)(¢'- ijJl)!!- I:
p' pp' p'

( )

n

- - \7 \7' £..
- 8 8 p' (7.3.31)

which verifies (27).

Since II and 12 in (16) have a nonintegrable pole at kp == 0 when n == 0, the
analyses leading to (21) and (22) for II and 12 are not strictly correct when
n == O. But when II and 12 are operated on by the differential operators
in (15), it can be shown that the nonintegrable pole at kp == 0 for n == 0
disappears. Furthermore, it can be shown that the n = 0 case is similar to
ignoring the last terms in (21) and (22) (Exercise 7.19).

Note that in (26), the Bessel functions in M, and N, are to be replaced
by Hankel functions if p > p' and similarly for M_ n and N -n when p < p'.
Moreover, the form of the Dirac delta function term in (26) is also warranted
by the physical interpretation. In this case, since the dkp integral is performed
first, it is equivalent to shrinking the p length scale first in the principal
volume method, yielding a disk-shaped pill box whose axis is pointing in the
p direction, as shown in Figure 7.3.3. Furthermore, the derivatives in the
definitions of M and N are already carried out in the integrand of (26).
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(c) Spherical Coordinates

In the vector wave function representation of the dyadic Green's func­
tion in spherical coordinates, a typical integral in the first term of (8), after
exchanging the order of integration and differentiation, is of the form

00

1 = Jdk k2jn(kr)jn(kr')
1 k2 _ k2 .

oo

Similarly, in the second term, a typical integral is
00

I = Jdk jn(kr)jn(kr')
2 k 2 _ k 2 '

o
o

while in the third term, a typical integral is
00

1
3

= Jdk jn(kr~n(krl).

o

(7.3.32)

(7.3.33)

(7.3.34)

Consequently, on using a technique similar to that of the previous section,
we can show that (Exercise 7.20)

1ri. (1)
II = 2 kaJn(l"ordhn (kar», (7.3.35)

where r < is the smaller of rand r', and r ; is the larger of rand r', Also, when
using the technique on 12 , one has to be wary of a pole at k == 0, because
jn(x) rv x" and h~l)(X) r-:» x-n+1 when x ~ o. Therefore,

(7.3.36)

(7.3.37)

Similarly,
1 _ 1r r~

3 - 2(2n + 1)k5 r~+l·

Notice that the second term in (36) and 13 in (37) are the static-like
terms. In addition, these static-like fields are expected to cancel each other
on physical grounds since these fields should not be observed outside the
source region. To illustrate this, we first show that

B
\7 x \7 x r = \7 or r - r\72

. (7.3.38)

First of all, the Laplacian becomes zero when it operates on the static-like
term. Furthermore,

a (rn
) ( rn

)\7 or r r'n+1 = (n + 1)\7 rln+1 '

, a , ( r
n

) , ( r" )\7 -r -- - -n\7 --Dr' r'n+l - r,n+l·

(7.3.39a)

(7.3.39b)
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Figure 7.3.4 A pill box whose axis points in the r direction and
whose r dimension shrinks before its transverse to r dimensions.

True to our expection, the above, together with (38), shows that the static­
like terms in (36) and (37) cancel each other when they are substituted into
(8).

By studying the spectral content of the dk integral when k -t 00, only
13 , when substituted into (8), produces a Dirac delta function term in the dk
integral. Consequently, (8) becomes (Exercise 7.20; also see Collin 1986b)

_ 00 n 1 '"
G(r, r') = ikoL L n(n + 1) [Mnm(ko, r) Mnm(ko, r')

n=l m=-n

+ Nnm(ko, r) Nnrn(ko, r')] - :: 8(r - r'). (7.3.40)
a

The fact is that the Dirac delta function term in (40) is warranted by the
physical interpretation, since we are evaluating the dk integral first, implying
that the length scale in the r direction is being shrunk first. Therefore, this is
similar to a principal volume integral where the length scale in the r direction
is shrunk before length scales in other directions. Hence, the corresponding
pill box has its axis pointing in the r direction, as shown in Figure 7.3.4.

In a mariner corresponding to the result in the cylindrical-coordinate case,
\vhen r > r', the spherical Bessel functions in M nrn (ko, r) and N nm (ko, r) in
(40) should be replaced by the spherical Hankel functions, and similarly, for
Mnm(ko. r") and Nnrn(ko, r") when T < r', Furthermore, the derivatives in the
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definitions of the M and N functions are already carried out in the integrand
of (40).

§7.4 Dyadic Green's Functions for Layered Media

In the previous section, we have illustrated how the dyadic Green's func­
tions can be obtained in terms of the vector wave functions of the medium.
In addition, these vector wave functions can be found for a homogeneous
medium. But when the medium becomes inhomogeneous, they cannot be
found easily. For example, in a planarly layered medium, the solution of
Maxwell's equations is sought by decomposing the electromagnetic waves
into TE and TM types. But for a cylindrically layered medium, the elec­
tromagnetic waves are in general hybrid because the TE and TM waves are
usually coupled. On the other hand, for a spherically layered medium, again,
the waves can be decomposed into TE and TM to r waves. Despite these
complexities, we shall illustrate how to derive the dyadic Green's functions
for layered media. Before doing so, a constraint on the dyadic Green's func­
tion due to the reciprocity requirement will be derived first for a general,
inhomogeneous medium.

In passing, it should be mentioned that dyadic Green's functions for pla­
narly layered media have also been presented by Tsang et al. (1975); Lee
and Kong (1983); Kong (1986); Bagby and Nyquist (1987); and Viola and
Nyquist (1988).

§§7.4.1 A General, Isotropic, Inhomogeneous Medium

A dyadic Green's function for a general, isotropic inhomogeneous medium
can be defined even though its derivation may be difficult. Since for an
inhomogeneous medium, the electric field satisfies

\7 x J-l-l(r)V' x E(r) - w2E(r) E(r) == iwJ(r), (7.4.1)

a dyadic Green's function G(r, r') for an inhomogeneous medium can be
defined such that it is a solution of the following equation:

\l x J-l-l(r)\l x G(r, r') - w2E(r ) G(r,r') == J-L-l(r) I8(r - r'). (7.4.2)

To aid in the thought process, (2) can be post-multiplied by an arbitrary
constant vector a to yield

\l x J.L-l(r)\l x G(r, r') . a - w2E(r ) G(r, r') . a == J.L-l(r)I· a8(r - r').
(7.4.2a)

Now, post-multiplying (1) by G(r, r') . a, pre-multiplying (2a) by E(r), and
subtracting the results yield

\l x J-l-l(r)\7 x E(r) . G(r, r') . a - E(r) . \7 x J-L-l(r)\l x G(r, r') . a

== iwJ (r) . G (r , r') . a - J-l-1(r) E (r) . a <5 (r - r'). (7.4.3)
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On integrating the above over all r , converting the left-hand side into a
divergence with the necessary vector identity, invoking Gauss' theorem, and
simplifying, one obtains (Exercise 7.21)

E(r') = iWI1(r') JdrJ(r) . G(r, r'). (7.4.4)

As a result, the preceding equation is the relationship between the electric
field and the current via the dyadic Green's function defined for the inhomo­
geneous medium. Because of reciprocity, we can easily show that (Exercise
7.21 )

(7.4.5)

Note that this property of the dyadic Green's function expressed by (5) should
be a property satisfied by all dyadic Green's functions derived for an inho­
mogeneous medium. Thus, when deriving the dyadic Green's function for
layered media, we shall keep property (5) in rnind. Note further that Equa­
tion (1.3.52) of Chapter 1 is a special case of the above. With (5), (4) can be
alternatively written as

E(r) = iwJdr' G(r, r')I1(r') · J(r'), (7.4.5a)

where we have swapped rand r'. Without much difficulty, the corresponding
magnetic field is derived from the above using Maxwell's equations as

H(r) =Jdr' 11-1(r )V' x G(r, r')I1(r') . J(r'). (7.4.5b)

The above can be extended to the anisotropic case (see Subsection 8.1.3,
Chapter 8).

§§ 7.4.2 Planarly Layered Media

For a planarly layered medium, the dyadic Green's function can be found
by starting with the dyadic Green's function in a homogeneous medium.
Then, the inhomogeneity can be added later, giving rise to reflected wave
terms in the dyadic Green's function.

As an example, for the source point in region m in a layered medium
as shown in Figure 7.4.1, consider first the dyadic Green's function for a
homogeneous medium consisting of the medium from region m. The dyadic
Green's function in the absence of all the other regions is then

00

-( I i /] dk s [ ')G r , r) == -2 -kk2 M(ks , r) M( -ks ' r
87r mz s

-00

+ Nfk.. r)N( -ks ' r')J - :: 8(r - r'), (7.4.6)
m
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Region 3
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Region m+1

Region N-1

Region N

Figure 7.4.1 The dyadic Green's function for the case when the
source point is in region m.

where

M(k s , r) M(-k s , r') == (k s x z)(ks x z)eiks·(rs-r~)+ikmzlz-z'l,

(7.4.7a)

N(k r) N(-k r') == ~(k ± x k x z)(k x k x i)eiks·(rs-r~)+ikmzlz-z'ls, s i k2 m s m=F s ,

m (7.4.7b)

km ± == k, ± ikm z , and the upper sign is chosen when z > z' and the lower
sign is chosen when z < z'. Moreover, the M function represents the TE to
z wave, whereas the N function, which is the curl of the TM to z magnetic
field, represents the TM to z waves.

At this point, for bookkeeping purposes, it is more expedient to write
(7a) and (7b) as

(7.4.8a)

\7 x \7 x Z [\7' x \7' x Z 'k ( ') 'k I II]N (k s , r)N (- k ,, r') ==. . e' s: rs-rs +1. ~mz z-z

~WEm -~Wf.-Lm (7.4.8b)

with the understanding that the Dirac delta function singularity from

EJ2 'k I 'I--e~ mz Z-Z

EJzEJz'
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is ignored since it is already extracted as the last term in (6).

For plane waves, one can show that (Exercise 7.22)

E = i~. [~V x V x io, + V x iBz] .
ks ZWE

413

(7.4.9)

Since the dyadic Green's function (6) generates an electric field when it acts
on an electric current source, the quantity in the square bracket in (8a) is
proportional to B z , while that in the square bracket in (8b) is proportional
to Dz after comparing it with Equation (9). Therefore, in the presence of
horizontal stratifications, these quantities transmit and reflect like B, and D,
plane waves. But these reflections and transmissions were studied in Chapter
2, and those results can be used here.

In the presence of horizontal layers, when both z and z' are in region m
of a planarly layered medium, (8a) is modified to become

M(k
s 1

r, r') = (V x i)(V' x i)eiks(rs-r~) [eikmzlz-z'l + B;;'Ee-ikmzz + D;;'EeikmzZ] .

(7.4.10)
Better still, B~E and D~E can be found as in Chapter 2, Equations (2.4.5a)
and (2.4.5b). Note that (V' x z)(V" x z), which is (ks x z)(ks x z), is just a
constant dyad. Consequently, the use of (2.4.6a) and (2.4.6b) in (10) yields

M(ks , r, r') = (V x i) (V' x i)eik,(rs -r~) [e -ikmzz<

+eikmz(Zd2dm)R~~n+l] [eikmzz> + e-ikmz(z>+2dm-Jl R~~m-l] Mm 1 (7.4.11)

where z-, is the larger of z and z' and z< is the lesser of z and z', and Mm ==

[1 - Rm,m-l Rm,m+l e2ikmz(dm -dm- il] -I . Moreover, the generalized reflection

coefficients it can be derived as in Chapter 2. In general,

(7.4.12)

where FIE(z, z') are given by (2.4.6a), (2.4.6b), (2.4.15), and (2.4.16) for TE
waves, depending on where r is located with respect to r'.

Similarly, in a layered medium, (8b) is modified to

N(ks,r,r') == (V ~ Vx i) (V' x.V' x i) eiks.(rs-<,,)pIM(z,z'),
ZWEn -ZWjJ.)'lrL

(7.4.13)
where FI!v1(z, z') are given by (2.4.6a), (2.4.6b), (2.4.15), and (2.4.16) for
TM waves (Exercise 7.23), and r E region n, r' E region m. Note that
(V'xV'xz)(V"xV"xz) == (kn±xksxz)(km=:t=xksxz), where k.i., == ks±zkm z

and km=f == k, =f zkmz , is a constant dyad.P Also, /-Lm instead of /-Ln is in

13 The upper sign is chosen when z > z' and the lower sign is chosen when z < z',
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the denominator of the second factor in (13) because the second factor is
associated with r', the source point.

With these notations, the dyadic Green's function for a planarly layered
medium becomes

00

- , i If dk s [- ,- , ] zz ,G(r,r)=-2 kk2 M(ks,r,r)+N(ks,r,r) -lfD(r-r),
871" -00 mz s m (7.4.14)

with Mfk.; r, r') and N(k s , r, r') given by (12) and (13), and the source point
r' E region m while the field point r E region n [see Equation (5a)].

§§ 7.4.3 Cylindrically Layered Media
When a medium is cylindrically layered, the TE and TM waves are, in

general, coupled at the interfaces. Hence, the M and N vector wave functions
in cylindrical coordinates, which represent the TE and TM to z waves, are
coupled together. In this case, the TE and TM waves or the M and N func­
tions should be treated together. Consequently, a function for the integrand
of (7.3.26) can be defined as

Cn(kz, r, r') = [Nn(k p, kz, r) N -n( -kp, -kz, r')

+ Mn(kp , kz, r) M_n(-kp , -kz, r')] :2
p

1 [N-n(-kp,-kz,r')]
= k2[Nn(kp,kz,r),Mn(kp,kz,r)] , '

p M_n ( -kp , -kz , r ) (7.4.15)

where k~ + k; == k2 == W2J.lE. Alternatively, the above can be rewritten as

_ , [1 ",,] [.!.(\7' X \7' x 2)t] 1
Cn(kz,r,r) = k\7 x \7 x Z, \7 x Z k k2

(\7'xz)t p

. In(kpp< )H~l)(kpp> )ein(4) - 4>' )+ikz (z- z'). (7.4.16)

In actuality, the derivatives are already carried out in (7.3.26), but in the
form above, one avoids working with derivatives of Bessel functions explic­
itly. Equivalently, one may think that in the above, the action of differential
operators produces a Dirac delta function which is to be ignored since it is
already extracted in (7.3.26). Consequently, Equation (16) can be written as
(Exercise 7.24)

1 ~ t
C (k r r') == --D J (k P )H(l)(k P )ein(</>- 4>' )+ikz (z- z')D'n z i , (kkp)2 J-l n p < n p > f'

(7.4.17)
f--

where DJ-l == [\7 x \7 x Z, iWJ.l\7 x z], and D~ == [\7' X\7' x Z, -iWE\7' x z] operates
on the primed coordinates to its left. Using the fact that [see Equation (9)]

E = :2 [\7 x \7 x E z + iWJ-l\7 x 2Hz ] (7.4.18)
p
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Figure 7.4.2 The dyadic Green's function for a source in region j of
a cylindrically layered medium.
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(7.4.23)

ain can be found via the methods of (3.3.16) and (3.3.17) of Chapter 3. Hence,
analogous to (3.3.18),

Cn(kz, r, r') = (kj~iP)2 Dill · [H~l)(kiPP) I + In(kiPp)R,i+l] · M i + ·r, ·M j +

. [In(kjpp') I + H~l)(kjpp')RjJ_l] fn(z, ¢; z', ¢') · D';f' (7.4.21)

By the same token, when r E region i < j, the function Cn(kz, r, r'), analo­
gous to (3.3.20), becomes

Cn(kz, r, r') = (kj~iP)2Dill' [In(kipp) I + H~l)(kiPP)R,i_l] · M i - . Tji · M j _

. [H~l)(kjpp') I + In(kjpp')Rj,j+l] fn(z, ¢; z', ¢') . D';f' (7.4.22)

In summary,

_ , 1 _ _, , , f--, t

Cn(kz,r,r) = (kjkiP)2Dill' Fn(p,p )fn(z,¢;z ,¢). D jf'

where F n(P, p') is defined in (3.3.22) to (3.3.24) of Chapter 3. In the above,
the subscript j denotes the region of the source point p', and the subscript i
denotes the region of the observation point p.

In this manner, the dyadic Green's function for a cylindrically layered
medium can be written as

. ~ ~ f--t

G( ') 't '"""' J k 1 - - ( ') ( ")-'r,r = 8n n~oo d z (kjkiP)2Dill' Fn P,P I« z,¢;z,¢ . D i«

-00

- ~~ 8(r - r') (7.4.24)
J

where the source point r' E region j and the field point r E region i [see
Equation (5a)].

§§ 7.4.4 Spherically Layered Media

For a spherically layered medium, the waves can be decomposed into
TE and TNI to r waves. First, we note that for the homogeneous medium
case with wave number kj , the dyadic Green's function is given by Equation
(7.3.40), where

n

2:: Mnm(k j, r) Mnm(kj, r') = (\7 x r)[\7' x r'jn(kjrdh~l)(kjr»
m=-n

An(O, ¢; 0', ¢')), (7.4.25a)
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71,

L Nnm(kj, r) Nnm(kj, r') =
m=-n
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(7.4.25b)

where r < is the smaller of rand r ', and conversely for r>. Furthermore,

ti

(7.4.25c)

(7.4.28)

711=-71,

In actuality, the derivatives in (7.3.40) are already carried out; however, the
notation in (25) avoids dealing with the derivatives of Bessel functions and
spherical harmonics. Equivalently, the resultant Dirac delta function pro­
duced by the action of the differential operators on the discontinuous func­
tions to their right is to be ignored.

In the presence of a layered medium, the above would have to be modified
accordingly. By comparing with Equation (3.5.4) of Chapter 3, we note that
the quantities in the square brackets of (25a) and (25b) are proportional to the
Debye potentials. Hence, in the presence of spherical layers, these quantities
will transmit and reflect like Debye potentials, which were studied in Chapter
3. Consequently, with the definition that mn(r, r /) equals the summation on
the left-hand side of (25a), (25a) in a layered medium becomes

mn(r, r') == (v x r)(v' x r") [jn(kjr<)h~l)(kjr» + aJnEh~l)(kjr)

+b~fjn(kjr)] An(8, ¢; 81
, ¢/), (7.4.26)

where both rand rl are in region j. Moreover, the coefficients aT! and bfnE

can be found as in Equations (3.7.17a) and (3.7.17b) of Chapter 3. Analogous
to (3.7.18), using them in (26) for 'TE waves yields

mn(r,r') = (\7 x r)(\7' x r') [h~,l)(kjr» + RIf+ljn(kjr»]

. [jn(kjrd + RJJ-l h~l) (kjr<)] JVITE An (e, ¢; e', ¢'), (7.4.27)

where Mj
T E (1 - RIf+ 1RIf-l) -1 and RT E are TE generalized reflection

coefficients derived in Chapter 3.

On the other hand, when r E region > J and r' E region j, using
Equation (3.7.22) of Chapter 3 yields

mn(r, r') = (\7 x r)(\7' x r') [h~l)(kir) + RU~-ljn(kir)]

[

. 1 -TE (1) J] r';TE - TE - TE . 1 ,. In(kjr) + Rj,j-1hn (k j7 ) I ji Aifi NIj An(B, ¢, e,¢ ),

where Tj;E is the TE generalized transmission coefficient for a layered slab
between region j and region i.
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By the same token, when r E region i < j and r' E region j, using
Equation (3.7.24) of Chapter 3, we have

mn(r,r') = (\7 x r)(\7' x r') [jn(kir) + R[Elh~l)(A;r)]

. [h(l)(k. ') R-TE . (k· I)] T-TEM-TEM-TEA (B .i: B' ~/)n J r + j .i+IJn J r ji i j n, 0/, ,0/ .

In summary,

mn(r, r") == (\7 x r)(\7 ' x r/)FJE(r, r')An(O, ¢; 0', ¢/),

(7.4.29)

(7.4.30)

where FIE(r, r') is given in (3.7.26) to (3.7.28) of Chapter 3, but adapted for
TE waves. In (30), r E region i, and r' E region j.

Similarly, (25b) has to be modified for a spherically layered medium.
Thus, with the definition that lln(r, r') equals the summation on the left­
hand side of (25b), we have

lln(r,r/) == (\7 x? x r) ('V' ~ \7' x r') FJM(r,r')An(B,¢;O',</J'),
-1,Wci 2WJlj

(7.4.31)
where FIM(r,r') is given in (3.7.26) to (3.7.28) of Chapter 3, but adapted
for TM waves. In (31), r' E region j and r E region i.

In this manner, the dyadic Green's function for a spherically layered
medium is

G(r, r') = ik/f. (1 ) [mn(r, r') + nn(r, r')]- rk": 8(r - r'),
n=l n n + 1 j

(7.4.32)

where k j is the wavenumber of the region in which the source point r' appears.

§§ 7.4.5 Reciprocity Considerations

The dyadic Green's functions derived in the previous subsections must
satisfy reciprocity which, according to (5), is that G(r, r/)Jl(r') must be equal

to G t(r/, r)J-l(r). Therefore, we shall show that the dyadic Green's functions
derived previously satisfy this condition.

(a) Planarly Layered Media Case

The dyadic Green's function for a planarly layered medium is given by
(14). In order for reciprocity to be satisfied, we require that (Exercise 7.25)

-.( ') J-lm -t( ') J-LnM ks,r,r -k == M ks,r ,r -k'
triz nz

- , J-Lrn -t , J-Ln
N(ks , r , r )-k = N (k,, r ,r)k'

m.z nz

(7.4.33a)

(7.4.33b)
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where r' E region m and r E region n. From (12) and (13), Equations (33a)
and (33b) imply that

J-Lrn F T E ( I) == ~FTE( I )" ± z, Z k =f Z, Z ,
krn z n z

(7.4.34a)

~FrM(z, z') = ~FJM (z', z). (7.4.34b)
i.. i:

Notice that when nand m denote the same region, or z and z' are in the same
region, the above is clearly satisfied. But when nand m are of two different
regions, from (2.4.15) and (2.4.16) of Chapter 2, (34a) and (34b) would be
satisfied if

iLrn t T E == ~TTE, (7.4.35a)k
rn z

tn.ti k
n z

nm

trn jTM == ~tTM. (7.4.35b)
k

rn z
mn k

n z
tim.

The above is proven in Exercise 2.4 of Chapter 2.

(b) Cylindrically Layered Media Case

The dyadic Green's function for a cylindrically layered medium is shown
in (24). In order for reciprocity to be satisfied, it is necessary that (Exercise
7.25)

(7.4.36)

where pI E region j and p E region i. By inspecting the definition of D JL and
D€, the above is the same as requiring

(7.4.37)

where

ti, == [1 0]o J-Li •
€j == [1 0]o -fj .

(7.4.37a)

Before proceeding to show that the solution satisfies (37), we make use
of the following observations. If new reflection and transmission matrices are
defined as

fj,j±1 == Ti j . Rj,j±l . €j,

t j ,j + 1 == J1j + 1 . T j,j+1 . €j,

t j +l,j == Tij . T j +1,j . €j +1,

(7.4.38a)

(7.4.38b)

(7.4.38c)

then it can be shown that rj,j±l is symmetric (Exercise 7.26). Furthermore,

(7.4.39)
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Hence, using (39), it can be shown that the generalized reflection matrix is
symmetric when transformed according to (38a) (Exercise 7.27), i.e.,

(7.4.40)

Now, looking at Equation (3.3.22) of Chapter 3, when p and p' are both
in region j, we can transform (3.3.22) as

Jij · Fn(P,p') · €j = [H~l)(kjpp) I + In(kjpp) fj,j+l . Pj-I] . mj+

· [In(kjpp') I + H~l)(kjpp') Pj-I · fj,j-l], p > p',

where

(7.4.41a)

(7.4.41 b)

mj± = Ilj . M j ± . fj, (7.4.42a)

Pj = Ilj . fj. (7.4.42b)

Then, in order for (37) to be satisfied, (41b) must be the transpose of (41a).
Since the f and P matrices are symmetric, this requires that

......... ......... t

mj+ = m j_, (7.4.43)

which can be proven easily using (40) (Exercise 7.28).

Furthermore, when p E region i and p' E region j, and i > i, using
(3.3.23), we have

Jii · Fn(p, p') · €j = [H~l)(kiPP) I + In(kipp) fi,i+l · Pi- l] · mi+ · Pi- l ·iji

. pjl . mj+ . [In(kjppl) I + H~l)(kjpp') Pj-l · fj,j-I]' (7.4.44)

On the other hand, when p is the source point and p' is the observation
point, but p E region i and p' E region j, using (3.3.24) with i replacing i, p
replacing p' and vice versa, we have

Hence, in order for (37) to be satisfied, we require that

(7.4.46)
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The above is the generalization of (39) and it can be proven (Exercise 7.29).

(c) Spherically Layered Media Case

The dyadic Green's function for a spherically layered medium is given
by (32). Therefore, in order for reciprocity to be satisfied, we require that
(Exercise 7.25)

fin (r ~ r')kjll j == fi~ (r', r )killi,

lln (r, r")kj11j == ll~ (r'. r) k;J-Li ,

(7.4.47a)

(7.4.47b)

where r E region i and r' E region j. From (30) and (31), the above implies
that

kjILjFr~E(r,r') == kiJ-LiF7:E(r', r), (7.4.48a)

kj Ej Fr~ Iv! ( r, r /) == k,Ei Fr: M (r' , r ) . (7.4.48b )

Notice that when i and j are the same, i.e., rand r' are in the same region,
the above is clearly satisfied from the result of Chapter 3. On the contrary,
when i and j are from two different regions, (47a) and (47b) will be met if

(7.4.49a)

-TM -TM
kjEjTji == kiEiTij . (7.4.49b)

Again, the above results can be proven. The proof is very similar to that for
Equations (35a) and (35b) (Exercise 7.30).

Exercises for Chapter 7

7.1 Show that the solution of the scalar wave equation

(\72 + k2 )g(r , r") == -8(r - r')

is given by Equation (7.1.1).

7.2 If we have specified that \7 . A == 0 in (7.1.9), which is also known
as Coulomb's gauge, what are the corresponding equations for (7.1.11)
and (7.1.12)? Would the final electromagnetic field be changed with this
gauge?

7.3 Show that the function

f(x) == {[IOg(l/ IXl)]- l,
0,

X#O
x==O

is continuous at x == 0 but it does not satisfy the Holder condition.

7.4 For an exclusion volume which is a sphere (i.e., V8 is a sphere), evaluate
the second term in (7.1.22) and deduce the value ofL in Equation (7.1.25).
Repeat the same for a cube, a disk, and a needle; and hence, derive the
results of Equation (7.1.28).
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7.5 Show that the inverse of (7.1.29) is in fact (7.1.30).

7.6 Using the method of stationary phase, derive the asymptotic approxi­
mation of

00

F(kx ) = Jdxf(x)e-ikxx
,

o

where f(x) "J z", X ~ 0, and Q < 1. Show that the more singular f(x)
is at x = 0, the more slowly F(kx ) will decay when kx ~ 00. Hence, a
singular function has more high spectral components.

7.7 Show that when z = z', the integral in (7.1.34) is divergent. Give an
explanation for the divergence of this integral.

7.8 Derive (7.1.34) by substituting (7.1.43) into the definition of the dyadic
Green's function given by (7.1.19).

7.9 Prove the identity presented by Equation (7.1.44).

7.10 Show that Equations (7.2.3) and (7.2.4) are solutions of (7.2.1) if (7.2.2)
is satisfied.

7.11 (a) When the homogeneous Dirichlet boundary condition 'l/J == 0 on S
is satisfied, show that it . M == it x N == °on the side wall, while
it x M == it . N == °on the end-caps of Figure 7.2.1.

(b) When the homogeneous Neumann boundary condition n· \7'l/J == 0 on
S is satisfied, show that n x M == ii . N = 0 on the side wall, while
n . M = ii x N == 0 on the end-caps of the same figure.

7.12 Derive the orthogonality relationships (7.2.28) to (7.2.31).

7.13 (a) Using the integral representation of Bessel functions [see (2.2.18) of
Chapter 2], show that J-n(-x) == In(x).

(b) Derive the orthogonality relationships (7.2.37) to (7.2.40) (also see
Exercise 2.10).

7.14 (a) Using the properties of Legendre polynomials, show that Yn,-m( (), ¢)
== (-l)mY;m(O,¢) and that Ynm((},¢) is orthonormal.

(b) Derive the orthogonality relationships (7.2.47) to (7.2.52).

7.15 (a) Derive the dyadic Green's function shown in (7.3.7) and (7.3.8).

(b) Show that (7.3.5), (7.3.7), and (7.3.8) satisfy the reciprocity relation
- -t
G(r, r') == G (r', r).

7.16 Show that the static-like pole contribution from the N and the L func­
tion terms in (7.3.12) cancel each other.

7.17 (a) Show that the form of G(r, r') given by (7.3.13) can be manipulated
to a form equivalent to (7.1.34).

(b) Show that the electric field E( r) generated by a current source J (r ) ,
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which is

423

E(r) = iW!l Jdr' G(r, r') . J(r')

satisfies \7 . E == Q/ E, where G(r, r') is of the form (7.1.34).

7.18 (a) Determine that the residue contribution at the origin corresponds
to the last term in (7.3.19).

(b) Derive the expressions for II, 12 , and /3 given by (7.3.21), (7.3.22),
and (7.3.23).

7.19 (a) By a direct substitution of 11,12 , and /3 given by (7.3.21), (7.3.22),
and (7.3.23) into (7.3.7), show that (7.3.26) ensues.

(b) Show that the derivation of (7.3.26) for the n == 0 term is analogous
to ignoring the last terrns in (7.3.21) and (7.3.22).

7.20 (a) Derive the expressions for II, 12 , and 13 as given by (7.3.35), (7.3.
36), and (7.3.37).

(b) By a direct substitution of II, 12 , and 13 given by (7.3.35), (7.3.36),
and (7.3.37) into (7.3.8), show that (7.3.40) ensues.

7.21 (a) Derive Equation (7.4.4) from (7.4.3).

(b) Derive Equation (7.4.5) by reciprocity consideration.

7.22 Derive Equation (7.4.9) from Maxwell's equations when the fields are
plane waves.

7.23 Explain why the forms presented by (7.4.12) and (7.4.13) are indeed
correct.

7.24 Show that (7.4.15) can be written as (7.4.17).

7.25 (a) Show that reciprocity implies (7.4.33) and consequently, (7.4.34)
and (7.4.35).

(b) Show that reciprocity implies (7.4.36) and consequently, (7.4.37).

(c) Show that reciprocity irnplies (7.4.47) and consequently, (7.4.48) and
(7.4.49).

7.26 (a) Prove that rj,j±l defined by (7.4.38a) is symmetric.

(b) Prove that (7.4.39) is true.

7.27 Prove that (7.4.40) is true using the results of (7.4.38), (7.4.39), and
the definition of generalized reflection matrices given in Chapter 3.

7.28 Show that (7.4.43) is true using the result of (7.4.40).

7.29 From Chapter 3,
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(a) Show that

......,

In other words, the tilde sign can be moved from R 23 to R 32 without
violating the equality.

(b) Using the idea of (a), prove the equality given by (7.4.46).

7.30 Prove the identities given by (7.4.49) using a strategy given in Exercise
7.29.
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CHAPTER 8

INTEGRAL EQUATIONS

Integral equations have arrested the interest of mathematicians for over
a century (see Elliott 1980). Most integral equations do not have closed-form
solutions; however, they can often be discretized and solved on a digital com­
puter. Proof of the existence of the solution to an integral equation by dis­
cretization was first presented by Fredholm (1903). But such a discretization
procedure was not feasible until the advent of the digital computer, which, in
recent decades, created a "'bOOIU" in interest concerning integral equations.

When inhomogeneities are piecewise constant in each region, we may
solve such problems using the surface integral equation technique. In this
technique, the homogeneous-medium Green's functions are found for each
region. Then, the field in each region is written in terms of the field due to
any sources in the region plus the field due to surface sources at the inter­
faces between the regions, following Huygens' principle. Next, the boundary
conditions at these interfaces are used to set up integral equations known
as surface integral equations. Frorn these integral equations, the unknown
surface sources at the interfaces can be solved for.

The surface integral equation rnethod is rather popular in a number of
applications, because it employs a hornogeneous-medium Green's function
which is simple in form, and the unknowns are on a surface rather than in
a volume. Moreover, the surface integral equation method is not limited to
piecewise-constant inhornogeneities. For example, if each region is a layered
medium whose Green's function is available as shown in Chapter 7, surface
integral equations can be formulated for unknowns at interfaces between such
regions.

For a bounded inhomogeneity, an alternative method is to view the scat­
tered field as due to the induced currents flowing in the inhomogeneity. Now,
the induced currents are proportional to the total field in the inhomogene­
ity. But in turn, the total field is the incident field plus the field due to
induced currents in the inhomogeneity. So, this concept yields an equation
called the volurne integral equation from which the unknown field inside the
inhomogeneity can be solved for.
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In this chapter, the surface integral equations! both for scalar and vec­
tor fields will be studied first. Then, the volume integral equation will be
discussed next.

§8.1 Surface Integral Equations

In an integral equation, the unknown to be sought is embedded in an
integral. When the unknown of a linear integral equation is embedded inside
the integral only, the integral equation is of the first kind. But when the
unknown occurs both inside and outside the integral, the integral equation is
of the second kind. An integral equation can be viewed as an operator equa­
tion. Thus, the matrix representation of such an operator equation (Chapter
5) can be obtained, and then the unknown is easily solved for with a com­
puter. Later, we shall see how such integral equations with only surface
integrals are derived, beginning with the scalar wave equation, followed by
the vector wave equation case.

An early form of such a surface integral equation was first derived by
Green (1818) through the use of Green's theorem. Since then, his idea has
been adapted to solve different problems. Many of these works are listed in
the references for this chapter. Poggio and Miller (1973), in addition, provide
an extensive reference list for works in this area. The advantage of the surface
integral equations is that they reduce the dimensionality of a problem by one.
For example, a three-dimensional problem is reduced to a lower dimensional
problem involving surface integrals.

§§8.1.1 Scalar Wave Equation

Consider a scalar wave equation for a two-region problem as shown in
Figure 8.1.1. In region 1, the governing equation for the total field is

(8.1.1)

while in region 2, it is

(8.1.2)

Therefore, we can define Green's functions for regions 1 and 2 respectively to
satisfy the following equations:

(\72 + ki) 91(r, r') = -6(r - r'),

(\72 + k~) 92(r, r') = -6(r - r').

(8.1.3)

(8.1.4)

On multiplying Equation (1) by 91(r,r') and Equation (3) by ¢l(r), subtract­
ing the two resultant equations, and integrating over region 1, we have, for

1 These are sometimes called boundary integral equations.
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Figure 8.1.1 A two-region problem can be solved with a surface
integral equation.

JdV [gl(r, r')\721>I(r) -1>I(r)\72g1(r, r')]

VI

= JdV gl(r,r')Q(r) + 1>1(r'), r' E VI' (8.1.5)

VI

Since \7 . (g\7¢ - ¢\7g) == g\7 2¢ - ¢\72g, by applying Gauss' theorem, the
volume integral on the left- hand side of (5) becomes a surface integral over
the surface bounding VI' Consequently.e

- J dSf/,· [gl(r,r')\71>I(r) -1>I(r)\7gl(r,r')]

s+sinj

== -¢inc(r') + ¢1(r'), r' E VI' (8.1.6)

In the above, we have let

1>inc(r') = - JdV g1 (r, r')Q(r),

VI

(8.1.7)

since it is the incident field generated by the source Q(r). Note that up to
this point, 91 (r, r') is not explicitly specified, and the manipulation up to (6)

2 The equality of the volume integral all the left-hand side of (5) and the surface integral
on the left-hand side of (6) is also known as Green's theorem.
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is legitimate as long as gl(r, r") is a solution of (3). For example, a possible
choice for 91 (r, r") that satisfies the radiation condition is3

eikllr-r'1

91(r,r') = 4 I 'I'rrr-r
(8.1.8)

which is the unbounded, homogeneous medium scalar Green's function (see
Subsection 1.3.4). In this case, ¢inc(r) is the incident field generated by the
source Q(r) in the absence of the scatterer. Moreover, the integral over Sin!
vanishes when Sin! ~ 00 by virtue of the radiation condition (see Exercise
8.1). Then, after swapping rand r", we have

4>l(r) = 4>inc(r) - JdS'iI,'· [91(r,r')\7'4>1(r') - 4>l(r')\7'gl(r,r')], r E~.
s

(8.1.9)
But if r' ~ VI in (5), the second term on the right-hand side of (5) would be
zero, for r ' would be in V2 where the integration is not performed. Therefore,
we can write (9) as

r E VI, o¢l(r)} == ¢inc(r) - JdS I h'. [91(r,r/)\7I<pl(r/) - <PI(r/)\7l gl(r,r
/)].

r E Y2,
s

(8.1.10)

The above equation is evocative of Huygens' principle. It says that when
the observation point r is in VI, then the total field cP1 (r) consists of the
incident field, <Pinc(r) , and the contribution of field due to surface sources
on S. But if the observation point is in \12, then the surface sources on S
generate a field that exactly cancels the incident field <Pinc(r) , making the
total field in region 2 zero. This fact is the core of the extinction theorem
(see Born and Wolf 1980).

In (10), h . \7¢I(r) and <PI(r) act as surface sources. Moreover, they are
impressed on S, creating a field in region 2 that cancels exactly the incident
field in region 2 (see Figure 8.1.2).

Applying the same derivation to region 2, we have (see Exercise 8.2)

r E V2 , ¢2(r)} JdB' "I [ ( ')'\7 1A,. (') A,. (/)'" ( '))== n . 92 r, r v \//2 r - \//2 r v 92 r, r .
r E VI, 0

S

(8.1.11)
The above states that the field in region 2 is due to some surface sources
impressed on S. These surface sources generate ¢2(r) in V2 , but zero field in
VI' This is again evocative of Huygens' principle. [Note that 92(r, r") need
not have the same form as 91(r, r') in (8) (Exercise 8.2).]

3 Note that this is not the only form satisfying the radiation condition at infinity and
satisfying (3) in VI (see Exercise 8.1).
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Figure 8.1.2 The illustration of the extinction theorem.

Applying the extinction theorem, integral equations can now be derived.
So, using the lower parts of Equations (10) and (11)~ we have

cPinc(r) = j ss«. [gl(r,r/)V'ldJ1(r') ~ cPl(r/)V'lg1(r,r/)],

s

0= jdS'h'. [g2(r,r')V"cP2(r') - cP2(r')V"g2(r,r/)],

s

(8.1.12a)

(8.1.12b)

Even though gl(r,r') and g2(r,r') need not be homogeneous-medium Green's
functions (Exercise 8.2), homogeneous-medium Green's functions, for sim­
plicity, are usually chosen. Then, the two integral equations above will have
four independent unknowns, rbI, rP2' n'\}¢l, and n·\l¢2 on S. Next, boundary
conditions can be used to eliminate two of these four unknowns. Exemplary
boundary conditions are

(8.1.13a)

(8.1.13b)

Consequently, the integral equations in (12) can be treated as linear oper­
ator equations and solved with standard techniques (see Chapter 5). Here,
the Green's function g(r, r') and t, . \7'g(r, r') are the kernel of the integral
equation.

§§8.1.2 Vector Wave Equet.ion

Consider the vector electromagnetic wave equation for a two-region prob­
lem as shown in Figure 8.1.3. In region 1, the field satisfies the equation

(8.1.14)
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Figure 8.1.3 A two-region problem where a surface integral equation
can be derived.

In region 2, the field satisfies

\7 x \7 x E2 (r ) - W2J.l2€2E2(r) = O. (8.1.15)

Hence, the dyadic Green's functions for region 1 and region 2 respectively are
defined by:

\7 x \7 x G1(r,r') - W2J.ll€lGl(r,r') = Ib(r - r'), (8.1.16)

\7 x \7 x G2(r, r') - w2Jl2€2G2(r, r') = I b(r - r'). (8.1.17)

After post-multiplying Equation (14) with G 1 and pre-multiplying Equation
(16) with E 1{r ), subtracting the two equations, and integrating the result
over VI, we have

JdV [V x V x E1{r ) · G1{r , r ') - E 1{r ) · V x V x G1{r , r')]

Vl

=iWlll JdV J{r) · G 1{r , r') - E1{r ' ),

Vl

r' E VI. (8.1.18)

The left-hand side of the above becomes a surface integral using the fact that"

V'. {(\7 x E1(r)] x G1(r,r') + E1(r) x [\7 x G1{r,r')]}

= \7 x \7 x E1(r) . G1(r, r') - E1(r) . \7 x \7 x G1(r, r'). (8.1.19)

4 We can post-multiply (19) by an arbitrary constant vector b to aid in the derivation and
cancel the constant vector later. The equality of the volume integral on the left-hand
side of (18) to a surface integral is also known as the vector Green's theorem.
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Moreover, the integral on the right-hand side of (18) corresponds to the inci­
dent wave. Hence, (18) becomes

E1(r') = Einc(r') + J dSn· {[V' x E1(r)] x G1(r,r')

5+8in1

where

Einc(r') = iW1LI JdV J(r) . G1(r, r') = iWJLl JdV G1(r', r) · J(r)

~ ~
(8.1.21)

is the incident field generated by the current J (r). In the above, we have
made use of the reciprocity condition on the dyadic Green's function that
[see (1.3.52b) of Chapter 1]

(8.1.22)

Up to this point, G I(r, r') need only satisfy (16). However, if G 1(r, r') is
assumed to be the homogeneous-medium dyadic Green's function given in
Chapter 1 and Chapter 7, then E in c corresponds to the incident field gener­
ated by J(r) in the absence of the scatterer.

Using (22), we deduce that

it· (\7 x E1(r)J x G1(r, r') == it x [\7 x E 1(r )] . G1(r, r')

== iWtLl G 1(r', r) . ii x HI(r).
(8.1.23)

Moreover, by assuming that GI(r~ r') is the unbounded homogeneous-medium
dyadic Green's function, then"

it· E1(r) x \7 x G1(r, r') == it x EI(r) . \7 x G1(r, r')

== - [V7 x G 1(r' , r )] . it X E I (r ),
(8.1.24)

Hence~ Equation (20) becornes

E1(r') = Einc(r') + JdS {iWJL1G1(r',r). ii x H1(r)

s

Now, if G 1 (r , r') satisfies the radiation condition, the integral over Sin! van­
ishes when Sin! -t 00. Note that in (18), if r' ~ VI, the second term on

;) The second equality follows from .v x G1(r , r')] t =: - V x G 1 (r', r) (Exercise 8.3, and
also (1.4.14) of Chapter 1].
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the right-hand side of (18) vanishes. Consequently, the analogue of (10) for
electromagnetic fields, after swapping rand r', is

Again, the above is similar to Huygens' principle for electromagnetic fields.
Furthermore, the lower part of the equation is the vector analogue of the
extinction theorem.

In region 2, analogous to Equation (11), similar derivation yields (see
Exercise 8.3)

where G 2 (r , r') is assumed to be the unbounded homogeneous­
medium Green's function.

The lower parts of (26) and (27) form integral equations which are"

Einc(r) = JdS' {iWtLIGl(r, r') . iI,' x H1(r')

s

(8.1.28a)

o= JdS' {iWtL2G2(r , r') · iI,' x H 2(r')
s

(8.1.28b)

The above, together with the boundary conditions that

(8.1.29)

on 5, can be solved for the surface unknowns it x E I and ii x HI' Once
the surface fields are known, the field everywhere is derived from the upper
parts of Equations (26) and (27). Note that the dyadic Green's functions in
(28a) and (28b) need not be homogeneous-medium Green's functions given
in Chapters 1 and 7, but homogeneous-medium Green's functions are chosen

6 Variations of these integral equations are also given by Poggio and Miller (1973) and
Strom (1975).
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for simplicity (Exercise 8.3). If an arbitrary dyadic function satisfies (16) in
region 1 but not the radiation condition at infinity, then the manipulation in
(24) is not possible. In this case, the resultant integral equation will have the
dyadic Green's functions to the right of the surface sources as in (20) (see
next subsection).

Equations (28a) and (28b) arc also known as the electric field integral
equations (EFIE). By duality, the corresponding magnetic field integral equa­
tions (MFIE) can be derived.

§§8.1.3 The Anisotropic, Inhomogeneous Medium Case

Surface integral equations can be derived even when region 1 and region
2 in Figure 8.1.3 consist of anisotropic, inhomogeneous media. In this case,
the electric field satisfies the vector wave equations (Section 1.3, Chapter 1)

\7 X ti;': \7 x E1(r) - W2El . E}(r) == iwJ(r),

\7 x Ji2-
1

• \7 x E 2 (r ) - w2
E2 . E 2(r ) == 0,

(8.1.30)

(8.1.31)

Moreover, we can define dyadic Green's functions for regions 1 and 2 respec­
tively as

n (-t)-l n G ( /) 2 -t G ( /) (-t)-l-I ~( /)v X J-Ll . v X 1 r, r - w €1' 1 r , r == J-Ll u r - r ,

n (-t)-l" G ( /) 2 -t G ( /) (-t)-l-I ~( /)v X J-L2 . v X 2 r, r - w £2' 2 r , r == J-L2 o r - r .

On post-multiplying (30) by G 1(r r") . b, we have"

[\7 X ti;' . \7 X E 1(r)] . G 1(r, r") . b - w2E 1(r) . f{ . G 1(r , r") . b

== u»J (r) . G 1 (r , r") . b.

(8.1.32)

(8.1.33)

(8.1.34)

where b is an arbitrary constant vector. Then, after pre-multiplying (32) by
E 1(r ), and post-multiplying it by b. we have

E 1(r) . \7 x (Jl{)-l . \7 X G 1(r , r') . b - w2E 1(r) . €{ . G 1(r , r") . b

== E 1 (r) b(r - r") . CJif)-l . b. (8.1.35)

Next, integrating the difference of (34) and (35) over VI, for r' E VI yields

fdV [\7 X /ij-l . \7 x E1(r) . G1(r, r') . b

VI - E 1( r) . \7 x (ll { )- 1 . \7 x G 1 ( r , r') . b]

= u»JelVJ(r) . G] (r , r') . b - E j (r') . (/iD- 1 . b. (8.1.36)

VI

7 Note that the dot product between two vectors A . B is actually At. B. Hence, the
dot product between €. E and B is E . € t . B. The transpose sign i over the vector E is
usually ignored.
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With the identity that (Exercise 8.4)

V . {[JL1-1 . \7 x E1(r)] x G 1(r , r') . b + E 1(r ) x [(/1i)-l · \7 x G 1(r , r') . b]}

== \7x [/11-1. V' x E 1(r)].G1(r,r').b-E1(r).\7x [(J-Li)-l. V' x G1(r,r')· b],
(8.1.37)

Equation (36) becomes

EI(r') = iwJdVJ(r) · GI(r,r') · lli(r') +JdSn· [1l1-1 · \J x EI(r)

~ s

xG1(r, r') · lii(r') + E 1(r) x (lii)-l . \7 x G 1(r , r') . lii(r')] , r' E Vi.
(8.1.38)

But if G 1(r , r') satisfies the radiation condition at infinity, then the surface
integral over Sin! vanishes by virtue of the radiation condition. This is if the
anisotropic, inhomogeneous medium occupies only a finite region in space.
Observe now, we have removed the constant vector b which, up to this point,
has been used as a thinking aid. Then, using Maxwell's equations and the
appropriate vector identity, Equation (38) becomes

EI(r') = iwJdVJ(r)· G I(r, r'). lli(r') +JdS {iwn x HI (r) · G I(r, r') · lli(r')

~ s
+n x E 1(r ) · [JIi(r)]-l . \7 x G 1(r , r') . JIi(r')}, r' E VI. (8.1.39)

Now, the above is just the generalized Huygens' principle for a general aniso­
tropic inhomogeneous medium.

For r' E ~, the second term on the right-hand side of (36) vanishes, and
(39) is modified accordingly. Consequently, the analogue of Equation (10) is

r E VI, oEI(r)} = Einc(r) +JdS' {iw71' x H 1(r') . G 1(r ' , r) . /1i(r)
r E V2,

S

+h' x E1(r') . [JLi(r')]-l . \7' x GI(r', r) . J-Li(r)} , (8.1.40)

where Einc(r) is the first integral on the right-hand side of (39) which corre­
sponds to the field generated by the current source J (r) in the inhomogeneous
medium. Furthermore, the lower part of Equation (40) is just the generalized
extinction theorem for anisotropic inhomogeneous media.

In region 2, analogous to Equation (11), a similar derivation yields (see
Exercise 8.4)

r E 112, oE2(r)} == _ JdS' {iwn' x H 2(r ') . G2(r ', r) . J-L~(r)
r E VI,

S

+71' x E 2(r ') . [JI~(r')]-1 . \7' x G2(r' , r) . Jli(r)}. (8.1.41)
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Figure 8.1.4 Inhomogeneity with two piecewise-constant regions for
the two-dimensional problem.

Finally, the integral equations for an anisotropic, inhomogeneous medium
are

-Einc(r) = JdS' {iwf/,' x H 1(r')· G1(r',r) '/li(r)

s
+n' x E 1(r /) . [J1i(r/)] - l . v' x G 1(r /, r) . J1f(r)} ,

o= JdS' {iwf/,' x H 2 (r ' ) . G 2 (r ' , r) . p.i(r)

s
+n' x E 2 (r ' ) . [JI~(r')]-l . \7' x G 2 (r ' , r) . Jii(r)} ,

r E 112,
(8.1.42a)

r E VI.
(8.1.42b)

§§8.1.4 Two-Dimensional Electromagnetic Case

If the fields are three-dimensional because of the point nature of the
source, but the inhomogeneity is t\VO dimensional and piecewise constant as
shown in Figure 8.1.4, we can represent the fields and the source in terms of
their Fourier transforms in the z direction. In other words, we can write

oo

J(r) = 2~ J dkz e
ikzz

J(kz, p),
-00

ex)

E(r) = 2~ J dkz eikzZE(kz, p),
-00

00

H(r) = ~ Jdkz eikzZH(kz, p),
21f

-00

(8.1.43)

(8.1.44)

(8.1.45)
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where P == xx + Yy·
Physically, Equations (43) to (45) express the three-dimensional fields as

linear superpositions of two-dimensional fields with ei k z z dependence. But
since only two components of the electromagnetic field are truly independent
in this case, the field can be represented completely in terms of Ez and Hz.
In other words, the field in such a geometry can be decomposed into TM (or
Ez) and TE (or Hz) fields. These two-dimensional fields, in the integrands
of (43) to (45) in a homogeneous region, satisfy the equations (see Exercise
8.5)

['\7; + k2
- k;]EAx, y) = -iw/-LJz + ikzf!.,

E

[\7; + k2
- k;]Hz(x,y) == -(\78 X J 8 )z,

(8.1.46a)

(8.1.46b)

(8.1.47)

(8.1.48a)

(8.1.48b)

where \7s == xtx + Yty ' In the above derivations, the ei k z z dependence of
the transformed field has been assumed. Observe that the above equations
are applicable in homogeneous region 1 and region 2. Thus, in this manner,
a three-dimensional field problem with a two-dimensional inhomogeneity is
reduced to a linear superposition of two-dimensional problems with varying
k z . Such a problem is also called a two-and-one-half-dimensional problem.f
We shall discuss next the derivation of the corresponding surface integral
equations.

A horizontal electric dipole pointing in the y direction has J(r) == yIP-8(x)
8(y)8(z). Therefore, (43) implies that

J(r) == yIP- 8(x) 8(y) 8(z)
00

== LIP- Jdkz eik z Z8(x) 8(y).
21r

-00

In other words, a point source is a linear superposition of line sources with
different ei k z z dependences. Furthermore, when such a source is embedded in
region 1, (46a) and (46b) become

2 2 I n; / ((\78 + k1s)E1z(p) == - [) (y) [) x),
WEI

(\7; + kis)H1z(p) == -Ie8'(x) [)(y),

where kis == ki - k;. The above are also known as the reduced wave equa­
tions because a three-dimensional field problem has been reduced to a two­
dimensional problem. Next, we define a two-dimensional Green's function to
satisfy the following equation:

(8.1.49)

8 The red uction of such a three-dimensional problem to a two-dimensional problem is well
known (see, e.g., Wait 1955 in references for Chapter 3; Chuang and Kong 1982).
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where 8(p) == 8(x)fJ(y). On applying concepts similar to the three-dimensional
scalar wave equation in arriving at (10), we derive

p E VI, EIZ(P)} = Ukz!!,G1(p,p' = 0)
P E V2 , 0 WE I ay

-JdB'h'· [G1(p',p)\j'sE1z(p') - E1z(p')\l'sG1(p',p)]. (8.1.50)

s

In the above, Gi(p, pI) is the two-dimensional unbounded homogeneous­
medium Green's function, which is [Equation (2.2.4), Chapter 2]

(8.1.51)

By the same token, a similar equation can be derived for HI z , giving

p E VI, HIZ(P)} = -U!!,G1(p, p' = 0)
P E V2 , 0 ax

-JdB' h' . [G1(p, p')\j'sH1z(p') - H1z(p')\j'sG1(p, p')]. (8.1.52)

s

Moreover, applying the same concept to region 2 yields (Exercise 8.6)

p E V2
, E20Z(P)} == j dSI iLl. [G2(p, pl)\llsE

2z(pl) - E2z(pl)\llsG2(p, pI)],
P E VI,

S

(8.1.53)

p E \12, H 20Z(P)} == jdSln/. [G2 (p,pl)\llsH 2z (pl) - H 2z (pl)\l lsG2 (p ,p' )].
P E VI,

S

(8.1.54)
In the above, G2 (p ,pI) is the two-dimensional Green's function for region 2.
It need only satisfy (49) and need not be of the form (51) (Exercise 8.6).

In the above, E i z and Hi, and their normal derivatives are the unknowns.
Subsequently, the extinction theorem can be used to write the integral equa­
tions as

and

O- j dSI "'I. {c ( 1)'11 [E2z(pl) ]- n 2 P, P v s H
2z

(p')
S

[
E2z (p') ] \)1 G ( ')}- H

2z
(p' ) s 2 p, P ,

P E V2 , (8.1.55)

(8.1.56)
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where SI(P) = [~a~,GI(P, p' = 0), -Ua~/GI(P' p' = 0)] t is the source field
in region 1.

Notice that the above consists of four integral equations with eight un­
knowns, Ei z , Hi, and their normal derivatives on S. Therefore, the boundary
conditions have to be imposed on S to eliminate four of the unknowns. To
this end, we require that the tangential fields be continuous. Then,

(8.1.57)

Furthermore, it is necessary that

(8.1.58)

Hence, from the equation [see Equation (2.3.17), Chapter 2]

~

E s = p[kz\7sEz+wJ,t\7s x Hz]'
8

and ii x (E 1 8 - E2 8 ) == 0, we have (see Exercise 8.7)

(8.1.59)

" l"'7 H k z (k~8 ) (" A n)E J.llk~8 A n Hn· v s 2z == -- y;J2 - 1 z- n x v 8 lz +~n. v 8 lz·
WJ.l2 18 J.l2 18 (8.1.60)

Furthermore, from the duality principle,

A n E kz ( k~8 ) (A" l"'7) H t 1k~8" n En· v 8 2z == - -k2 - 1 z . n x v 8 lz + -k2 n· v 8 lz·
Wt2 18 t2 Is

Equations (60) and (61) can be combined as

(8.1.61)

(8.1.62)

M ». (k~8 ) A A n12 == - -2- - 1 z· n x v 8,

WE2 k 18

M kz (k~8 1) A A n21 == -- -2- - Z . n x v 8,

WJ.l2 k18

N - €Ik~s
11 - k2 '

t2 18

N - J,tIk~s
22 - k2 '

J.l2 Is

(8.1.63a)

(8.1.63b)

By doing so, and making use of (57) and (62) in (56), then

JdS I {G ( ')N [nl.\118EIZ(pl)] ['" sr.c ( ')
2 P,P . n'. \1l

s
H

1z(p')
- n . V s 2 p,p

S

- G2(p, p')M] · [~::~~~]} = 0, P E VI. (8.1.64)
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In addition, from (55),

(8.1.65)P E \12.

r S' {c ( ') [il,.\7'sE1Z(P')]is d 1 p, P h' . \1'sH1z (p' )

A' x»! G ( ') [E1z(P')] } s ( )
-n·V S IP,P H1z(p') == IP,

Equation (64) and Equation (65) together constitute two vector integral equa­
tions with two vector unknowns. In (64), M, being nondiagonal, couples the
TE and TM fields together. But if k, == 0, the TE and TM fields are decou­
pled again, and the problem reduces to two scalar problems (also see Chuang
and Kong 1982; Wang and Chew 1989).

§8.2 Solutions by the Method of Moments

Given the integral equations and the boundary conditions, we can solve
for the unknown surface field. Then, with the surface field known, the field
everywhere can be calculated. The solutions of the integral equation, as
such, are pertinent to many scattering problems. Unless the surfaces coincide
with some curvilinear coordinate system, the integral equations in general
do not have closed-form solutions, and more often than not, the unknowns
have to be solved for numerically. Therefore, we shall illustrate the use of
two methods, the method of moments (Harrington 1968) (also known as
the method of weighted residuals; see Chapter 5 for references), and the
extended-boundary-condition method (Waterman 1969, 1971) (also known
as the null-field approach) to solve such integral equations.

§§8.2.1 Scalar Wave Case

The integral equations in (8.1.12a) and (8.1.12b) can be written symbol­
ically as

Ll1(r, r') il' . v»,«: + L12(r, r') cPl(r') == ¢inc(r),

L21(r, r') it' . V"cP2(r') + L22(r, r') ¢2(r') == 0,

(8.2.1a)

(8.2.1b)

where the integral operators are

.cll(r,r') = JdS' 91(r,r'),
s

.c21(r, r') = JdS' 92(r, r'),

s

.c12 = - JdS' h' . \1'91 (r, r'),

s

.cn = - JdS' h' . \1'92(r, r').

s

(8.2.2a)

(8.2.2b)

it . \7¢ and ¢ are independent unknowns. But the boundary conditions given
by (8.1.13), imply that (la) and (lb) become

Lll(r, r') it' . \7'¢l(r') + L12(r,r') ¢l(r') == ¢inc(r),

PIL21(r, r') iL' . \l'¢l(r') + L22(r, r') cPl(r') == 0,
P2

r E V2 , (8.2.3a)

r E VI' (8.2.3b)
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To solve (3a) and (3b) with the method of moments (Chapter 5), we let

N

h' · \7'<Pl(r') = I>nhn(r'),
n=l

N

<Pl(r') =L bnhn(r') ,
n=l

(8.2.4)

where fIn(r') and f2n(r') are known basis functions. Then, (3a) and (3b)
become

N N

LanL11(r,r')!ln(r') + LbnLlz(r,r')hn(r') = <Pinc(r),
n=1 n=l

N N

LanP1Lzl(r,r')!ln(r') + LbnLzz(r,r')hn(r') = 0,
n=1 P2 n=1

r E V2,
(8.2.5a)

r E VI.
(8.2.5b)

In (4), we assume the unknown ii- \7¢l(r') is approximated well by fIn(r')
and ¢I(r') by f2n(r'). Then, after multiplying (5a) by WIm(r) and (5b) by
W2m(r), where m = 1, ... , N, and integrating over r, we obtain

N N

L an(wlm(r), L11 (r, r')!ln(r')) + L i; (Wlm (r), LIZ(r,r')hn (r))
n=1 n=I

= (wlm(r), ¢inc(r)), m = 1, ... ,N, (8.2.6a)

N N

~an (wzm(r), ~~ LZl(r,r')hn(r')) + ~bn(Wzm(r),Lzz(r,r')hn(r))

= 0, m = 1, ... ,N. (8.2.6b)

The above forms 2N linear algebraic equations which yield the 2N un­
knowns, an's, n = 1, ... , Nand bn's, n = 1, ... , N. In Equation (6a), we
can define WIm(r) anywhere in V2 and W2m(r) anywhere in VI. Often, the
solution is most stable if r is chosen close to S. But if r is chosen to tend to
S from either Vi or V2, then the singularity of the Green's function has to be
properly accounted for.

To see this, notice that if rES, the integral arising from the operator
£12 and £22, i.e.,

JdS' <p(r') h' . \7'g(r, r'), rES

s

does not converge, because the kernel

h'· \7'g(r,r') ~ O(l/lr - r'/2), [r - r'l-t 0

(8.2.7)

(8.2.8)
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Figure 8.2.1 Diagram for evaluating the residue of a divergent inte­
gral.

gives rise to a divergent integral. Such integral equations are also called
singular integral equations (see Baker 1977). However, the principal value of
the integral and its residue exist, for if rES, we can deform the r' integral
around r and evaluate the integral in the limit when a --+ aas shown in Figure
8.2.1. Therefore,

I(r) =.1 dS'¢(r') n'·\J'g(r, r') = f dS'¢(r')n',\J'g(r,r')+Res,

5 5

where

.f dS'
s

denotes a principal value integral, while "Res" denotes the residue:

(8.2.9)

Res == lim Jos¢(r') h' . \J'g(r, r') == ¢(r) lim j'dS' n' . \J'g(r, r').
a~O a~O

65 65 (8.2.10)

Evaluating the last integral in (10) with r as the origin yields

7r/2 27r

lim.l dB' h' . V'g(r, r') == - .I ./' a2 sin e de d¢~ = -~.
a~O . 41ra 2

65 0 (1

Therefore,

(8.2.11)

(8.2.12)I(r) = -}¢(r) +f dS' ¢(r') n' , \J'g(r, r').

s

We can use such principal value integrals to derive integral equations alter­
native to (8.1.12) (see Exercise 8.8). Note that the residue will have different
signs if r approaches the surface S from different sides. In other words, I (r)
is a discontinuous function of r when r moves from one side of surface S to
the other.
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Figure 8.2.2 In the boundary-element method, a smooth surface
is approximated by a union of triangles. In two dimensions, a line
contour is replaced by a union of line segments.

In (2a) and (2b), if rand r' are both defined on the surface S, it can be
shown that .ell and .e21 are symmetric operators, while .e12 and .e22 are skew
symmetric operators. Therefore, if one chooses Wl m = W2m = 11m = 12m, as
in Galerkin's method (Chapter 5), then the resultant matrix representations
of the operators in (6a) and (6b) are either symmetric or skew symmetric (see
Exercise 8.9). On the contrary, if W1m and W2m are chosen to be Dirac delta
functions, then the solution corresponds to that obtained through the point­
matching method or the method of collocation (see Chapter 5 for references).

When the surface S is approximated by a union of triangles or polygons
(see Figure 8.2.2), and the expansion functions lIn and 12n are defined over
a finite domain (subdomain), e.g., only over the triangles, the method is also
known as the boundary-element method (Brebbia 1978). The boundary­
element method is particularly suitable for arbitrarily shaped objects. The
subdomain of each element is locally plane, and the choice and construction
of basis functions for a subdomain are a lot easier.

§§8.2.2 The Electromagnetic Case

Having described a solution technique for the scalar integral equation, we
ponder next on the electromagnetic (vector) case. Fortunately, the same idea
is easily extended to the vector case for Equations (8.1.28a) and (8.l.28b).
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To do this, we let

447

N

it' x E)(r') = L anen(r'):
n==l

N

it' x H)(r') = L bnhn(r'),
n==l

(8.2.13)

(8.2.14)

where en(r') and hn(r') are basis functions that can approximate the vector
fields it x E 1(r') and it x H 1(r') on 5 fairly well. Testing or weighting functions
wlm(r) and W2·m(r) can be used as in the scalar case.

When the weighting functions are defined over 5, as the expansion func­
tions have been, the singularity of the dyadic Green's function must be prop­
erly accounted for. Even though the integral

I) = j dS' G(r, r') . it' x H(r'), rES

s

in (8.1.28) seemingly does not converge, it always yields a unique value either
via a principal value integral or a vector potential approach (see Exercise
8.10), because it x H(r') is an equivalent electric current sheet which produces
an electric field that is continuous across this current sheet. However, the
integral

12 = j dS' \7' x G(r, r') . it' x E(r'), rES (8.2.15)

s

is undefined, because h' x E(r') is an equivalent magnetic current sheet that
produces an E field whose tangential component is discontinuous across the
surface S. We shall elaborate this further.

For an unbounded homogeneous medium,

- ') (- \7\7) f (- \7'\1') ,G(r,r = 1+ k2 g(r,r) = I +~ g(r,r),

and
\7' x G(r, r") == \7' x I g(r, r') == \7'g(r, r') x I.

Therefore, Equation (15) becomes

12 = j dS' [\7'g(r, r')] x [it' x E(r')].

s

(8.2.16a)

(8.2.16b)

(8.2.17)

On multiplying the above by ii x ~ and after using the appropriate vector
identity, we obtain

it X 12 = jdS'it x {[\7'g(r,r')] x [it' x E(r')]}

s

= - j dS' {f/ x E(r') it . \7' g(r, r') - [it . it' x E(r')] \7' g(r, r')}
s (8.2.18)
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3

2

Figure 8.2.3 A triangle with Sij defined on the edges.

Then, using the procedure of Equations (9) to (12) (see Exercise 8.10),

n x 12 = ~n x E(r) - f dB'it' x E(r')n· \7'g(r,r')
s

+Jss [n· n' x E(r')] \7'g(r, r')

s

(8.2.19)

The first term in (19) is the singularity effect of the integral in (19). The
second term in (19) is well defined after the extraction of this singularity. In
addition, since the singularity of a dyadic Green's function is a local effect,
this technique can also be applied to the integrals in Equations (8.1.42a) and
(8.1.42b).

When the boundary-element method is applied to the vector problem,
the surface unknowns it x E and it x H are expanded over each triangle
of a boundary element. But since ii x E and n x H represent currents,
these currents should be continuous across contiguous elements on a surface
approximated by a union of triangles (see Figure 8.2.3). For example, we
may want the current components normal to the edges of the triangle to be
continuous so that no charge accumulates at the edge of the triangle. More
specifically, nx H, which is the electric current on a triangle, can be expanded
as

3

J s = L JsiNi(x, y),
i=l

(8.2.20)

where xy is the plane of a local coordinate system that contains the triangular
patch, and Ni(x, y) is a shape function with value 1 at the i-th node and zero
at the other nodes (see Figure 8.2.4). Also, J si is the value of .I, at the
i-th node, where i ranges from 1 to 3. Hence, J si can be decomposed into
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Figure 8.2.4 The shape function Ni(x, y) defined as 1 at one node,
zero at the other nodes.

components Sij which are unit vectors along the edges of the triangle, as
shown in Figure 8.2.3. As a result, the current at the i-th corner of the
triangle can be expanded as (see Angkaew et al. 1987)

(8.2.21 )

where, by simple vector algebra,

z. (Ski X J sz) b = Z . (Sij X J si)
a, = z. (Ski x SiJ) , ~ z· (Sij x Ski)' (8.2.22)

and i is normal to the patch surface. With (21) and (22) in mind, (20) is
rewritten as

where

~3

.r, == L[¢dNil(X,y) + ¢i2Ni2(X,y)],
i=l

(8.2.23)

(8.2.23a)

(8.2.23b)

Note that ¢il and ¢i2 are the normal components of J si (the value of J s

on the i-th node) on the Ski and Sij edges respectively. Furthermore, these
unknowns are shared by contiguous elements sharing the same edges of the
triangles. In this manner, the currents normal to the edges of the triangle are
easily rendered continuous from one triangular element to another triangular
element, and this method can be used to expand the unknown currents nx E
and nxH on a triangular patch on S. Subsequently, the matrix representation
of the integral operator for the vector electromagnetic field can be obtained
(see Exercise 8.11).
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For the two-dimensional case, the integral Equations (8.1.64) and (8.1.65)
may be wri t ten as

£21 (p, p') . 'ljJ(p') + £22(P, p') . c/J(p') = 0, p' E S, P E VI'

(8.2.24)

(8.2.25)

In order to convert the above into matrix equations, we expand "p(p') and
c/J(p') in terms of basis functions and find the matrix representations of the
integral operators. For example, 'ljJ(p') and c/J(p') can be expanded as

N

'ljJ(p') = 'Lgn(P') · an,
n=1

N

¢(p') = 'Lgn(P') · bn,
n=1

(8.2.26)

where

gn(P') = [91n
O(P')

0]
92n(P') ·

(8.2.26a)

Note that in general, we have to expand a vector in terms of a basis set of
matrices in order to ensure completeness. For example, if E1z = L Q;n91n(P')

n

and H 1z = L f3n92n(P') , the proper expansion for [E1z,H 1z]t is (also see
n

Exercise 8.12)

(8.2.27)

On substituting (27) into (24) and (25) and weighting the equations by
w:n(p), where

pES,

we obtain

N N

'LLu mn • an + 'LL12mn · bn = Slm, m = 1, · · · , N,
n=l n=l

N N

'LL21mn · an + 'LL22m n · b; = 0, m = 1, ... , N,
n=l n=1

where
L ij m n = (w:n(p), Lij(p, p'), gn(P'))

is the matrix representation of the operator t ij and

(8.2.28a)

(8.2.28b)

(8.2.29)

(8.2.30)
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The system of linear equations in (28) can be solved for an and b.; Once
they are found, the surface fields follow from (26). Then, knowing the surface
fields, we can find the field everywhere via the use of Equations (8.1.50) to
(8.1.54) in the previous section.

As a final note, firstly, the inner product in (29) usually involves double
integrals. Moreover, if p and p' are both on the surface S, the singularities
in it . \7sGi(p - p') have to be properly accounted for, as has been discussed
in Equations (7) to (12). Secondly, if w:n(p) are chosen to comprise Dirac
delta functions, then the method corresponds to the point-matching method.

§§8.2.3 Problem with Internal Resonances

The surface integral equations discussed previously are easily specialized
to impenetrable scatterers. For instance, if an impenetrable scatterer has
a Dirichlet boundary condition of ¢l(r) == 0 when rES, then Equation
(8.1.12a) becomes

1>inc(r) = JdS' 91(r, r') i/ . \l'1>l (r'), r E V2.
5

(8.2.31 )

Note that Equation (8.1.12b) is irrelevant now because cP2(r) == 0 inside an
impenetrable scatterer. Now, if (31) is imposed on rES, severe errors could
occur because (31) imposed on S may have a homogeneous solution. In other
words,

o= JdS' 91(r, r') iL' . \l'1>l(r'), rES

5

(8.2.32)

could have nontrivial solutions for ¢1(r), namely, at the internal resonant
frequencies of the cavity formed by V2 (Werner 1963; Schenck 1968; Mitzner
1968; Burton and Miller 1971; Bololuey and Tabbara 1973; Jones 1974; Mittra
and Klein 1975; Mautz and Harrington 1978, 1979; Morita 1979; for a review,
see Peterson 1990). At these internal resonances, the integral operator defined
in (32) has a nonzero nullspace. Hence, its conversion to a matrix form via
the method previously described yields an ill-conditioned matrix (see Exercise
8.13).

In addition, the surface source rl/' \7cPl(r) on S generates no field outside
V2 at resonance (see Exercise 8.13( e)]. Also, from reciprocity (see Chapter 1,
Exercise 1.13), the reaction of this surface source with tPinc(r) is zero since
cPinc(r) is generated by some sources outside 112. In other words,

JdS' 1>inc(r') iL' . \l'1>l (r') = 0

5

(8.2.33)

at the resonant frequencies of 112 and ii . \7cPl (r) is the resonant surface source
on S. Because of (33), the incident field is orthogonal to the resonant surface



452 INTEGRAL EQUATIONS

(8.2.34)

(8.2.35)

source. Therefore, in principle, this field does not excite the resonant surface
source (see Exercise 8.13).

So, at resonances, the resonant surface sources it . \7cPl (r) constitute a
nullspace of the integral operator defined in (32). Moreover, the excitation
coefficient of this resonant current is zero because it is orthogonal to the
incident field as given by (33). What then is the amplitude of the resonant
current of the scattering problem at the resonant frequency of the cavity
formed by V2? As it turns out, its amplitude is usually nonzero. In fact, it
is similar to the case of finding the value of sin(x)/x at x == 0 (which has
a removable singularity at x == 0) [see Exercise 8.13(d)]. Consequently, a
numerical approximation of (31) is difficult to solve because the "poles" and
"zeroes" do not cancel precisely.

A plethora of techniques have been proposed to remove this resonance
effect in seeking the solution to (31). For instance, one way is to use the
combined-field integral equation approach (see Exercise 8.14; also Mitzner
1968). Yet another way is to avoid imposing (31) only on S, but to impose
(31) for all r E 112. Then, the equation

o= JdS' 'h' · 91(r, r')'V'4>l(r'), all r E Vz
s

will not have a nontrivial solution, since the field generated by the surface
source ii- 'l'<PI (r') is forced to be zero everywhere in V2 , precluding an internal
resonance. This is precisely the spirit of the extended-boundary-condition
method to be discuss in the next section. In this manner, Equation (31)
becomes

4>inc(r) = Jss «. 91(r,r')'V'4>1(r'), r E \12,
s

which will avoid ill-conditioning. One way of achieving (35), then, is to
impose it in a neighborhood interior to S. For example, if the point-matching
method is used to solve (35), we will point-match it on S as well as on points
just slightly interior to S. This will rid (35) of internal resonances for most
practical purposes (see Exercise 8.15).

The scattering solution of a penetrable scatterer governed by (8.1.12) is
nontrivial when cPinc(r) == 0, implying a nonzero nullspace. Here, the phys­
ical meaning of the nontrivial solutions corresponds to the resonant modes
of the open resonator, formed by two regions with different wave numbers,
analogous to a dielectric resonator. Because of radiation damping, however,
the resonant frequencies of this open resonator are complex. In other words,
the poles of the structure are not on the real w axis of the complex w plane.
Therefore, for a time harmonic solution where w is always assumed purely
real, the integral operator corresponding to (8.1.12) has no nullspace. Hence,
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Figure 8.3.1 The surfaces for the extended-boundary-condition
method or the null-field approach. VI is the volume outside 5, while
V2 is the volume inside 5.

the problems that plague the solution of (31) do not exist, unless the Q of
the resonance mode is so very high that the poles of the structure lie very
close to the real w axis. (Note that the above discussions apply to the vector
electromagnetic case too.)

§8.3 Extended-Boundary-Condition Method

The extended-boundary-condition (EBC) method, developed by Water­
man (1969, 1971), is also known as the null-field approach. It is an alternative
to solve the surface integral equation. In this method, the integral equations
are imposed not on the surface 5, but on some surfaces 51 and 52 away from
5 as shown in Figure 8.3.1, in order to simplify the solutions. In this section,
we shall discuss this method for solving the surface integral equation for the
scalar wave case first and discuss the electromagnetics case later.

§§8.3.1 The Scalar Wave Case

The scalar integral equations are

cPinc(r) = JdS' [gl(r, r') iL' . V'cPl(r') - cPl(r') iL'· V'91(r, r')],
s

o= JdS' [92(r, r') iL' . V'cP2(r') - cP2(r') iL' . V'92(r, r')],
s

r E V2,
(8.3.1)

r E VI,
(8.3.2)

where Equation (1) is valid for r anywhere in V2 bounded by 5 and Equation
(2) for r anywhere in VI outside 5. As such, it is often convenient to impose
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the integral equation in (1) on 52, a spherical surface in V2, and to impose
integral equation in (2) on 51, a spherical surface in VI' This is further moti­
vated by a subsequent simplification in the solutions of the integral equation.
In this method, the integral equations are imposed on surfaces away from the
actual surface of the object, and hence, its name, the extended-boundary­
condition method.

The integral equations on the spherical surfaces simplify if spherical har­
monics are used in the expansion of the field. For instance, via the addition
theorem, the Green's function in a homogeneous medium can be expanded
as (see Exercise 8.16)9

g(r, r') = ik L 1Pn(k, r»~e1Pn(k, rd, (8.3.3)
n

where 'l/;n(k, r) represents an outgoing wave spherical harmonic, and
SRe'l/;n (k, r) is the regular part of 1/Jn (k, r) .10 r , represents the larger of the
rand r', and r < is the smaller of the rand r' in magnitudes. In addition,
since the incident wave is regular about the origin, it can be expanded as the
regular spherical wave functions, i.e.,

(8.3.4)
n

As such, Equations (1) and (2) become

2:::>n~e1Pn(kl' r) = ik1 L ~e1Pn(kl' r) Jas [1Pn(kl> r') n' . '\l'<PI (r')
n n S

- ¢1(r') n' .V''l/'n(k1 , r')], r E 52, (8.3.5)

o= ik2L 1Pn (k2,r) Jss [~e1Pn(k2' r') n'. '\l'<P2(r')
n s

- ¢2(r')n'· V'SRe1/Jn(k2 ,r' )], r E 51'
(8.3.6)

In the above, (5) is actually valid for r anywhere in the volume bounded
by 32 , and (6) is actually valid for r anywhere in the volume outside SI.
Consequently, from the orthogonality of the spherical harmonics, we deduce
that

an = ik1JdB' [1Pn(k1,r' )n' · '\l'<Pl(r') - <Pl(r')iL'· '\l'1Pn(k1,r' )], "In,
s (8.3.7)

o= ik2JdB' [~e1Pn(k2' r') iL' . sr<P2(r') - <P2(r') iL' . '\l'~e1Pn(k2, r')], "In.
s (8.3.8)

9 The factor k in (3) is replaced by 1/4 in two dimensions.

10 If 1/Jn(k, r) consists of a Hankel function, which is singular at r = 0, then SRe1/Jn(k, r)
consists of a Bessel function, which is regular at r = O.
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Observe that the integral equations are greatly simplified now and do not
involve r at all. To solve this new integral equations, we expand the surface
unknowns it· \]'¢(r') and ¢(r') in terms of a basis set to convert (7) and (8)
into matrix equations. A clever way of expanding the surface unknowns is to
let

(8.3.9)
m

(8.3.10)
m

But this is only rigorously valid if SRe1/;m (k2 , r') and it . \l'SRe1/;m(k2 , r') are
complete on S. As it turns out, they are complete except at the internal
resonances of the cavity formed by V2 with wave number k2 (see Exercise 8.17;
also see Waterman 1969). In this case, it may seem obvious that am == (3m,
but this may be inconsistent with (8). To check this consistency, we use (9)
and (10) in (8) to yield

o= L 13m JdB' [~e'lj;n(k2, r') it' . \J'~e'lj;m(k2, r')]
rn s

- Lam JdB' [~e'lj;m(k2, r') it' . \J'~e'lj;n(k2, r')]. (8.3.11)
m s

At this point, it is not obvious at all that am should be (3m' However, by
integrating

(8.3.12)

over a volume V bounded by 5 and 52, and applying Gauss' theorem and
the fact that (12) is zero and that the integral over 52 is zero due to the
orthogonality of spherical harmonics on a spherical surface, we conclude that
(see Exercise 8.18)

JdB' [~e'lj;n(k2' r') ii \l'~e'lj;m(k2,r')] =JdB' ~e'lj;m(k2' r') n'· \l'~e'lj;n(k2' r').
s s

(8.3.13)
This, when used in (11), indeed implies that arn == (3m. Hence, the reward
for the clever choice of expansion functions in (9) and (10) is that it solves
(8) immediately. As a result, Equation (7), with the use of (9) and (10), and
the boundary conditions (8.1.13), becomes

an = ik1 LamJes ['lj;n(k1 , r') n' . \J'~e'lj;m(k2' r'):~
m S

- ~e'lj;m(k2, r') n' . \J''lj;n(k1 , r') ]. (8.3.14)
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Then, Equation (14) is of the form

where

o.: = kIfas ['l/Jn(kl,r')iI," \7'~e'l/Jm(k2,r')::
s

INTEGRAL EQUATIONS

(8.3.15)

Note that Equation (15) is in theory an infinite-dimensional matrix equation.
But in practice, am is solvable from (15) in terms of an, the amplitudes of
the incident field, by truncating the infinite-dimensional matrix equation.

In the extended-boundary-condition method, the fields are extinct only
inside the circle 82 and outside the circle 8 1 . In actual fact, the surface
sources impressed on 5 have to extinct the pertinent field everywhere in­
side 5 or everywhere outside 8. As such, the extended-boundary-condition
method provides a solution which sometimes is an approximation of the ac­
tual solution, albeit such an approximation is very good in a number of cases.

Because the testing surfaces 8 1 and 82 are away from the surfaces in the
extended-boundary-condition method, the matrix equation (15) becomes very
ill-conditioned if the maximum distances of 51 and 52 from 5 are large. For
instance, this is the case for an elongated object or an object with high cor­
rugations. Physically, the ill-conditioning arises because the surface sources
on 8 generate fields which are localized in the vicinity of 5 for such surfaces
(in the case of a planar, corrugated surface, this would be an evanescent type
wave). Accordingly, information on 8 within such fields is greatly diminished
on 3 1 and 82 . Therefore, imposing the integral equations (1) and (2) on 8 1

and 8 2 results in a set of ill-conditioned equations. [The convergence of the
Waterman EBC method has been studied by Bolomey and Wirgin (1974)
and Bates and Wall (1977).] Despite this, the EBC method is attractive for
many applications because it gives a simpler set of equations. It is particu­
larly convenient for a scatterer where the fields around it are expandable in
spherical harmonics, cylindrical harmonics, or Floquet modes (e.g., periodic
rough surfaces).

The EBC method is also easily adaptable to impenetrable objects. In this
case, we need to solve only Equation (7) with either the homogeneous Dirich­
let or Neumann boundary condition, or the impedance boundary condition.
By the same token as in (9) and (10), one can expand it . V'¢(r) in terms
of it· V'SRe'l/Jn(k2 ,r ), and ¢(r) in terms of ~e'l/Jn(k2,r).11 But at the internal
resonance of the cavity formed by 8, the set it· \1SRe'l/Jn (k2 , r) or ~e~n (k2 , r) is

11 k2 may be chosen to be k 1 in this case.
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incomplete on S as mentioned previously (see Exercises 8.17, 8.19). Then, the
Qnm matrix thus derived is ill-conditioned for quite a different reason from
those discussed in Subsection 8.2.3 (see Exercise 8.20). Hence, this internal
resonance can be overcome by using a complete set to expand the surface
sources (see Waterman 1969).

§§8.3.2 The Electromagnetic Wave Case

The extended-boundary-condition method is easily generalized to the vec­
tor electromagnetics case for solving the integral equations from (8.1.28) (Wa­
terman 1971; Barber and Yeh 1975; also see papers in Kerker 1988). The
vector surface integral equations are

Einc(r) = JdS' [iWfJIGl(r,r l
) . ii' x H1(r')

s

(8.3.17)

o= JdS' [iWfJ2G 2(r , r') . ii' x H 2 (r ' )

s

(8.3.18)

In this case, the unbounded homogeneous-medium dyadic Green's function
is expanded as [see Exercise 8.21 and Equation (7.3.40)]

(8.3.19)
11,

where 1Pn(k, r)'s are vector wave functions for outgoing waves.

By the same token as (4), the incident wave is expanded as the regular
vector wave functions

(8.3.20)
n

Consequently, (17) and (18) become (Exercise 8.22)

an = ik1JdS' [iWfJl'l/'n(k1 , r") . iii x H1(r')

s

- VI X 1j)n(k1 , r/) . iLl x E1(r/)),

(8.3.21 )

o= ik2JdS I [iwfl'2'iRe'l/'n(k2, r') . ii' x H 2 (r ' )

s

(8.3.22)
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Next, we expand
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m

r' E 5, (8.3.23)

m

(8.3.24)

because it' x ~e1/Jm(k2, r') and it' x \7' x ~e1/Jm(k2, r') are complete on 5 (see
Exercise 8.23). Then, Equation (22) becomes

o= L JdS' [,Bm~eWn(k2, r') · h' x 'V' x ~e'ljJm(k2, r')
m s

- am \7' x SRe1/Jn(k2, r') . it' x ~e1/Jm(k2' r')]. (8.3.25)

To prove am = 13m, we take the volume integral of

\7' . {[\7' x ~e'ljJm(k2, r')] x ~e'ljJn(k2, r') + SRe'ljJm(k2, r') x [\7' x SRe'ljJn(k2 , r')]}
(8.3.26)

over a volume bounded by 8 and 82 and note that the above is zero and that
the surface integral over 52 vanishes for n =f:. m, Hence, we conclude that (see
Exercise 8.24)

JdS' h' · ['V' x ~eWm(k2' r')] x ~eWn(k2' r')
s

=Jd.S'h' . ['V' x ~eWn(k2' r')] x ~eWm(k2' r') (8.3.27)

s

or that am = 13m in (25) and then, in (23) and (24). Then, after making use
of the continuity of it x E and it x H on 5, (21) becomes

an = ik, Lam JdS' [(J.LdJ.L2)h' · 'V' x ~e'ljJm(k2, r') x Wn(k1, r')
m S

-it' . ~e1Pm (k2 , r') x \7' x 1Pn (k1 , r')]

= i L amQnm, (8.3.28)
m

where

o.: = », JdS' [(J.LdJ.L2)n' . 'V' x ~e'ljJm(k2, r') x Wn(k1, r')

s

From Equation (28), we can solve for am's which then yield the surface
unknowns. The matrix Equation (28) suffers from ill-conditioning for the
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(8.4.1)

same reason given for the scalar wave case when the object is elongated or
the surface of the object is convoluted. In addition, for impenetrable objects,
(28) suffers from resonance effects as in the scalar wave case.

§8.4 The Transition and Scattering Matrices

Once a scattering problem is solved, the scattered field everywhere can
be found. For instance, in the extended-boundary-condition method for the
scalar wave, once the am's are found in Equation (8.3.15) by truncating the
infinite-dimensional matrix equation, the surface fields are found using (8.3.9)
and (8.3.10). The scattered field from (8.1.9) then becomes

<Psca(r) = L In'I/Jn(k1, r) = - L ik1cxrn'I/Jn(k1, r) JdB' [~e'I/Jn(kl' r')
12 rim S

it' . V'SRe'l/Jrn (k2 , r') P2 - SRe1/Jm (k2 , r') n' .V'SRe . 1/Jn (k1 , r')] .
PI

From the above, we readily deduce that

In = -i L cxrn~eQnrnl
ni

(8.4.2)

where Qnm is defined in (8.3.16), and 2Re implies the "regular part of." In
other words, ~eQnm will convert all the Hankel functions in Qnm into Bessel
functions. Consequently, from (8.3.15) and (2), we have

a == iQ . Q,

f == -i (~eQ) . Q,

(8.4.3a)

(8.4.3b)

where a, Q, and f are vectors containing an, an, and In respectively, and Q
is a matrix with elements Qmn' On eliminating Q in the above, we obtain

f == - (2ReQ) . Q -1 . a. (8.4.4)

A transition matrix T can be defined to relate the scattered wave ampli­
tude to the incoming wave amplitude such that (Waterman 1969, 1971)

f==T·a,

where
T=_(~eQ)'Q-l.

Hence, the total field then becomes

12

(8.4.5)

(8.4.6)

(8.4.7)



460

Notice that the preceding equation is the same as
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where 1/J (k l , r) is a column vector containing 'ljJn (k l , r).

If a scattering matrix S is defined which is related to T as

S = 1+ 2T,

then (8) becomes

Consider the fact that

(8.4.8)

(8.4.9)

(8.4.10)

(8.4.11)

i.e., a standing wave SRe'ljJn(k 1 , r) can be written as a linear superposition of
an outgoing wave ~'ljJn(kl' r) plus an incoming wave ~'ljJn( -k1 , r). Then, (10)
becornes

(8.4.12)

Therefore, the scattering matrix S relates the amplitude of the scattered wave
to the incoming wave.

Using reciprocity, it can be proven that T is a symmetric matrix (see
Exercise 8.25). Thus,

T
t = T, s' == S.

Moreover, energy conservation irnplies that (see Exercise 8.26)

(8.4.13)

-t - ­
S . S == I, or S*· S == I , (8.4.14a)

and
-t - -
T · T == -SReT. (8.4.14b)

The above are useful checks for the correctness of the T and S matrices when
they are computed. Finally, even though the T and S matrices have been
derived here using the EBC solution as an illustration, they can in theory
be defined once the scattering solution is known, regardless of the rnethod of
solution.

§8.5 The Method of Rayleigh's Hypothesis

A method very closely related to the EBC method is the method of
Rayleigh's hypothesis (Rayleigh 1894, 1897, 1907). Even though this rnethod
does not involve integral equations, it is worthy of discussion because of its
close relationship to the EBC rnethod.
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Consider the geornetry shown in Figure 8.3.1; the field outside the surface
51 can be expanded in terms of the incident and scattered waves, which are

(Pinc(r) = L an~e'l/Jn(kl' r).

(Psca(r) = L In'l/Jn(k 1 , r).
n

(8.5.1a)

(8.5.1b)

Note that we have expanded the incident field in terms of standing waves
but the scattered field in terms of outgoing waves. Next, the field inside the
scatterer is expanded again in terms of a standing wave of the form

(8.5.2)

for r inside 52. In addition to this, Rayleigh's hypothesis assumes that (1b)
and (2) are valid on 5 as well. But this is not at all clear because, in the
region bounded by 51 and S, it is not obvious if all the waves are outgoing
as expressed by (lb). Moreover, in the region bounded by 52 and 5~ it is not
obvious if all the waves are standing waves.

In spite of this, we assume the validity of Rayleigh's hypothesis and match
boundary conditions on 5. Consequently, the continuity of the potential
implies

(8.5.3)
n n

Furthermore, the boundary condition on the norrnal derivatives given by
(8.1.13) yields

I)anPlit. \7~e'l/Jn(kl,r)+ I"P1il.· \7'l/Jn(k1,r)]

ii

To convert the above into rnatrix equations, we test Equation (3) by ii .
\JSRe7JJrn (k2 , r) and integrate over S to yield

L [anJdSn· \7~elj)m(k2,r)~Ret/)n(kl,r)
n 5

+In!dS it . \7~e4)1Il (k2,r)Ij)n i»;r)]

= L 0'/1 .I dS it . \7~e'l/JTIl(k2, r me'l/J,,(k2, r). (8.5.5)
7/ 5
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Similarly, we test Equation (4) by ?Re'l/Jm(k2 ,r ) and integrate over B to yield

L [an PI JdB?Re'l/Jm(k2 , r) it . \l?Re'l/Jn(kI , r)
n P2

S

+ In ~~!dSRe1/Jm(k2,r) ii · \71/Jn(k1, r)]

=LanJdSRe1/Jm(k2,r)n· \7Re1/Jn(k2,r). (8.5.6)
n S

But the right-hand sides of (5) and (6) are equal as a result of (8.3.13).
Consequently, we have

L an [PI Jas ?Re'l/Jm (k2 , r)it . \l?Re'l/Jn»; r)
n P2

S

-!dSft· \7Re1/Jm (k2 , r)Re1/Jn(k1 , r)]

-L in [PI Jes~e'l/Jm(k2, r) it· \7'l/Jn(k1 , r)
n P2

S

-!dSft· \7Re1/Jm(k2,r)1/Jn(k1,r)]. (8.5.7)

Note that the above is the same as

(8.5.8)
n

which is the same as

Consequently,

or the T matrix is

-t -t
?ReQ . a == -Q . f.

( t) -1 tf == - Q . ?ReQ . a,

(8.5.9)

(8.5.10)

(8.5.11)

Observe that Equation (11) is exactly the transpose of Equation (8.4.6)
derived by the EBC method. But from the reciprocity condition (8.4.13),
the actual T is a symmetric matrix. Therefore, the T matrix derived with
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Rayleigh's hypothesis has formally the same error as that derived by the
extended-boundary-condition method, even when the Q matrices are trun­
cated (see Exercise 8.27).

The equivalence of EBC and Rayleigh's method has led to much confu­
sion and controversy in the past (Burrow 1969; Millar 1969; Lewin 1970).
In particular, the equivalence of Rayleigh's method to the seemingly more
rigorous extended-boundary-condition method has been used to establish its
legitimacy. However, it is easy to find counterexamples to Rayleigh's hy­
pothesis in the high frequency limit. In this limit, a bouncing ray picture
of the waves clearly indicates the existence of incoming waves as well in VI'
Hence, Rayleigh's method is sometimes an approximate method, as is the
EBC method as noted earlier.

The EBC method of imposing the extinction theorem on 51 and 52 does
not imply the extinction of the field everywhere in VI and V2 respectively.
However, the exact solution of the surface integral equation yields surface
sources that extinct the appropriate field everywhere in VI and V2 . This
explains the equivalence of these two methods and the same degree of errors
in both the solutions. Consequently, the ill-conditioning of the matrix in
Rayleigh's method, which gives rise to poor results, is also due to the presence
of localized waves or evanescent waves for a highly corrugated or elongated
object. Despite its shortfall, Rayleigh' method is attractive because of the
simplicity of its derivation compared to the EBC method. [It has been proven
for certain surfaces that Equation (1b) does not converge on S (see references
in van den Berg 1980).12]

§8.6 Scattering by Many Scatterers

Once the T matrix for one scatterer is found, it can be used easily to
construct the solution of scattering by many scatterers. But when more
than one scatterer is present, there exists multiple scattering between the
scatterers. Nonetheless, by applying the translational addition theorem for
spherical harmonics or cylindrical harmonics, the solution to such a problem
is easily found. In this section, we shall consider first the solution of two
scatterers. Then, we shall derive a recursive algorithm for the solution of
N scatterers. The N scatterer solution has been presented by Peterson and
Strom (1973, 1974a), but the solution we present here will be in a different
light (Chew 1989; Chew and Wang 1990; Chew et al. 1990; Wang and Chew
1990; also see Kerker 1988).

§§8.6.1 Two-Scatterer Solution

When two scatterers are present as shown in Figure 8.6.1, we can expand
the incident field as

(8.6.1)

12 The Rayleigh's hypothesis method has been rnodified by various scientists, a review of
which is given by van den Berg (1980).
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Figure 8.6.1 Two scatterers in the presence of an incident field.

while the scattered field, as

(8.6.2)

Notice that in the above, the scattered wave from each scatterer is expanded
in terms of the outgoing harmonics expressed in the self-coordinates of the
scatterers. Fortunately enough, translational formulas exist both for cylin­
drical and spherical harmonics such that

1/J t(ko, ri) == ?He1/J t(ko, rj) . Qji,

1/J t ( ko, r i) == 'ljJ t (ko, r j) . {3ji'

?He1/J t ( ko, r i) == ?He1/; t (ko, r j) . {3ji'

Irjl < di j ,

Irjl > dij ,

V Irj[,

(8.6.3a)
(8.6.3b)

(8.6.3c)

where di j is the distance between the O, and OJ, the origins of the i and
j coordinates (Friedman and Russek 1954; Stein 1961; Cruzan 1962; Danos
and Maximon 1965; Chew 1989; and Chew et al. 1990; also see Appendix
D). These formulas allow expression of the harmonic expansion of the field
in one coordinate system in terms of another coordinate system readily. In
general, ~ji == ~eOji where ~e stands for "the regular part of" (see Exercise
8.28).

Then, using (3a) and (3c), the total field exterior to the scatterers ex­
pressed in terms of the coordinates of the first scatterer is

¢(r) == ?He1jJ t (ko, rl) ·7310·a + 1/J t (ko, r1) ·f1+?He1/J t (ko, rl) ·012 ·f2. (8.6.4)

The first and the third terms in the above can be viewed as the incident field
impinging on the scatterer 1, while the second term is the scattered field from



§8.6 SCATTERING BY MANY SCATTERERS 465

scatterer 1. But if the T matrix of the first scatterer when it is isolated is
known, we can write a relationship between a, f1 , and f2 using this T matrix.
In other words,

f 1 == T 1(1) . [/310 . a + 012 . f2] .

Similarly, for scatterer 2, we have

(8.6.5)

(8.6.6)

In the above, T i ( l ) is the isolated-scatterer T matrix for the i-th scatterer;

the parenthesized 1 indicates that it is the one-scatterer T matrix.

Equations (5) and (6) can be solved to yield

f1 = [I - T 1(1) . 012 . T 2( 1) . 021r
l

. T 1(1) . [/310 + 012 . T 2(1) . /320] . 3,

(8.6.7)

f2 == [I - T 2(1) . 021 . T 1(1) . 012] -1. T 2(1 ) . [:a20 + 021 . T 1(1) . :ala] . a.
(8.6.8)

Now, from (7) and (8), new T mat.rices are defined such that

f2 == T 2(2) . (320 . a,

(8.6.9)

(8.6.10)

where now, T i (2) is a two-scatterer T matrix. It relates the total scattered
field due to the i-th scatterer to the incident field amplitude when two scat­
terers are present. Notice that the equations for T i (2) can be derived by com-

paring (9) and (10) with (7) and (8). Moreover, the factor !3iO is introduced
so that the T matrices are still defined with respect to the self-coordinates
of the scatterers.

§§8.6.2 N -Scatterer Solution-A Recursive Algorithm

The previous subsection illustrated how the two-scatterer solution can
be constructed from the one-scatterer solution. This concept can be further
extended to find the scattering solution of n + 1 scatterers given the solution
of the scat tering from 11 scat terers (see Figure 8.6.2). Now, if we define an
n-scatterer T matrix Ti(n), then the total field external to the n scatterers is
of the form

71

Similarly, the (n + 1)-scatterer solution has the form

7/.+1

t "t - -¢(r) == SRe'ljJ (ko. fo) . a +~ 'ljJ (ko, ri) . T i (n + 1) . {3iO . a.
i=l

(8.6.11)

(8.6.12)
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Figure 8.6.2 A recursive algorithm can be derived such that the
scattering solution from n + 1 scatterers can be obtained from the
scattering solution of n scatterers.

The preceding equation can be written more suggestively as

n

¢(r) = ~e'l/J t(ko, ro) · a +L 'l/J t(ko, r.) · Ti(n+l) . 73iO . a
i=l

t - -+ 1/J (ko, r n + l ) . T n + 1(n + l ) . (3n+l,O . a. (8.6.13)

Now, the first and the last terms in Equation (13) can be thought of as
incident fields impinging on the i == 1, ... ,n scatterers. Therefore,

(8.6.14)

where we have used the translation formulas (3) to translate the last terms to
the global coordinates roo But since Ti(n) . 73i o is defined only for a source out­
side the smallest circle centered at ro = 0 and circumscribing the n spheres,
the (n + 1)-th scatterer must be on or outside this circle. In other words, the
distances of the scatterers from ro == 0 have to be ordered.

Furthermore, the scattered field amplitude from the (n + l)-th scatterer
is due to the scattering of the incident field from the other n scatterers via
the isolated-scatterer T matrix. Hence, the scattered field amplitude due to
the (n + l)-th scatterer is related to the other field amplitudes as

T n + 1(n + l ) . /3n+l,O . a == Tn+1(1) . [73n + 1'o +t Qn+l,i . Ti(n+l) . 73iO] . a.
~=l

(8.6.15)
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Consequently, using (14) in (15), we have

Tn+l(n+l) . .Bn+l,o = Tn+1(1) . [.Bn+l,O +~ an+l,i . Ti(n) . .BiO

+ ~an+l'i' Ti(n)' .Bio· aO,n+l' Tn+1(n+l)' 13n+l,O]' (8.6.16)

Then, after solving this equation for T n + 1(n + l ) . 13n+1,0, we obtain

T n + 1(n + 1) . /3n+1,0 == [1 - Tn+1(1) .t an+l,i . Ti(n) . .Bio . ao,n+l] -1

2=1

. Tn+1(1) . [.Bn+l,O +~ an+l,i . Ti(n) . .BiO]' (8.6.17)

But from (14), we have

T i (n + 1) . /3iO == Ti(n) . /3iO . [I+ 00,n+1 . T n+1(n+1) . /3n+1,oJ· (8.6.18)

Therefore, Equations (17) and (18) together constitute the recursive relations
enabling one to calculate the T i (n + l ) . 73io matrices, i == 1, ... , n + 1, given
the Ti(n) . /3io matrices, i == 1, ... ,n. Therefore, given the knowledge of the
isolated-scatterer T matrices, the 1'1-scatterer solution is constructed recur­
sively, starting from the one-scatterer solution. In this manner, only small
matrices determined by the dimensions of the T matrices must be dealt with
at each recursion. Consequently, only a small amount of computer memory
is required at each recursion, which reduces the number of page-faults in a
virtual memory machine.

In the above, if there are N scatterers, and the field around each scatterer
is approximated by M harmonics, there are altogether N M unknowns. In
this case, Ti(n) . 73iO . a in (11) is an A1 element column vector. But when the
scatterers are small, M, the number of unknowns on each scatterer, can be
kept small. On the contrary, the number of terms in the translation formulas
should be large enough to maintain their accuracy. In other words, Ti(n) . 73iO
need not be square-it should be a 1\1 x P matrix where P is large enough
to keep the translation accurate.

In view of this, the dimensions of the matrices in (17) and (18) are indi­
cated as

NlxP
r_--..."A ,

T n+l(n+l) . 73n+1,0 ==
[

Iv! x AI . \1 x NI M x P P x M ] - 1
_~1L~~~

I - Tn+1(1) . L an+l,i . Ti(n) . f3iO. aO,n+l
2=1

. T n +1(1) ' [.Bn+l,O +t an+l,i' Ti(n) . .BiO] , (8.6.19)
'-v---" ~ i= 1~ "---v--"

A1x}.'! 1\1x P M x A1 1'.1 x P
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MxP MxP MxP PxM MxP

(8.6.20)

In the above, T i(n+ l ) . ~iO can be regarded as the function to be solved
for; it is an M x P matrix. (The dimensions of the matrices are indicated
in the equations above.) Notice that the number of floating point operations
required to multiply an M x P matrix with a P x M matrix, or an M x M
matrix with an M x P matrix is equal to M 2P. But since M « P, the other
matrix multiplications and inversions are subdominant. Therefore, at each
recursion, the number of floating point operation is O(nM2P) after counting
the dominant matrix multiplications in (19) and (20). Consequently, after
applying the recursion relations to N scatterers, the number of cumulative
floating point operation is O(N2 M 2 P) (Exercise 8.29).

The N-scatterer problem is also expressible as an N M unknown problem
by solving N M linear algebraic equations. This would require O(N3M 3 )

floating-point operations, however, if these N M linear algebraic equations are
solved with Gauss' elimination. On the other hand, if the conjugate gradient
method is used here, O(N2+a) algorithm (-where a depends on the condition
number of the matrix) is possible. But still, the conjugate gradient method
is an iterative procedure that solves the matrix equation A . x = b with a
fixed right-hand side. Therefore, it has to be restarted if the right-hand side
of the equation changes, and if the incident angle of the wave changes, the
equation needs to be solved again. However, the preceding algorithm derived
is independent of the incident angle of the incident wave. The reduction
in computational effort here can be traced to the fact that the Qij or (3ij
matrices are the representation of a translation group.

The recursive relations given by (19) and (20) can be further manipulated
to a different form by letting Qn+l,i = Qn+l,O . (30i. Then, (19) becomes

Tn+l(n+l)' 13n+l,o = [I -T n+1(1)' £xn+l,o' (t,130i' Ti(n)' 13iO) . £Xo,n+1] - 1

. T n+l(1) · [13n+1,O + £Xn+1,O' (t, 130i .Ti(n) · 13iO)]. (8.6.21)

Then, an aggregate T matrix for n scatterers can be defined such that

And (21) becomes

n

T(n) = L 130i .Ti(n) . 13iO'
i=l

(8.6.22)

T n+1(n+1) . 13n+1,o = [I - T n+l(1) . £Xn+1,O. T(n) . £Xo,n+t}-1

. Tn+1(1) . [Bn+1,o + Qn+l,O . T(n)]. (8.6.23)
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Figure 8.7.1 The one-interface problem for defining the T matrices
for the incoming wave case.

Moreover. on multiplying (20) by (30i and surnrning over i from 1 to 1'L, we
have

(8.6.24)

Now, Equations (23) and (24) constitute the recursion relations expressing
T(n+l) in terrns of T(n). Furt.herrnorc. when M multipoles are assumed for
each scatterer and P harrnonics used for the translation formulas, a count
shows that the above is an N l'vlp2 algorithm. Consequently, if M and P
could be kept small, this is a very efficient rnethod of calculating the scat­
tering fr0I11 rnany scatterers when JV is large. Moreover, an arbitrary shape,
inhomogeneous scatterer can be elivided into N subscatterers, and its scat­
tering solved by such an algorit.hm. (The above concepts are easily adapted
to the vector electromagnetic scat tering problems.)

§8.7 Scattering by Multilayered Scatterers

Thus far. how the T matrix of a single scatterer and many scatterers
could be derived recursively has been shown. This concept can be extended
to the case of a multilayered scatterer. To do this, it is expedient to elucidate
the physics of the scattering at each interface. So, first we shall derive the
T matrices for the one interface problem and, ultimately, derive the multi­
interface problem from it ..Although this solution was originally presented by
Peterson and StrOI1l (1974b~ 1975) and Wang and Barber (1979), the solution
here is considered in a more general sense.

§§8.7.1 One-Interface Problem
For the geornetry shown ill Figure 8. 7.1 ~ the field external to the scatterer

is of the form

(8.7.1)



470 INTEGRAL EQUATIONS

Figure 8.7.2 The one-interface problem for defining the T matrices
for the outgoing wave case.

where Rol is a matrix equivalent to the T matrix previously defined. In
keeping with the spirit of Chapter 3, it is called the reflection matrix here,
and T is reserved for a transmission matrix in this section. In addition, the
field internal to the scatterer is expressible as

(8.7.2)

where a is a column vector containing am's. This internal field is solvable
via the EBC method from (8.3.15), which implies that

iQ· a: = a,
.--1

or a: = -2Q . a. (8.7.3)

Next, we define a transmission matrix such that
t -

¢tra = ?He1/; (k1 , r) · T 01 . a,

where
- .--1
T 01 = -2Q .

(8.7.4)

(8.7.4a)

Now, consider the case where the field is incident at the interface from
the inside, as shown in Figure 8.7.2. The incident wave in this case is the
outgoing wave. Then, the field internal to the scatterer is of the form

(8.7.5)

And the field external to the scatterer is

(8.7.6)

The above problem is again solvable by the EBC method (see Exercise 8.30).
Therefore, the waves are

¢(r) = 1/;t(k1 , r) . a + SRe1/;t(k1 , r ) . RIo· a,

¢tra(r) == 1/J t(ko, r) . T 10 . a,

r E region 1, (8.7.7a)

r E region O. (8.7. 7b)
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Sf

Figure 8.7.3 The two-interface problem.

Consequently, with the canonical problems defined for the one-interface prob­
lem, the solution for the many-interface problems is easily derived as shown
in the following.

§§8.7.2 Many-Interface Problem

Consider the two-interface problem shown in Figure 8.7.3; the two sur­
faces 51 and 52 may not be concentric. So, it is necessary to express the T
matrices of the two interfaces in different coordinate systems. This is easily
achieved via the translation formulas described in the previous section.

Consequently, in region 0, the field is

(8.7.8)

in region 1, the field is

(8.7.9)

and in region 2, the field is

(8.7.10)

where r , is in the coordinates for the first interface 51, and r2 is in the
coordinates for the second interface 52 . 13 Hence, the scattered fields, which
are the second terms in (8) and (9), are expressed in the coordinates of
the surfaces that cause the scattering. The transmitted field in (10) is also
expressed in the coordinates of the surface that causes the transmission.

13 The coordinates for a surface S should be chosen so that the inscribed and exscribed
spheres shown in Figure 8.:3.1 are not too far from the surface S in order to avoid
ill-conditioned T matrices.
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By requiring the outgoing wave in region a to be a consequence of the
reflection of the incident wave plus the transmission of the outgoing wave in
region 1, we have

bo = Rol . ao + T IO . ~12 . b I ·

In the above, the translation formula [see (8.6.3)]

1/J t (k1 , r2) . b I = 'l/J t (k1 , rl) . 7312 · b 1

(8.7.11)

(8.7.12)

is used to translate the outgoing wave in the r2 coordinates to the rl coordi­
nates. The incoming wave in region 1, ~e'l/Jt(kl,rl)· aI, is a consequence of
the transmission of the incoming wave in region 0 plus the reflection of the
outgoing wave in region 1. Therefore,

(8.7.13)

By the same token, we express

so that (9) becomes

¢l(r) == SRe'f/;t(k l , r2) . ~2I . a, + 'f/;t(kl , r2) . b..

Then,

(8.7.14)

(8.7.15)

hI == R I2 .7321 . aI, (8.7.16)

where R I2 is the reflection matrix for waves incident from region 1 onto the
interface between regions 1 and 2.

From (11-), (13), and (16), it follows that

and

al == M I - . T Ol ·80,

b, == R I2 . (321 . Mj , . T Ol . ao,

(8.7.17)

(8.7.18)

bo == [Rol + T l O . ~12 . R 12 . (321 . M 1- . T Ol ] . 80, (8.7.19)

where M 1- = [I - RIO ·7312 . R 12 . 7321] -1. Similarly, we deduce that the field
in region 2 is the transmission of the field in region 1, and hence,

(8.7.20)

With these amplitude coefficients known, the field everywhere is found.

Note that from (19), a generalized reflection matrix can be defined for
region a such that

(8.7.21)
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Figure 8.7.4 i\ rnultilayered scatterer.

473

---
If an inner region is now added to region 2, we need only modify R 12 to R 12

in the above. Consequently, a recursive relation for a rnany-interface problem
as shown in Figure 8.7.4 is expressible as

--- ~

R i,i+l == R i,i+ l +Ti+l,i·J3i+l,i+2·Ri+l,i+2·!3i+2,i+l·Mi+1,- ·Ti,i+l,

where

(8.7.22)

(8.7.23)

---
and Ri,i+l for the innermost region is zero. Moreover, if the field in region i
is written as

¢i(r) == Re'l/J t(k i . rd . a, + ib t(k i , ri+l) . hi,

then a, could be found recursively as (Exercise 8.31)

with ao known. Furthermore, hi is related to a, as

~

hi == Ri,i+l . !3i+l,i . a.,

(8.7.24)

(8.7.25)

(8.7.26)

In this manner. the field everywhere inside the scatterer can be calculated.
Note that the translation matrix J3 is not necessary if the surfaces are near
concentric. However, they are necessary in the example shown in Figure 8.7.3,
where it is not possible to expand the T matrices for the two surfaces in one
coordinate system. If all the surfaces are concentric circles or spheres, then



474 INTEGRAL EQUATIONS

Figure 8.7.5 A multilayered scatterer for the inside-out problem.

the results here reduce to those of Chapter 3. Therefore, we can consider
these results a generalization of those in Chapter 3.

On the other hand, if we have an inside-out problem as shown in Figure
8.7.5, the recursive relation for the reflection matrix is

- -
R i + 1,i = R i + 1,i + T i,i+ 1 . {3i-1,i . R i ,i - 1 . {3i,i-1 . M i,+ . T i+ 1,i , (8.7.27)

where

[ - ]-1
M i,+ = I - R i ,i - 1 . {3i,i+1 . R i,i+ 1 . {3i,i+1 , (8.7.28)

-
with R i+1,i for the outermost region being zero. Moreover, if the field in
region i is expressed as in (24), then,

(8.7.29)

allowing all bi'S to be found with b N known. In addition, the a/s are related
to the b/s via -

a, = Ri,i-l . (3i,i+l · b., (8.7.30)

In this manner, all the fields in every region can be found. Note that the M
matrices defined above account for multiple reflections in the layered medium
(see Exercise 8.31).

Hence, if a source is embedded in one of the layers, the combination of
solutions from Figure 8.7.4 and Figure 8.7.5 can be used to calculate the
field everywhere. Also, the above algorithm can be easily adapted to vector
electromagnetic fields.
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Figure 8.8.1 The scattering from an inhomogeneous scatterer is solv­
able by the combination of the surface integral equation method and
the finite-element method.

§8.8 Surface Integral Equation with Finite-Element Method
The finite-element method (FEM) is versatile for highly inhomogeneous

media. Moreover, it generates a sparse matrix for a differential equation
economizing on memory requirement. But in using the FEM directly for
an infinite domain, a large number of unknowns is usually involved, hence
making the rnemory requirement inordinately large. Fortunately, one way to
reduce the size of the problem is to couple the FEM with the surface integral
equation method. In this manner, the FEM needs to be applied only over
a finite domain drastically reducing the required memory. Such a method
is also called the hybrid method (Silvester and Hsieh 1971; McDonald and
Wexler 1972) or the unimoment method (Mei 1974; Chang and Mei 1976;
Morgan and Mei 1979).

Consider the scattering by an inhomogeneous scatterer as shown in Figure
8.8.1. In the region exterior to S, we define a Green's function satisfying

(\72 + k6) go(r, r') = -b(r - r')

and the radiation condition at infinity, and the field satisfying

(\72 + k6) ¢o(r) = O.

But interior to S, we define a Green's function satisfying

[\7. p(r)\7 + k~(r)]gl(r, r') = -8(r - r')

and the field satisfying

[\7. p(r)\7 + kr(r)]¢l(r) = O.

(8.8.1)

(8.8.2)

(8.8.3)

(8.8.4)
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Then, it is straightforward to show, as in (8.1.10) and (8.1.11), that

r E Vo, cPo (r) } () J '[( ')", " , A , , ( ,r E Vi, 0 = <Pine r - d.S 90 r, r n· "V <Po (r ) - <Po (r ) n · "V 90 r, r )],
s

(8.8.5)
and that

r E Vi, O¢l(r)} == JdS' [gl(r,r')fL'. \l'¢l(r') - 4Jl(r')n'· \l'gl(r,r')].
r E va,

s
(8.8.6)

In the above, we have assumed that p(r) == 1 on S. In other words,
p(r) f:. 1 only in the scatterer depicted in Figure 8.8.1. Consequently, the
above surface integral equations divide the problem into two problems, one
internal to S and one external to S. In theory, it could be solved as before.
But inside S, the medium is inhomogeneous and gl (r, r') is not generally
available in closed form.

Therefore, in order to find gl(r,r'), one presumably can solve (3) with a
numerical method like the finite-element or the Galerkin's method. But to
derive (6), gl(r, r') has to satisfy (3) only for rand r' inside S. Hence,
Equation (3) needs to be solved only over a finite region. For instance,
it could be solved with the imposition of the natural boundary condition
n' \l'gl(r,r') == 0 on S as discussed in Chapter 5. In this case, we let

N

91(r,r') = I:anfn(r), r,r' E Vi,
n=l

(8.8.7)

where fn(r) constitutes a basis set that can approximate gl(r, r') fairly well.
Consequently, the matrix equation corresponding to (3) with the aforemen­
tioned natural boundary condition is (see Exercise 8.32)

where

N

LLmnan = bm, m = 1, ... ,N,
n=l

(8.8.8)

(8.8.9a)

is symmetric, and

bm == -(fm(r),8(r - r')) == -fm(r'). (8.8.9b)

As a note, the inner products above are defined as volume integrals in the
volume bounded by S, i.e., (f(r),g(r)) == Jdr f(r) g(r).

VI
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Finally, we obtain

91( r , r') == - f t ( r) . L - 1 . f (r') ,

477

(8.8.10)

where E is a matrix with elements L m n and f is a column vector containing
1m.

Now, given 91(r, r') and the natural boundary condition, n·V'91(r, r') == 0,
it satisfies, the upper part of Equation (6) becomes

¢>l(r) = -ft(r) . [-1. JdS' f(r') iLl . \J'¢>l(r').

s

(8.8.11)

Note that the second term on the right-hand side of (6) vanishes by virtue of
it· V'91(r,r') == 0 on S. The above and (5) together constitute the integral
equations which can be solved for 4)1(r) and ii . VcP1 (r).

To solve (5) and (11), we expand the surface unknowns cPl (r) and n .
VcPl(r) as 14

!vI

¢>1(r) = :L Cn,7/Jm (r ),
rn=l

n· VcPl(r) == :L dm?/Jm(r) ,
'rn=l

(8.8.12a)

(8.8.12b)

where VJm(r) constitutes a basis set that can approximate ¢l(r) and n·VcPl(r)
on S fairly well. The above can be substituted into (11) and tested with 'l/Jn(r)
on S, thereby yielding

M M

:L(7/Jn(r), 7/Jm(r))cm = - <7/Jn(r) , ft(r)) . [-1 . :L d.; (f(r'), 7/Jm(r')) ,
m=l rn=1

(8.8.13)
where the inner product involves a surface integral over S. Furthermore, the
above could be written as

(8.8.14)

where 'ljJ(r) , c, and d are column vectors containing 'l/Jm(r) , em, and dm re­
spectively. Alternatively, (14) is equivalent to

where

- - --1 -t. -
F·c==-A·L ·A ·d==-M·d,

F == ('ljJ(r) , 'ljJt(r)),

(8.8.15)

(8.8.16a)

14 It is not necessary to use the same basis set, 'l/Jm, (r}, to expand both surface unknowns
as we have done here.
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A == (1P(r),f t(r)),

- - --1 -t
M==A·L ·A,

INTEGRAL EQUATIONS

(8.8.16b)

(8.8.16c)

and F is an M x M matrix while A is an M x N matrix where M is usually
less than N.

Next, using the continuity of the potential plus the continuity of the
normal derivative of the potential, we can express

M

</>o(r) = L c.n'l/Jm(r),
m=l

M

iI,. "V</>o(r) = L dm'l/Jm(r).
m=l

(8.8.17a)

(8.8.17b)

Then, using the above in the lower half of Equation (5) and testing with
'l/Jn(r) on S, we have

M

('l/Jn(r), </>inc(r)) = L ('l/Jn(r), 9o(r, r'), 'l/Jm(r))dm
m=l

M

- L ('l/Jn(r), iI,' · "V'9o(r,r'), 'l/Jm(r))c.n, n = 1, ... ,M. (8.8.18)
m=l

Note that the above is just a matrix equation of the form

cPinc == g . d - N . c,

where

[¢inc]n == ('l/Jn(r),¢inc(r)),
[g]nm == ('l/Jn(r), go(r, r'), 'l/Jm(r')),

[N]nm == ('l/Jn(r) ,h' . \7'go(r, r'), 1/Jm(r')).

Moreover, in the above, we have defined

('l/Jn(r), j(r, r'), 'l/Jm(r')) =JdBJss 'l/Jn(r)j(r, r')'l/Jm(r').
s s

(8.8.19)

(8.8.20a)

(8.8.20b)

(8.8.20c)

(8.8.20d)

Now, (11) and (5) have been reduced to matrix equations (15) and (19)
respectively, from which c and d can be solved. Therefore, on eliminating d
between (15) and (19), we have

(8.8.21 )
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or

c = - [g. M -1 . F + N] -1 . ¢incl

--1 -
d == -M . F· c.
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(8.8.22a)

(8.8.22b)

Once c and d are found, the surface unknowns can be found through (17)
and the field everywhere determined via (5) and (11). This idea is, of course,
easily extended to solving vector electromagnetic integral equations, albeit
with increased complexity.

Notice that when 91(r, r') was solved for in (3), it was done so with the
natural boundary condition ii \791(r, r') == O. This is actually equivalent to a
source excitation problem in a cavity with impenetrable walls. Unfortunately,
this cavity has resonant frequencies that are purely real in the lossless case.
Therefore, at the resonant frequencies of the cavity formed by S, the matrix
E becomes singular. When this happens, it is quite difficult to solve for M
in (15).

When c and d are found in (22), only M -1 is required. In this case, the
singular value decomposition method may be used to find the inverse of L
(see Exercise 8.33). Moreover, the regularization method may be used to find
the inverse of E (Exercise 8.34; also see Tikhonov 1963). Alternatively, an
impedance boundary condition for the Green's function, instead of the natural
boundary condition, will eliminate the resonance problem (see Exercise 8.35),
because then the cavity is lossy with a complex resonant frequency.

We have illustrated how the surface-integral-equation method is used to
merge a finite-element solution with the solution in the external region. But
the surface integral equations yield matrices g and N which are dense, in
contrast to the sparse matrix L in (9) generated by the finite-element method.
Hence, this precludes the use of a sparse-matrix solver which is usually more
efficient than a dense-matrix solver. To remedy this, absorbing boundary
conditions defined in Chapter 4 may alternatively be used to merge the finite­
element solution with the exterior solution (see Exercise 8.36). This then
yields sparse matrices which can be inverted with sparse-matrix solvers.

§8.9 Volume Integral Equations

When a bounded medium is highly inhomogeneous, there are several
methods of solving for its scattering solution. One way is to approximate
the inhomogeneous mediurn with N scatterers and seek its scattering so­
lution via the method of Section 8.6. If the inhomogeneous body can be
approximated by a multilayered medium, the method expounded in Section
8.7 can be used. Furthermore, the hybrid method of Section 8.8 may be
used. An alternative approach is to use volume integral equations where the
unknowns in the problem are expressed in terms of volume current flowing
in the inhomogeneity. The volume current consists of conduction current
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as well as displacement current induced by the total electric field. An in­
tegral equation can then be formulated from which the total field is solved.
We shall first show how such an integral equation can be formulated for the
scalar wave equation and later, formulate the integral equation for the elec­
tromagnetic wave case. Historically, the volume integral equation method
has been developed as early as 1913 by Esmarch (see Born and Wolf 1980,
p. 98). This equation is also described by Richmond (1965a, b), Harrington
(1968), Poggio and Miller (1973), and Strom (1975).

The volume integral equation offers an alternative physical picture of the
mechanism that gives rise to scattering. As such, it provides insight as to how
approximate scattering solutions can be obtained, as shall be illustrated in
the next section. Furthermore, it can be used to formulate inverse scattering
algorithms detailed in the next chapter.

§§8.9.1 Scalar Wave Case
We shall first derive the volume integral equation for the scalar wave case.

In this case, the pertinent scalar wave equation is

(8.9.1)

where k2(r) = W2j.l (r )f (r ) represents an inhomogeneous medium over a finite
domain V, and k2 = k~ = W2/tbfb outside V (see Figure 8.9.1). Next, we
define a Green's function satisfying

[V'2 + k~]g(r, r') = -6(r - r').

Then, Equation (1) can be rewritten as

[\72 + k~]¢{r) = q{r) - [k2{r) - k~]¢{r).

(8.9.2)

(8.9.3)

Note that the right-hand side of (3) can be considered an equivalent source.
Since the Green's function corresponding to the differential operator on the
left-hand side of (3) is known, by the principle of linear superposition, we can
write

¢(r) = - JdV'g(r,r')q(r') +JdV'g(r,r')[k2(r') - k~]¢(r').
v~ v

(8.9.4)

The first term on the right-hand side is just the field due to the source in
the absence of the inhomogeneity, and hence, is the incident field. Therefore,
Equation (4) becomes

¢(r) = ¢inc(r) +JdV'g(r, r')[e(r') - k~l¢(r').
v

(8.9.5 )

In the above equation, if the total field ¢(r') inside the volume V is known,
then ¢(r) can be calculated everywhere. But ¢(r) is unknown at this point.
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Figure 8.9.1 A current source radiating in the vicinity of a general
inhomogeneity.

To solve for ¢(r), an integral equation has to be formulated for ¢(r). To
this end, we imposed (5) for r in V. Then, ¢(r) on the left-hand side and
on the right-hand side are the sarne unknown defined over the same domain.
Consequently, Equation (5) becomes the desired integral equation

¢inc(r) = ¢(r) - JdV'g(r,r /)[k2(r/) - k~]¢(r/), rEV.

v

(8.9.6)

In the above, the unknown ¢(r) is defined over a volume V, over which
the integration is performed, and hence the name, volume integral equation.
Alternatively, the above can be rewritten as

¢inc(r) == [1" - [(r, r/)]¢(r/), rEV, (8.9.7)

where I is an identity operator while L is the integral operator in (6). It is
also a Fredholm integral equation of the second kind because the unknown
is both inside and outside the integral operator.

§§8.9.2 The Electromagnetic Wave Case

We shall show how the corresponding integral equation can be derived
for a finite size, inhomogeneous scatterer for the electromagnetic wave case
shown in Figure 8.9.1. First, from Maxwell's equations, it follows that the
electric field everywhere satisfies the following equation:

(8.9.8)

where M and E are functions of position inside the inhomogeneous region V.
Next, subtracting V x /.LI; 1 V x E( r) - w2EhE( r) from both sides of the equation,
we have

V X(M-1
- /-lb 1

) V x E(r) _w2
( E-Eb)E(r) == iwJ (r )-V XMb 1\7 x E(r) +w2EbE(r),

(8.9.9)
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To formulate the integral equation, we need the dyadic Green's function to
the problem in the absence of the scatterer. The dyadic Green's function
satisfies the equation

(8.9.10)

(8.9.13)

Even though J-Lb and €b need not be constant, but when they are constant,
the solution to (10) is well known, as discussed in Chapters 1 and 7. Conse­
quently, we can rewrite Equation (9) as

\7XJ-Lb1\7xE(r)-W2€bE(r) == iwJ(r)+w2(€-€b)E(r)-\7x (~ - ~) \7xE(r).
J-L J-Lb

(8.9.11)
Physically, the terms on the right-hand side of Equation (11) are effective
current sources. Therefore, analogous to (7.4.5a), the solution to (11) is

E(r) = iw Jdr' G(r, r') · /-LbJ(r') +w2 Jdr' G(r, r') · /-Lb(€ - €b)E(r')

v v

-Jdr' G(r, r') · /-Lb\l' x (~- :J \I' x E(r'). (8.9.12)
v

In the above, the first term is just the incident field; hence, (12) becomes

E(r) = Einc(r) + w2Jdr' G(r, r') . /-Lb(€ - €b)E(r')
v

J '-(') , (1 1) I ( ')- dr G r, r · /-Lb\I x -;;, - /-Lb \I x E r ·
v

The integrals in (13) are contributions to the field E from the volume
current induced in the scatterer by the total electric field E and magnetic
field H (note that \7 x E == iWJ-LH). Hence, the first term is generated by
the electric polarization current or displacement current, while the second
term is generated by the magnetic polarization charges (see Exercise 8.37).
Moreover, when the scatterer is conductive such that € = €' + ia [i», the
first integral in (13) is due to the conduction current induced by the field as
well. This is obviated by substituting the complex permittivity into (13) and
identifying a term proportional to a E corresponding to conduction currents.
On the other hand, if J-l == J-lb, Equation (13) simplifies to

E(r) = Einc(r) +Jdr' G(r, r') · O(r')E(r'),

v

(8.9.14)

where O(r') = w2(J-l€ - J-lb€b) == k2(r' ) - kl·

In Equations (13) and (14), the field E inc is usually known since we know
the source J. But the total field E( r) is unknown, and it is in the integral as
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well. Therefore, analogous to (6), (14) is a volume integral equation, which
can be written as

E(r) == Einc(r) -l(r, r") . E(r/)~ r' E V, rEV, (8.9.15)

where l is a linear integral operator in (13) or (14). Alternatively, we can
write (15) as

Einc(r) == [I - l(r, r/)] . E(r/), r' E V, rEV, (8.9.16)

where I is an identity operator. Since I - L is a linear operator, we can apply
Galerkin's method, or the rnethod of mornents to solve (16), as discussed in
Chapter 5. Once E(r) is known inside V, E can be found everywhere via
Equations (13) or (14). Equation (16) is a Fredholm integral equation of the
second kind because the unknown is both inside and outside the integral.
Equation (14) can also be written in operator form as shown in Subsection
9.3.3 of Chapter 9.

The above derivation is easily generalized to the case where the dyadic
Green's function is for layered media discussed in Chapter 7. In this case,
the background medium need not be homogeneous.

§§8.9.3 Matrix Representation of the Integral Equation
Given the integral equation in (14), it can be converted into a matrix

equation quite easily using the method discussed in Chapter 5, i.e., by pro­
jecting the integral operator onto a space spanned by En (r), where En (r) == 0
for r tt V. To this end, we let

n

rEV, (8.9.17)

in (14). Then,

L anEn(r) = Einc(r) + L an.I dr' G(r, r') ·O(r')En(r'). (8.9.18)
n ti V

The above integral operator acting on En (r) is not a symmetric operator.
Nevertheless, it can by symmetrized by multiplying (18) by O(r) (see Exercise
8.38). In this manner, (18) becomes

L a"O(r)E,,(r) = O(r)Einc(r)
n

+ L anO(r) .I dr' G(r, r') ·O(r')En(r'). (8.9.19)
n v

Consequently, after dot-multiplying the above by Ern(r) and integrating as
in Galerkin's method, we have

11

L a,,(Em , O(r)E,,) = (Em, O(r)Ein)

+ Lan / Em' O(r) .I dr' G(r, r') . O(r')En(r')) .
ti \ v

(8.9.20)
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Now, Equation (20) is a matrix equation of the form

(8.9.21)

or

where

n n

(M - N) . a == b, (8.9.21a)

Mm n == (Em,O(r)En ) ,

Nm n = ( Em,O(r)!dr' G(r, r') . O(r')En(r')) ,

b« == (Em,O(r)Einc ) .

(8.9.22a)

(8.9.22b)

(8.9.22c)

Moreover, with a finite basis set, we can always invert (21a) to find the
unknown a, the column vector that contains the unknowns an's.

Because of the singularity of the dyadic Green's function G (r, r'), (22b) is
not well defined (see Chapter 7). This can be remedied, however, by writing
the integral as

Nm n = Jdr O(r)Em(r) . (j + ~~).Jdr'g(r, r')O(r')En(r').
v v

(8.9.23)

Furthermore, using integration by parts on the term that contains V'V', we
have (see Exercise 8.38)

Nm n =JdrO(r)Em(r)· Jdrg(r,r')O(r')En(r')
v v

-:~ Jdr\!· [O(r)Em(r)]Jdr'g(r,r')\!'· [O(r')En(r')]. (8.9.24)
v v

This is done to circumvent having to integrate the singularity of the dyadic
Green's function. Note further that in (21a), M and N matrices are sym­
metrical. A real-symmetric matrix readily lends itself to being solved by the
conjugate gradient method.

Equation (19) is also solvable by testing it with other weighting functions.
A popular testing function is the Dirac delta function, as in the method of
point matching. In this case, the double integrals in (24) reduce to single
integrals, and the effort to compute the matrix element in the matrix equation
is greatly reduced.

§8.10 Approximate Solutions of the Scattering Problem

The solution of the volume integral equation usually has to be solved
for numerically. This is, in general, computationally intensive because in
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finding the matrix element Nrn n in the previous section, we may have to per­
form a double integration. For many problems, however, especially when
the scattering from the inhomogeneity is weak, it suffices to derive approx­
imate solutions to the scattering problem. Therefore, we shall discuss two
approxirnate solutions, the Born approximation (Born and Wolf 1980, p.
453), which works better at low frequencies, and the Rytov approximation
(Tatarski 1961), which works better at higher frequencies. Moreover, both
approximations are weak scatterer approximations.

§§8.10.1 Born Approximation

In the cases when k2
- k~ is srnall, or where the contrast of the scatterer

is weak so that the second term on the right of Equation (8.9.14) is small
compared to the first term, we can approximate

(8.10.1)

Then, the total field in Equation (8.9.14) can be approximately calculated as

E(r) = Einc(r) +Jdt' G(r, r') ·O(r')Einc(r').

v

(8.10.2)

(8.10.3)

The above is known as the first-order Born approximation. It is also the first­
order approximation in the Neumann series expansion of integral equation in
(8.9.14), or the Taylor series approximation of E(r) using (k2

- k~) as a small
pararneter (see Exercise 8.39; also see Chapter 9, Subsection 9.3.3).

Since the Born approxirnation is good only when the second term is much
smaller than the first term in (2), we can establish the regime of validity of the
Born approximation.l" First, notice that for the homogeneous background
case,

- (- \7\7)G(r, r') = I + kl g(r, r').

If the size of the scatterer is of the order L, and kbL « 1, then by dimensional
analysis (see Exercise 8.40) ~

Then,

g(r, r') '" 1, 1
\7\7 '" £2' (8.10.4)

(8.10.5a)

(8.10.5b)

15 The regime of validity of the Born approximation has also been discussed by Keller
(1969).



486

(where ~€T = €/€b - 1) and
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Jdr' '" £3. (8.10.5c)

Therefore, one sees that the second term in (2) is of the order of

But since kbL « 1, in order for the scattered field to be much smaller than
the incident field, the constraint is

~€T « 1, (8.10.7)

in the long wavelength limit.

On the other hand, in the short wavelength limit, the controlling factor
for the magnitude of VV is not the size of the object, but the field variation
inside the object, which is controlled by the wavelength of the field. Then,

(8.10.8)

Furthermore, the phase of the wave as it propagates inside the object becomes
important. For example, if E inc "..J ei k b·r , then the total field inside a tenuous
inhomogeneity consists of a linear superposition of plane waves of the type
E "..J eik .r (which is motivated by WKB type approximation; see Chapter 2)
when k ~ 00. 16 Therefore, we can write

(8.10.9)

and hence, E ~ E inc only if (k - kb)L « 1. Consequently, at high frequencies,
the Born approximation is valid only if

(8.10.10)

Note further that the above is a much more stringent restriction than (7)
(also see Exercise 8.41).

In some applications where there is no charge accumulation (for exam­
ple, a TM wave impinging on a cylinder), the \7\7 term can be neglected.
Then, the problem reduces to a scalar one, and the constraint on the Born
approximation from (4) to (6) becomes (Exercise 8.42)

(8.10.11)

Moreover, in the long wavelength limit, kbL « 1, and this constraint could
be met even when ~€r > 1. Hence, in this case and the scalar wave case,

16 Strictly speaking, it should be E "oJ ei J-: but this distinction is not important for this
order-of-magnitude argument.
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the Born approximation becomes exceedingly good at low frequencies. But
at high frequencies, constraint (10) holds true also for scalar waves, since
polarization-charge effect is unimportant at high frequencies. Finally, it is
important to note that the above constraints are for a three-dimensional
space. In a one- or two-dimensional space, they have to be rederived (Exercise
8.42).

The Born approximation is a single-scattering approximation. Moreover,
note that in Equation (2), the incident wave enters the scatterer with no dis­
tortion, induces the polarization current proportional to (k2 - kl)Einc , and
causes a re-radiation or scattering. Since the incident field is unaffected while
it gives rise to a scattered field, the Born approximation violates energy con­
servation. However, because of the symmetry of the dyadic Green's function,
reciprocity is still preserved under the Born approximation.

When a conductive inhomogeneity is in an insulating background, k2 (r ) I'J

iWJ-la(r) when w -t 0 and k~ == W2{Ltb when w -t O. Then, from (3)

- 1
G(r, r') I'J 2' w -t O. (8.10.12)

w
However,

O(r) ~ W, W -t O. (8.10.13)

Therefore, the scattered field term in (2) is proportional to l/w when w ---t O.
This low-frequency divergence implies that the Born approximation is exceed­
ingly bad at low frequencies when a conductive inhomogeneity is embedded in
an insulating background. This happens because when we approximate the
induced conduction current (eddy current) in the conductive inhomogeneity
by

J == aE ~ aEin , (8.10.14)

in the Born approximation, the induced eddy current is terminated abruptly
at the insulator / conductor interface. We can see this from the continuity
equation, where the charge () == \7 . J / iw implying that these charges at
the interface diverge as l/w when w -t 0, giving rise to this low-frequency
divergence if \7 . J # O. But note that this problem does not arise if both the
background and the scatterer are conductive.

§§8.10.2 Ryt.ov Approximation
We have seen in various instances (c.g., Section 2.8, Chapter 2) that

the polarization-charge effect is unimportant at high frequencies when the
wavelength is much smaller than the size of the inhomogeneity. If this is
actually the case, the study of the vector electromagnetic wave equation may
be reduced to the study of the scalar wave equation. Therefore, the pertinent
equation is then

To derive the Rytov approximation, we first let

¢( r) == eiljJ(r).

(8.10.15)

(8.10.16)
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Then,
\l¢(r) = i¢(r)\7r¢(r).

\7. \l¢(r) = {i\7 21jJ(r) - [\71jJ(r)]2}¢(r).

Using the above in Equation (15), we have

(8.10.17a)

(8.10.17b)

(8.10.18)

At this point, Equation (18) is still exact but nonlinear. However, we can
solve (18) perturbatively by letting

(8.10.19)

Here, 1jJo(r) is assumed to satisfy the equation

(8.10.20)

i.e., it is the solution in some background medium with wave number kb•

After substituting (19) into (18), consequently, we have

(8.10.21)

where O(r) = k2 - k~. At this point, the above equation is nonlinear, but it
could be simplified by using the identity that

(8.10.22)

(8.10.23)

Then, on multiplying (21) by i¢o and using (23), we obtain

(8.10.24)

Equation (24) is still exact at this point. But if we assume that 'l/Jl is
small so that (\l'l/Jl)2 is even srnaller, Equation (24) can be approximated as

The solution to (25) is then

1/JI (r) = - 4>o~ r) Jdr' g(r, r') 4>o(r')O(r').

(8.10.25)

(8.10.26)

The above approximation is known as the Rytov approximation: the total
solution is

(8.10.27)
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The Rytov approximation is valid when the first term on the right of
Equation (24) is much smaller than the second term, or

(8.10.28)

Moreover, this approximation attempts to correct for the phase of the wave
as it propagates through the inhomogeneous media. Hence, it shares some
similarity with the WKB approxirnation.l"

Applying dimensional analysis, it can be shown from (26) that

(8.10.29)

Furthermore, assuming that \7 rv 1/L when kbL ~ 0, then the use of (29)
into (28) yields the condition that

(8.10.30)

which is the same as (11). Again, this is dependent on dimensions.

On the other hand, when the frequency tends to infinity, the field inside
the inhomogeneity is of the form eik-r. Then,

Therefore, ~l(r) ~ (k - k b ) · r , and

7)J1 (r) rv kbL6.Er , kbL --t 00.

(8.10.31)

(8.10.32)

Moreover, assuming that V' ~ 1/L when kbL ~ 00,18 the use of (32) into (28)
yields the constraint

(8.10.33)

which is more relaxed than (10).

In the Rytov approximation, the correction VJl (r) occurs as a phase term.
But the magnitude of the correction to ¢o(r) is always unity even when VJl(r)
is bad. Hence, the approxirnation breaks down more gracefully compared
to the Born approximation. Furthermore, the form given by (27) or (31) is
more suitable for the field inside the inhomogeneity. Outside the scatterer,
the constraint is again given by (10) for high frequencies (Exercise 8.43).

Note that the Born approximation for the scalar wave equation is of the
form

¢l (r) = -.I dr' g(r, r')O(r') ¢o(r'), (8.10.34)

17 The regime of validity of the Hyt.ov approximation has also been discussed by Fried
(1967), Brown (1967), Keller (1969), and Crane (1976).

18 Unlike (8). \7 ~ 1/L instead of kb here because \7 operates on 1/'1, which is the phase
variation.



490 INTEGRAL EQUATIONS

where <Pl(r) is the scattered field and cPo(r) is the incident field. But when
'l/Jl (r) is very small, we can rewrite (27) as

</> (r) ~ cPo (r) + i VJl (r ) <Po (r ). (8.10.35)

Therefore, <PI (r) ~ i'l/Jl (r) cPo(r) if 'l/Jl (r) is very small. Then, on multiplying
Equation (26) by i<po(r), we recover Equation (34). Hence, the Born and
Rytov approximations reduce to the same approximation when the scattered
field is very weak.

Both the Born and the Rytov approximations assume that the scattered
field is linearly proportional to the inhomogeneity O(r). As such, this lin­
earized approximation makes them particularly suitable for solving the in­
verse problems when the scatterers are weak scatterers.

Exercises for Chapter 8

8.1 (a) Find another solution of (8.1.3) in VI that also satisfies the radiation
condition at infinity.

(b) Show that the integral over Sin! in (8.1.6) vanishes by virtue of the
radiation condition. In other words, if the sources that generate the
field are finite in extent, all fields will look like outgoing plane waves
when r ~ 00.

8.2 (a) Derive Equation (8.1.11) in the manner of Equation (8.1.10). Does
g2(r - r') in (8.1.11) need to satisfy the radiation condition?

(b) Show that (8.1.11) can be simplified by imposing either a homoge­
neous Dirichlet or Neumann boundary condition for g2(r,r') on S. In
this case, explain why g2(r, r') is only defined in V2, and the lower
part of (8.1.11) does not hold anymore.

8.3 (a) For an unbounded homogeneous-medium dyadic Green's function,
show that V' x G(r,r') = V' x Ig(r,r') = -\1' x Ig(r,r'). Hence,
show that

[\7 x G(r, r')] t = - (\7' x I) t g(r, r') = \/' x Ig(r, r') = \7'x G(r', r).

(b) Derive Equation (8.1.27) in a manner similar to deriving (8.1.26).

(c) Show that G 2(r , r ') need not satisfy the radiation condition in this
case.

(d) Show that G 1(r , r') in (8.1.28) need not be the homogeneous-medium
Green's function.

8.4 (a) Derive the identity in Equation (8.1.37).

(b) Derive Equation (8.1.41) and hence, the integral equations in
(8.1.42a) and (8.1.42b).
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8.5 Show that the z components of the electromagnetic field, after Fourier
transforming according to (8.1.43) to (8.1.45), satisfy (8.1.46).

8.6 Derive Equations (8.1.53) and (8.1.54). Show that G1(p, p') and G2 (p,
p') need not be of the form given by (8.1.51). What other forms can you
think of?

8.7 Derive the relations (8.1.60) and (8.1.61) and hence, (8.1.62).

8.8 Because of the singularity contained in n· \7g(r,r/), Equations (8.1.10)
and (8.1.11) are undefined when rES. But using the definition of the
principal value integral as in (8.2.12), the integrals in (8.1.10) and (8.1.11)
can be defined even when rES. Show that under such a definition,
integral equations similar to (8.1.12a) and (8.1.12b) are

<Pinc(r) = ~<Pl(r) + f dS' it' . [gl(r, r')V'<Pl(r') - <Pl(r')V'gl(r, r')J,
s

rES,

o= ~<P2(r) - f d.S' it' . [g2(r, r')V'<P2(r') - <P2(r')V'g2(r, r')],
s

rES.

8.9 In (8.2.1), show that .ell and .e 21 are symmetric operators while £12

and £22 are skew-symmetric operators. Hence, show that their matrix
representations by Galerkin's method yield symmetric or skew-symmetric
matrices.

8.10 (a) Show that Equation (8.2.14) is always uniquely defined, i.e., it is
not discontinuous across the surface S.

(b) Derive Equation (8.2.19) similar to the procedure given in (8.2.9) to
(8.2.12).

8.11 (a) Show that for the boundary-element method, the tangential mag­
netic field on the n-th triangular patch can be expanded as

where

and

N in == [N i 1n , N i 2n ] , 11fn == [hi 1n , hi 2n J.
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N i 1n and N i2n are as defined in (8.2.23) for the n-th patch. Hence,
h., is a column vector of length 6.

(b) If a surface S is approximated by a union of N triangular patches,
show that the tangential component of the magnetic field can be
expanded as

N
~-t -tn x H = 6 N n . h., = N . h,
n=l

where Nt = [N:, ... ,N~], and h ' = [hf, .. · ,h1]. Hence, h is a

column vector of length 6N.

(c) The elements of h consist of the normal components of the edge cur­
rents at the nodes of the union of triangular patches that approxi­
mates S. Since the normal components are continuous from one edge
to another, many of the unknowns in h are redundant. Hence, the
actual number of unknowns needed to approximate it x H is less than
6N. Convince yourself that the actual number of unknowns is 2M
where M is the total number of edges on S and that 2M < 6N.

(d) Given that TJ is a column vector of length 2M containing the funda­
mental unknowns, show that a mapping matrix can be constructed
such that

-t
h = M . TJ,

where M
t

is a 6N x 2M matrix. Hence, show that
-t -t

ii x H = N . M . 'TJ.

(e) Given an integral operator JdS' G(r, r') .nx H(r'), r E 5, show that
s

its matrix representation using Galerkin's method is given by

M. \N, / dS'G(r,r'). Nt). M
t,

where the inner product is a surface integral on S. What is the
dimension of this matrix representation of the integral operator?

8.12 Give an example of gn in (8.2.27) which is not of a diagonal form, but
yet forms a complete set.

8.13 The scattering of a plane wave by a metallic circular cylinder can be
solved in closed form:

(a) Using the integral representation of Bessel functions in Chapter 2,
Equation (2.2.17), show that a plane wave can be expanded as

00

e-ikx = e-ikpcost/J = I: I n (k p )e int/J- imr/ 2 ,

n=-oo
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(b) In two dimensions, the Green's function is [see Equation (3.3.2)]

493

. . 00

g(p - pi) = ~H(\l)(klp - p'l) = ~ L In(kpdH~l)(kp>)ein(</J-</J').
n=-oo

Assuming rPinc(r) is a plane wave as given above, show that (8.2.31)
simplifies to

00

n=-oo

27r

= 1f I n(kp)e
in</JH,\l) (ka)aJd¢' e-in</J'n'· V'¢l(r'), p < a

n==-oo 0

for a plane wave incident on a circular metallic cylinder of radius a.

(c) Find the matrix representation of the integral operator above by ex­
A1

panding it· \}'¢l(r') =.: L arneirnq/ and testing with e-i P¢ at p == a.
rn==-['d

Show that the simplified version of (8.2.31) in the above reduces to

J (ka)e- iPfr == ~J (ka)H(1)(ka)21fa
p 4 P P v

Hence, the matrix representation of the integral operator in (8.2.31)
is diagonal in this case.

(d) Show that at the internal resonance of the circular cylinder, both the
left-hand side and the right-hand side of the above is zero, rendering
ap undefined.

(e) Show that the resonant sources of (8.2.32) generate no field outside
the scatterer. Hence, prove Equation (8.2.33) from the reciprocity
theorem (see Chapter 1, Exercise 1.13) for the scalar wave equation.
The left-hand side of the equation in (c) vanishes at the internal
resonance of the cylinder. Show that (8.2.33) is automatically satisfied
for this case.

8.14 A consequence of (8.2.31), by operating on it with n· \7, is that

n· V¢inc(r) = JdS' tl . Vg1(r, 1") fl.' . V'(P1(r'), r E S.

s

A combined field integral equation is defined as

¢inc(r) + An· V¢inc = JdS' .91(1',1") fl.' . V'¢l(r')

s

+A./ dS'n·Vg1(r,r')n'·V'¢1(r'), rES.

s
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Going through the special case as illustrated in Exercise 8.13, show that
the indeterminacy in Exercise 8.13(d) due to internal resonances does not
exist for this integral equation if A is complex.

8.15 For the integral equation in Exercise 8.13(b), we expand

M

h· '\7'<P1(r') = L ame
im 4> ,

m=-M

and test it with 8(p-a)e-ip</> and 8(p-a+~)e-iP</>where p = -M,··· ,M
and ~ «a. In other words, the integral equation is tested with points
on S as well as on points slightly interior to S. Show that the integral
equation now reduces to

Jp(ka)e- iPI = ~Jp(ka)H~1)(ka)27rap,

p= -M,··· ,M,

Jp[k(a - L\)]e-iP~ = ~Jp[k(a - L\)]H~1)(ka)27rap,

p= -M,··· ,M.

The above is a set of overdetermined equations with 4M equations but
only 2M unknowns. Show that the least-square solution of these overde­
termined equations eliminates the internal resonance problem encoun­
tered in Exercise 8.13, except at the resonance of the annular region
bounded by a and a - ~, which has very high resonant frequencies.

8.16 By using the addition theorem [see Chapter 3, Equation (3.3.2) and
Equation (3.7.4)], show that the scalar Green's function for a homoge­
neous medium can be expanded as in (8.3.3) for both two and three
dimensions. What is 'l/Jn(k, r) for each of these cases?

Hint: It is sometimes more expedient to use cos m¢ and sin nub rather
than eim 4> dependence so that in the lossless case, "regular part of" is the
same as "real part of."

8.17 (a) Show that a closed cavity with the boundary condition ¢2(r') = 0
on S and filled with a material with wavenumber k2 has a field that
satisfies the integral equation

o=JdB'92(r - r') h' · '\7'<P2(r'), r E VI,

s

where S and VI are the same as that in Figure 8.3.1. Now, using
(8.3.3) in the above, show that

o= Jas rRe'l/Jn (k2, r') h' . '\7'<P2 (r'), for all n.

s
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The above integral equation has only a trivial solution for ii' . \/'¢2 (r')
except at the resonant frequencies of the cavity. This implies that at
the nonresonant frequencies of the cavity, the only function that is
orthogonal to SRe?jJ'n (k2 , r") for all n is zero. Consequently, SRe1/;n (k2 , r')
is complete on 5, except at the resonant frequencies of the cavity.

(b) Similarly, prove that it· \7/~e?jJn(k2 , r") is complete on S except at the
resonant frequencies of the cavity formed by S filled with a material
with wavenumber k2 . What is the boundary condition on the wall of
this cavity? Could any of the resonant frequencies in case (a) coincide
with the resonant frequencies in this case?

8.18 Derive Equation (8.3.13) from (8.3.12).

8.19 (a) Derive the equivalence of (8.3.15) for an impenetrable scatterer with
a homogeneous Dirichlet boundary condition on S. Give the definition
for Qnm in this case.

(b) Show that at the internal resonances of the cavity formed by S filled
with a material with wavenumber k2 , the matrix Qnm is ill-condi­
tioned.

(c) Show that this problem can be remedied by using a linearly indepen­
dent set to expand the surface field rather than those suggested by
(8.3.9) and (8.3.10).

(d) Explain why the internal resonances do pose a problem for the Q
matrix of a penetrable scatterer given by (8.3.16).

8.20 Derive the equivalence of (8.3.7) for a circular metallic cylinder. Show
that the internal resonance problem encountered in Exercise 8.13 does
not exist here.

8.21 Show that in spherical coordinates, the dyadic Green's function can be
expressed as (8.3.19). Identify the vector wave functions (see Chapter 7).

8.22 Derive Equations (8.3.21) and (8.3.22) from Equations (8.3.17) and
(8.3.18).

8.23 Show that the set ii x SRe1/Jm(k2 , r') or it x \7' x SRe1/Jm(k2 , r/) is complete
on the surface S except at the internal resonance of the cavity formed by
S and filled with a material with wavenumber k2 .

8.24 Prove the identity (8.3.27).

8.25 From the reciprocity theorem for the scalar wave equation, prove that
T, and hence S, are symmetric matrices.

8.26 (a) From the scalar wave equation (\72 + k2 ) ¢ == 0, derive the energy
conservation theorem that ,r dS rL .(¢v¢* - ¢* \7¢) == 0 \vhen k is real.

S'

Hence, F == ¢'V¢* - ¢*\l¢ is an energy flux.
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(b) Show that for a lossless medium,
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where 'l/Jn(k1, r) is derived in Exercise 8.16.

(c) Show that JdSft· [1/J\71/Jt - (\71/J)1/Jt] = 0 when S is a closed surface,
s

and 1/J is as defined for (8.4.8).

Hint: Derive it first for when S is a circle or a sphere, and deform
it to an arbitrary S later. The deformation is allowed because \7 ·
(1/J\71/J t - (\71/J)1/J t] = 0 in a region excluding the origin.

(d) Using (8.4.12), (b), and (c), show that

JdSiI,· (</J\/</J* - </J*\/</J) = ~at ·JdS ["p*\/"pt - (\/"p*)"pt

S S

+st. ("p\/"p t - (\/"p)"p t) · S*] ·a*.

(e) Show that

JdS ["p*\/"p t - (\/"p*)"p tJ = icl,
s

where c is a real constant.

Hint: The Wronskian of Bessel functions may be useful here.

(f) Therefore, show that in order for the integral in (d) to vanish to
- -t - -* -

conserve energy, S · S = S . S = I.

8.27 (a) Using Rayleigh's hypothesis method, derive the T matrix for an
impenetrable scatterer with a homogeneous Dirichlet boundary con­
dition. Show that this is the transpose of the T matrix derived by
the extended-boundary-condition method.

(b) Explain why the error in Rayleigh's hypothesis method and the EBC
method should be of the same order if the same number of terms are
used in both methods.

8.28 (a) Derive the 0ji and {iji matrices in cylindrical coordinates. Show

that (3ji = ~eOji' where "~e" stands for "the regular part of."

(b) Derive the 0ji and ~ji matrices in spherical coordinates. Show that

{3ji = ~eQji (also see Appendix D).

8.29 Count the number of matrix multiplications required in (8.6.17) and
(8.6.18) at each iteration, and that required after N iterations for N
scatterers. Show that the number of matrix multiplication is proportional
to N 2 when N --+ 00.
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8.30 Using the EBC method, derive the RIo and T 10 matrices defined in
Equations (8.7.7a) and (8.7.7b) for the geometry shown in Figure 8.7.2.

8.31 (a) By expanding (8.7.23) and (8.7.28) into a geometric series, give a
physical explanation for each term of the series.

(b) Derive the relationships (8.7.25) and (8.7.26).

8.32 Derive the matrix representation of Equation (8.8.3); hence, derive
(8.8.8) and (8.8.9).

- --1
8.33 (a) Explain why L, and hence M in (8.8.15), are singular at the

resonant frequencies of the cavity formed by S. Show that for a time
harrnonic solution, this poses a problem only for a lossless medium
filling the cavity.

(b) Show that for a finite vector d, c is infinite at the resonant frequencies
in (8.8.15). At the resonant frequencies of the cavity, however, ii .
\7cPI(r) == 0, and hence, d == 0 from (8.8.12b). Therefore, c must be
finite while d == 0 at resonances.

(c) At the resonances of the cavity, L, which is symmetric, has zero eigen­
values. Using the singular value decomposition method, show that

L == Sf .X·S where "X is a diagonal rnatrix containing the eigenvalues
of L. Some of these eigenvalues are zero at the resonances of the
cavity.

(d) Because of the zero eigenvalues of L, its inverse [-1 has infinite eigen­
values. Show that M also has infinite eigenvalues at the resonances
of the cavity. Hence, M is not computable when L is singular.

(e) Show that by setting the zero eigenvalues of 1 to a small, nonzero
number, M is computable. Instead of having infinite eigenvalues, M
has large eigenvalues. In this manner. M -1 in (8.8.22) can be found
to a degree of accuracy permitted by rnachine precision.

8.34 A less computationally intensive rnethod of finding 1-1
to within rna­

chine precision is to use the regularization method.

(a) Explain why the internal resonance poses a problem only for lossless
media in S. Show that the eigenvalues of 1 are always real in this
case.

-- -
(b) If a new E is defined such that L == 1 + ibI, where ib is a pure

imaginary number, show that 1's eigenvalues will never be zero. ib
-- -1

can be chosen just large enough so that L can be found without
overflowing the computer floating-point capability. In this manner,
- --1
M can be computed, as can M .

Alternatively, the resonance problem can be alleviated by assuming

a small loss in VI'
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8.35 (a) Assuming that an impedance boundary condition such that it .
"Vgl = Z gl on S is imposed, formulate the scattering problem by an
inhomogeneous body using the finite-element method together with
this impedance boundary condition.

(b) Explain why the internal resonance problem would not exist in this
case.

8.36 The field in VI in Equation (8.8.6) can be decomposed as cPl = <Pine +
<Psca, where <Psca is the scattered field due to the inhomogeneity.

(a) Show that if gl(r,r') in (8.8.6) satisfies (8.8.3) plus the radiation con­
dition at infinity, then

JdS' [gl(r, r') it'· 'V/<Psca(r/) - <Psca(r/) iL'· 'V/gI(r,r/)] = 0, r E Vi
s

in Figure 8.8.1. Hence, Equation (8.8.6) can be written as

<PI(r) = JdS/[gl(r,r/)iL/·'V/<Pinc(r/)-<Pinc(r/)iL/·'V/gI(r,r/)], r E VI'

S

(b) The above shows that cPl (r) inside Vi is known once the requisite
91(r, r') satisfying the radiation condition is known. Moreover, once
¢;l(r) is known, then ¢;sca is known inside Vi and on S since ¢;l(r) ==
¢inc(r) + 1Jsea(r). But in (8.8.5), ¢;o == ¢inc + ¢sca in va. Hence, show
that if the homogeneous-medium Green's function 9o(r, r') satisfies
the radiation condition at infinity, then

JdS' [go(r,r/)iL" \1/<Pinc(r/) - <Pinc(r/)iL" 'V/go(r,r/)] = 0, r E Vo.

s

Hence, from (8.8.5), deduce that

<Psca = - JdS' [go(r, r") iL'· \1/<Psca(r/) -<Psca (r') iL'· \1/go(r, r/)], r E va·
s

In conclusion, if 91(r, r') is known inside VI and on S, then the
field everywhere could be found. But the requisite 91 (r, r') satisfying
the radiation condition can be found approximately using an absorb­
ing boundary condition on S. An absorbing boundary condition may
be of the form n . \791 == Z 91 on S, so that all outgoing waves are
absorbed on S emulating the radiation condition. Such a manner
of formulating an FEM problem with this boundary condition is de­
scribed in Exercise 8.35. l\!loreover, absorbing boundary conditions
are described in Chapter 4.



EXERCISES FOR CHAPTER 8 499

8.37 Explain why the second term in (8.9.13) is related to magnetic polar­
ization charges.

8.38 Derive Equation (8.9.24) from Equation (8.9.23) and show that Nm n is a
symmetric matrix. Explain why the matrix representation of the integral
equation is symmetrized by a multiplication by O(r) as in (8.9.19).

8.39 The Neumann series expansion of an integral equation is the higher­
dimensional analogue of the Taylor's series expansion of a scalar function.
By using the k2 - k~ as a small parameter, show that the error in (8.10.2)
is of higher order.

8.40 (a) Assume an integral of the form

I = Jdr' g(r, r')q(r'),

v

where g(r,r') == eikblr-r/I/41l1r-r'l. By letting 1] == r l L and rl ==

r'lL, where L is the typical size of the volume V (i.e., V ~ L3
) , show

that

The integral now is mainly dimensionless except for the dimension of
q. If kbL « 1 or L « AfJ, then show that

When should q be of the same order as q? If so, then I is O(L2q).

(b) Show that the above can be obtained more quickly by dimensional
analysis, i.e., by assuming that g(r,r') r-;» l/L, f dr' rv L3.

8.41 (a) For a plane wave at normal incidence on a dielectric slab of thickness
L, find the exact solution of the reflected wave.

(b) Derive the approximation of the reflected wave when ~ -1 ~ 0, where
fob

f is the permittivity of the dielectric slab and Eb is the permittivity of
the background.

(c) Derive the reflected wave using the Born approximation, and show
that this result reduces to that in (b) only if (8.10.10) is satisfied.

8.42 (a) For a scalar wave equation, show that (8.10.11) is the constraint
for the validity of the Born approximation at low frequencies.

(b) Show that the corresponding constraint for two dimensions is
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and that for one dimension is kbL~Er « 1.

8.43 (a) For a homogeneous dielectric slab of thickness L with a wave nor­
mally incident on it, derive the exact solution for the reflected wave
as well as the wave inside the slab using the method of Chapter 2.

(b) Derive the field inside the slab using the Rytov approximation. Show
that this result reduces to that of (a) inside the slab when (8.10.33)
is satisfied but not outside the slab.
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CHAPTER 9

INVERSE SCATTERING PROBLEMS

In inverse scattering, one attempts to infer the properties of the scatterer
from the scattered field measured outside the scatterer. The ability to infer
information on an object without direct contact also expands man's sensory
horizon. No doubt, it is a much sought-after capability.

The science of reconstructing an object from some measurement data is
known as tomography. Advancement in inverse scattering theory can clearly
enhance the science of tomography. Consequently, inverse scattering has
wide applications in medical tomography, nondestructive evaluation, target
identification, geophysics, seismic exploration, optics, remote sensing, and
atmospheric sciences. Unfortunately, the inverse scattering problem is also
inherently nonunique. Therefore, a solution often has to be chosen from
many possible different solutions in solving the inverse scattering problems.
As an added complication, the scattered field is nonlinearly related to the
scattering object. This nonlinear relationship exacerbates the difficulty of
finding a closed-form solution to the inverse scattering problems.

A general way then to solve the nonlinear problem is via an iterative ap­
proach. Most inversion algorithms that find practical applications only solve
the problem approximately, for example, by using an approximate linear re­
lationship between the measurement data and the object. In one dimension,
inversion algorithms using the Gel'fand-Levitan method and the Marchenko
method can unravel the nonlinear relationship between the scatterer and the
measurement data, but usually they have limited applications. Moreover, the
simplicity of the Gel'fand-Levitan and Marchenko methods in one dimension
is not preserved in higher dimensions. Consequently, in higher dimensions, a
numerical method is usually needed to solve the nonlinear inverse problem.
In this chapter, we shall first discuss the linear inverse scattering problems,
and later, the nonlinear ones. First, the nonlinear inverse scattering meth­
ods in one dimension, e.g., the Gel'fand-Levitan-Marchenko method and the
method of characteristics are presented. Later, nonlinear inverse scattering
algorithms proven to work in higher dimensions will be presented.

§9.1 Linear Inverse Problems

In an inverse scattering problem, only field data outside the scatterer are
available, for instance, through a measurement scheme shown in Figure 9.1.1.
Then, the total field is related to the object via the volume integral equation
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Figure 9.1.1 An example of an inverse scattering experiment.

(see Chapter 8, Section 8.9)

E(r) = Einc(r) + Jdr' G(r, r') · O(r')E(r').
v

(9.1.1)

The integral above corresponds to the scattered field and is the only term that
contains information on the scatterer, which is described by O(r) = k2(r)-k~.

It is apparent that the scattered field is a nonlinear functional of O(r), because
E(r) itself is also a functional of O(r). Futhermore, this nonlinearity can be
illustrated easily by performing a Neumann series expansion of (1). Then,
the presence of the nonlinear terms is apparent in such a Neumann series
expansion (see Exercise 9.1; also, see Subsection 9.3.3).

The nonlinear dependence of the scattered field on O(r) is due to the
mutual interactions between the induced polarization currents. Moreover,
this is also a multiple scattering effect. To show this more clearly, we discuss
the following experiment: If the scattered fields of two isolated scatterers are
known, then obviously, the total scattered field when the two scatterers are
adjacent to each other is not a linear superposition of the isolated scattered
fields (see Exercise 9.2). In addition, we need to add a multiply scattered
field (see Figure 9.1.2). In essence, the multiple scattering effect precludes
the use of the principle of linear superposition to find the total scattered field
from many objects. In other words, one cannot solve for the scattered fields
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Figure 9.1.2 Multiple scattering between scatterers gives rise to non­
linearity in the inverse problem which preclude the use of linear su­
perpositions.

from the two objects independently first, and then, linearly superpose the
two solutions later.

The nonlinear relationship of the scattered field to the object preempts
the chance for a simple, exact solution of the inverse problem. But if the
scattered field is approximated as a linear functional of the object, it vastly
simplifies the inverse problem. Moreover, there are several conditions under
which the problem could be "linearized." These conditions, for example,
are those of the Born and the Rytov approximations. For instance, in the
Born approximation, the scattered field amplitude is a linear functional of
the object, whereas in the Rytov approximation, the phase perturbation is a
linear functional of the object (see Chapter 8). Furthermore, another way of
obtaining a linearized relationship between data and the object is to use high­
frequency waves. High-frequency waves travel in a ray-like manner through a
material. Consequently, with the ray-optics approximation on the wave, the
phase delay and the amplitude attenuation of a field are linearly related to the
object properties. But such a linear relationship between the phase and object
properties is destroyed when multipath effects are important. Unfortunately,
this is the case when the frequency of the wave is lower.

In a transient measurement, the high-frequency components usually ar­
rive earlier than the low-frequency components. Then, the pulse-echo meth­
ods where the reflected pulse is properly time gated can be used to obtain the
early signal arrivals. These early arrivals traverse the object in the shortest
time, and hence, have less multipath and multiple scattering effects. Conse­
quently, they are more linearly related to the object than the late arrivals.
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In X-ray tomography, the attenuation of an X-ray in a ray path is a linear
functional of the object property that it traverses. Furthermore, the ray paths
are essentially straight lines due to the high energy of the photons. Moreover,
the high momenta of the photons cause little multipath effects. In this case,
the back-projection algorithm can be used to reconstruct the object with
great success in X-ray tomography. Hence, we shall review the fundamentals
of back-projection tomography. A further review of tomographic methods
has been given by Mueller, Kaveh, and Wade (1979), and Kak (1979).1

§§9.1.1 Back-Projection Tomography
The back-projection algorithm is particularly useful when the measured

phase or attenuation is a linear functional of the object, for instance, as in X­
ray. The WKB approximation (see Chapter 2) says that at high frequencies, a
wave propagates mainly in the forward direction with very little reflections­
it is essentially a theory of small reflections. Moreover, the phase shift or
attenuation of the wave as it propagates through an inhomogeneous medium
at high frequencies is, to a very good approximation, governed by the factor

b

iw f s(z') dz'

e a (9.1.2)

The slowness s(z) is complex if the medium is lossy. In X-ray tomography,
only the attenuation is measured, as the wavelength is too short for phase
measurement. On the other hand, in ultrasound tomography, one measures
the delay of a pulse through a body, which is related to the phase shift and
the phase velocity of the object medium (see Exercise 9.3). This delay, using
the physical picture of the WKB approximation, is given by

b

T = Js(z') dz',

a

(9.1.3)

where s(z) is the slowness of the wave. Moreover, in the above physical
picture, the path of the ray through the medium is assumed to be a straight
line. This is only true at high frequencies like in X-ray, or if the contrast of
the inhomogeneity is small. At ultrasonic frequencies, this physical picture
is less accurate; unlike X-ray tomography, ultrasonic tomography with the
back-projection algorithm is fraught with more distortions.

If the object is described by its slowness or its attenuation profile s(x, y),
a single experiment then yields

00

P(y') = Js(x', y') dx',

-00

1 Also see Lee and Wade (1986).

(9.1.4)
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Figure 9.1.3 A projection tomography rneasurement scheme.

where (x', y') are the coordinates of the laboratory experiment, as shown in
Figure 9.1.3. Hence, P(y') is the projection of the function s(x', y'). It can
be regarded as the shadow cast by s(x', y') on an X-ray film when s(x', y')
is illuminated by rays pointing in the x' direction. Moreover, it is related to
the Fourier transform of s(x, y). To see this, we write

00

,,(x' y') == _1_ jf dk' dk' eik~xl +ik~y' S(k' k')t., (27T")2 x Y z : Y •

-00

(9.1.5)

Then,
00

P(y') = 2~ J dk~ eik~yl 8(0, k~).
-00

(9.1.6)

Hence, from a single projection, a slice of the Fourier transform of s(x, y),
i.e., S(k~, k~) at k~ == 0, is derivable by inverse Fourier transforming (6). This
is also known as the projection-slice theorem (Herman 1980). Consequently,

00

8(0, k~) = J dy' e-ik~yl P(y'). (9.1.7)

-00

To get a different slice of the Fourier transform, we need only perform the
experiment at a different angle. Therefore, by performing the experiment
with angles ranging from 0° to 180°, S(kx , ky ) will be filled out in the whole
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Figure 9.1.4 The object in real space and in Fourier space. A pro­
jection, P(y') == Js(x', y')dx' is related to 8(0, k~), a slice in Fourier
space.

Fourier space. Knowing S(kx , ky), one can then reconstruct the object s(x, y)
(see Figure 9.1.4).

As mentioned previously, the straight-line approximation for an X-ray
is an extremely good one, because X-ray photons have high frequencies and
momenta and are hardly diffracted by inhomogeneities. But for ultrasound,
some diffractions causing non-straight-line projection may ensue, giving rise
to distortions in the reconstructed object. Hence, we shall discuss how the
diffraction effect is accounted for in a later section on diffraction tomogra­
phy. Next, we shall discuss Radon transforms, which are the mathematical
backbones of back-projection tomography.

§§9.1.2 Radon Transforms

Radon transform was first described by Radon (1917), and was only used
for tomographic reconstruction by Bracewell (1956) some forty years later.
Radon transforms are very useful in back-projection tomography, because
back-projection tomographic reconstruction is expressible as a radon trans­
form. Therefore, we shall first study the two-dimensional Radon transforms
and then the three-dimensional Radon transforms (Deans 1983).

(a) Two Dimensions

As shown previously, a slice of the Fourier transform of s(x', y') is obtain­
able from the projection P(y') via

00

8(0, k~) = Jdy' e-ik~ylP(y'). (9.1.8)

-00
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Then, if all the slices of the Fourier transforms are known at different angles,
the two-dimensional Fourier transforrn S(kx , ky ) is retrievable to reconstruct
s(x,y) via

00

s(x, y) = (2~)2 JJ dkxdkyeikxx+ikYYS(kx, ky).

-00

(9.1.9)

But since the slices have symmetry in cylindrical coordinates, the above is
more expediently written in cylindrical coordinates to give (Exercise 9.4)

'Tr oc

s(p,¢) = (2~)2 Jdo. J dkplkpleikpPcos(o-t/JlS(kp,O'.).

o -00

(9.1.10)

Then, from (8), S(kp , a), for a fixed a, is just a slice of the Fourier transform
retrievable from the projection via

00

S(kp,a) = J d~ e- ikp{P(~, a),

-:::xJ

(9.1.11)

where P(~, a) == P(y'), the projection obtained for a given Q.

Now, after substituting (11) into (10), performing the kp integration first,
and using integration by parts, we arrive at

1 J'Tr Joo [:{P(~, a)]
s(p, ¢) == -2 do P.V. () d~ .

21r Pcos a - ¢ - ~
o -oc

(9.1.12)

To obtain the above, we have made use of the fact that (see Exercise 9.4)

00

P.V. Jdy e-~XY = -7l"isgn(x).

-00

Moreover, from Fourier transforms, it then follows that

00

1 i J .P.V.- == -- dxsgn(x)e 2X Y
,

y 2
-ex:>

and
00

a p v 1 - 1 Jd I I ixy-a .. - - - x x e ,
y y 2

-00

which can be used to obtain (12).

(9.1.13)

(9.1.14)

(9.1.15)
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The projection P(~, a) can be written as a two-dimensional integral:

00

P(~,a) =II dxdy6(rp-~)s(x,y),
-00

(9.1.16)

where p = xx + fly and ~ is a unit vector in the ~ direction (see Exercise 9.4).
Furthermore, in cylindrical coordinates, the above becomes

27r 00

P(~, a) = I d¢ I pdp6[psin(¢ - a) - ~ls(p, ¢).
a a

(9.1.17)

Consequently, Equations (17) and (12) together form the Radon-transform
pair in two dimensions. They are essential in the two-dimensional back­
projection algorithm. Note that Equation (12) implies that the object s(p,¢)
can be reconstructed from the measurement P(~, Q). Moreover, Equation
(17) is equivalent to the experiment to obtain the projections of the object
s(p,¢).

(b) Three Dimensions

In three dimensions, it is easy to prove in a similar manner that a two­
dimensional projection of s(x', y', z') is related to its three-dimensional trans­
form as

00 00

P(z') =JIdx'dy' s(x', y', z') = 2~ J dk: eik~z'S(O, 0, k:). (9.1.18)

Hence,

-00 -00

00

S(O, 0, k:) = Jdz' e-ik~z'P(z').

-00

(9.1.19)

Moreover, in spherical coordinates, we can write s(r, (), ¢) as

7r 7r 00

s(r,e,¢) = (2~)3 Jd;3 Jda sin o J dkk2S(k,;3,a)eik.r
.

o 0 -00
(9.1.20)

In addition, analogous to the two-dimensional Radon transforms, (19) can be
written as

00

S(k,;3,a) = J d~e-ik{P(~,;3,a).
-00

(9.1.21)
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On substitution into (20), we now have

519

n 1r 00 00

s(r,e,¢) = (2~)3 Jd(3 Jdasina J df,P(~,(3,a) Jdkk2eik
(k-r- O.

o 0 -00 -00

(9.1.22)
Note that in the above, k is a unit vector pointing in the direction of k,
and hence, is a function of 0: and {3. Furthermore, the innermost integral
is integrable as derivatives of a Dirac delta function. Consequently, the d~

integral can be performed in a closed form. Finally, we have (Exercise 9.5)

-1 J1r J7f a2
(" )s(r,e'¢)==-()2 d{3 dasina " P k·r,{3,Q .

27r 82 (k . r)
o 0

Since

P(~,(3,a)= Jdr'8[(r'-~]s(rl),

(9.1.23)

(9.1.24)

(23) and (24) consequently form a Radon-transform pair in three dimensions.

As a final note, a general formula can be derived for inverse Radon trans­
forms in even dimensions while another formula can be derived for inverse
Radon transforms in odd dimensions (Exercise 9.5; also see Deans 1983).

§§9.1.3 Diffraction Tomography

In projection tomography, one assumes that waves propagate as straight­
line rays with no diffractions. This is no longer true at longer wavelengths,
where the diffraction phenomenon is important. Hence, reconstruction using
straight-line rays yields distorted images. But this diffraction effect can be
incorporated in the context of Born and Rytov approximations (see Chapter
8, Section 8.10) and a reconstruction algorithm developed accordingly. This
is also known as diffraction tomography which was first developed by Devaney
(1982, 1983).

Consider a transmitter-receiver configuration as shown in Figure 9.1.5.
The scattered field using the first-order Born approximation is therr'

(9.1.25)

where two-dimensional scattering is assumed and O(p') == k2-k5 is the object
to be reconstructed. Moreover, in t\VO dimensions, the Green's function is
[Equation (2.2.4))

(9.1.26)

2 This is obtained by applying the Born approximation [Subsection 8.10.1] to the sec­
ond term in (8.9.5). For the Rytov approximation, (25) is proportional to the phase
perturbation [see (8.10.26)].
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Transmitter

Pr

(9.1.27)

Figure 9.1.5 A transmitter-receiver measurement in diffraction to­
mography.

But if the receiver is in the far field of the scatterer, then approximately,

i~ Ok °k~'g(PR' p') ~ -. e' OPR-t OPROP •
4 Z1rkOPR

Also, an incident field generated by a uniform line source is

(9.1.28)

(9.1.29)

And if the transmitter is also in the far field of the object, we have

i~ Ok ok ~ ,¢inc(P') ~ -. e'/, OPT-'/, OPTop •
4 Z1rkOPT

Finally, after defining k R = kOPR and k T = -koPr, and substituting the
above into (25), we have

¢sca(PR) ~ i eiko(PT+PR) Jdp'e-i(kR-kT)oP' O(p').
81rkoJ PTPR

(9.1.30)

(9.1.31)

Note that now, the integral is a Fourier-transform integral. Consequently,

¢sca(PR) ~ 'l eiko(PT+PR)O(kR - k T ) ,
81rkoJ pTPR

where O(k) is the Fourier transform of O(p). Therefore, the scattered field
under the Born approximation is related to the Fourier transform of the
object.

Observe that the lengths of the vectors kT and k R are equal to ko. Hence,
k R - kT , or the argument of 0, can only span a finite space in the Fourier
space. For instance, if k T is fixed and the receiver is moved around so that k R
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and Varying kR

--------::::'¥--~-----+----. kx

High w Locus

Figure 9.1.6 Locus swept out by k R - k T for a fixed k T and varying

k R ·

changes directions, then the locus swept out by k R - k T is as shown in Figure
9.1.6. Furthermore, if the transmitter is moved around so that kT changes
direction as well as k R , then the combination of varying the directions of k T

and k R sweeps out a larger circle of radius 2ko with area 47rk6. Consequently,
O(k) is known over the area of this circle. The circle will be larger for larger
ko. Therefore, O(p) can be reconstructed from O(k) by performing an inverse
Fourier transform. But since O(k) is known only for [k] S ko, only a low-pass
band-limited version of O(p) is retrieved in this reconstruction.

From the above discussions, it is clear that another way of filling out the
object in the Fourier space is to interrogate it with a broadband signal (see
Exercise 9.6).

It is interesting to note that when the frequency becomes very high,
the locus swept out by kR - kT (for k R and kT to be approximately in
the same direction) passes through the origin almost like a straight line.
This is reminiscent of the projection-slice theorem, indicating that projection
tomography is a special case of diffraction tomography. Hence, in the high­
frequency limit, we need only perform forward scattering measurements with
the receivers sweeping through small angles, and a straight-line slice in the
Fourier space is recovered. This experiment can be performed as shown in
Figure 9.1.7. Here, the transmitter is far from the object, so the receivers
need only sweep out a small angle in the forward scattering direction. Note
that the rays will almost be parallel, as in the case of projection tomography.
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Figure 9.1.7 The limit when diffraction tomography becomes pro­
jection tomography.

Under the Born approximation in the high-frequency limit, all the scat­
tering centers, indicated by dots on the object in Figure 9.1.7, will scatter in
phase (coherently) at the receiver R i . But all the other scattering centers will
scatter incoherently to the receiver R; Hence, R i measures the cumulative
amplitudes of all the scattered waves from all the scattering centers aligned
between T and R i , or R, measures a projection of the object.

Under the Rytov approximation, all the scattering centers are aligned to
contribute cumulatively to the phase perturbation of the wave. But at lower
frequencies, this physical picture does not hold anymore, as diffraction effect
is more important.

§§9.1.4 Finite-Source Effect
In the previous subsection, we have derived the equations for diffraction

tomography using a far-field approximation. The far-field approximation is
a limiting one, since for it to be valid,

PT » p', PR » p', (9.1.32)

or the transmitter and the receiver have to be far apart compared to the size
of the scatterer. This is not practical when the scatterers are large or the
background medium is lossy.

In fact, the source and the receiver effects can be treated when they are
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finite in size. As before, we shall consider a point-source transmitter, but
without the far-field approximations. Therefore, the incident field or the
source field is given by Equation (28). Then, using the plane-wave represen­
tation for the Hankel function [Chapter 2, Equation (2.2.11)), the incident
field becomes

00

,+. (') i I u; ~eikx(X'-XT)+ikyIY'-YTI.
"Pine P == 4'1r

II • ky
-00

Similarly, the plane-wave representation for the Green's function is

00

g(PR, p') = 4~ J dk~ :~ eik~(xrx')+ik~IYR-Y'I.
-00

Consequently, we can substitute (33) and (34) into (25) to obtain

00 00

-1 J dk x J dk' »: 'k~ (p p) == __ __ __x e't xXR-'t xXT
'Psca R, T 16 2 k k'

7f Y Y
-00 -00

(9.1.33)

(9.1.34)

Jdx'dy' ei(kx-k~)x' +ikyIY'-YTI+ik~IYR -Y'IO( X', y'). (9.1.35)

Note that the scattered field is a function of both the transmitter and the
receiver positions. But in forward scattering experiments, y' > trr and YR > y'
so that the modulus signs in (35) can be removed to arrive at

00 00

-1 J »: J dk' »: »: 'k sk~ (p p) == __ __ __x e'l xXR+'l'yYR-'l xXT-'l yYT
"Psca R, T 167f2 k

y
k~

-00 -00

.Jdx'dy' ei(kx-k~)x'+i(ky-k~)Y'O(x',y'). (9.1.36)

Now, if ¢sea(PR, Pr) is measured along a line in the x direction, with the
transmitter also aligned in the x direction as shown in Figure 9.1.8, we can
transform ¢sea(PR,PT) in the x u and XT variables to obtain

(9.1.37)

In this case, the Fourier transforrn of the measured field is related to the
Fourier transform of the object 6.

From Equation (37), note that one cannot make much use of the evanes­
cent spectrum corresponding to the case whenk~ and k y are purely imaginary.
This happens when k~ > ko and kJ; > k«, as seen from the dispersion relation­
ships k'; + k'~ == k6 and k; + k~ == ko. Therefore, it is reasonable to assume
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Figure 9.1.8 The finite-source effect in diffraction tomography.

that the directions of k and k' only sweep from 0° to 180°. Since 6 is a func­
tion of k' - k, the locus swept out by k' - k with varying k' for a fixed k is as
shown in Figure 9.1.9. But if the directions of k and k' vary from 0° to 180°,
the area swept out by k' - k consists of two disks as shown in Figure 9.1.9
(see Exercise 9.7). Therefore, a forward scattering experiment alone is not
enough to reconstruct the object well since the data in the spectral domain
is not complete. Nevertheless, a band-limited reconstruction is possible.

On the other hand, if a backscattering experiment is performed instead,
only the signs of k~ in Equation (37) need to be changed. In this case, the area
swept out by k' - k includes a semicircle as well in the lower half kxk y plane
(Exercise 9.7). To fill out a full circle, the experimental setting is rotated
so that the two disks sweep out a circle of radius 2ko. Alternatively, the
transmitters and receivers can be switched to sweep out a full circle on the
kxk y plane. In this manner, more Fourier data can be collected in the Fourier
space.

§§9.1.5 Nonuniqueness of the Solution

The inverse scattering problem is inherently nonunique (see Bleistein and
Cohen 1977; Devaney 1978; Devaney and Sherman 1982). A hint of this
nonuniqueness is seen in diffraction tomography, where the reconstructed ob­
ject is a low-pass filtered version of the object. Therefore, in the diffraction
tomography algorithm, if two different objects have different high-frequency
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Figure 9.1.9 Locus swept out in the k-space in a forward and back­
ward scattering experiment only.

components outside the range of the low-pass filter, but the same spectral
components within the range of the low-pass filter, the reconstructed objects
would be indistinguishable. As the frequency increases, however, the domain
of this low-pass filter becomes larger, and the problem of nonuniqueness be­
comes less severe. But in general, the tomographic algorithms described so
far cannot reconstruct features of the object that are much less than a wave­
length.

An inverse scattering problem is nonunique even outside the linear
regime. Consider the scattering by two objects which differ only by a small
notch on the surface. When the interrogating field has wavelengths larger
than the notch dimension, the difference in the scattered field is only in some
localized region around the notch. (The reason is that the notch gives rise
to evanescent waves which are highly localized.) Since the two objects yield
essentially the same scattered field at some distance away from the objects,
the reconstruction of the object is clearly nonunique.

Because the high-frequency spectrum of the object is buried in the evanes­
cent spectrurn of the scattered field, the object will be better reconstructed
if the evanescent spectrum is utilized as well. This is actually done in some
measurement scheme like ultrasonic microscopy,
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§9.2 One-Dimensional Inverse Problems

As we have discussed previously, an inverse scattering problem is inher­
ently nonlinear. Moreover, the nonlinearity is a result of multiple scattering
within an object. The nonlinear inverse scattering problems do not have
closed-form solutions in general. But in one dimension, the problem has
been thoroughly studied by a large number of scientists. Many of these algo­
rithms are layer-stripping algorithms, in which the reconstruction is done in
layers. In addition, they also rely on the propagation of singularities, which
is only possible for hyperbolic type partial differential equations. Unfortu­
nately, many of the one-dimensional techniques are not easily generalized to
higher dimensions. Nonetheless, they are mathematically elegant. Hence, we
shall study several of these one-dimensional profile reconstruction techniques
in this section (also see Habashy and Mittra 1987).

§§9.2.1 The Method of Characteristics
The method of characteristics is a time domain method for profile recon­

struction (Bube and Burridge 1983; Sezginer 1985). It relies on the causal­
ity of a physical signal to successively strip off the layers of a profile for
reconstruction. Hence, the method of characteristics can be viewed as a
layer-stripping algorithm. Furthermore, it also exploits the propagation of
singularities in a wave equation, as we shall see.

The characteristics of a partial differential equation (PDE) are lines
along which the singularity or the discontinuity of a solution propagates
(Sommerfeld 1949; Garabedian 1964). Consider a general PDE

(9.2.1)

where A, B, and C may be functions of z and t.3 (In the above, a subscript
variable denotes a partial derivative with respect to that variable.) If the
above equation has a characteristic curve along which the discontinuity of
the solution to (1) propagates, then in the vicinity of (zo, to), the curve is
approximately

z = v(zo, to)t + a(zo, to), (9.2.2)

i.e., a straight line passing through (zo, to) as shown in Figure 9.2.1. If ¢(z, t)
has discontinuity, the solution to (1) in the vicinity of (zo, to) is of the form

¢(z, t) ~ u(z - vt - a), z ~ vt + a, (9.2.3)

where u(z) is a unit-step function. Then, using (3) in (1), and keeping only
the most singular terms, we have

¢zz rv u"(z-vt-a), ¢zt rv -vu"(z-vt-a), ¢tt r-:» v2u"(z-vt-a).

(9.2.4)

3 When A, B, and C are functions of 4>, cPt, and cPz as well, the PDE is termed quasilinear.
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Characteristic
Curve

Zo-----------------~z

Figure 9.2.1 A sample characteristic curve of a partial differential
equation.

These most singular terms must cancel each other in (1) in order for the equa­
tion to be satisfied since the right-hand side of (1) is regular. Consequently
(Exercise 9.8),

A - 2Bv + Cv2 = O. (9.2.5)

From the above,

(9.2.6)

Note that condition (5) is imposed only in the vicinity of (zo, to). Hence, A,
B, and G are functions of (zo, to) only.

In the above, v will be real-valued if B 2 ~ AC, and complex-valued if
B 2 < AG. Hence, the characteristic curve only exists if B 2 ~ AG. Accord­
ingly, the PDE is classified depending on the ratio of B 2 to AC:

(i) A PDE is hyperbolic if B 2 > AG. There are two possible values of v
for every (zo, to). Namely, there are two characteristic curves that pass
through every (zo, to). The wave equation is. an example of a hyperbolic
equation (Exercise 9.8).

(ii) A PDE is parabolic if B 2 = AG. Then, v only has one value for every
(zo, to). Only one characteristic curve passes through (zo, to). The dif­
fusion equation and the Schrodinger equation are examples of parabolic
equations.

(iii) A PDE is elliptic if B 2 < AG. Then, v is complex and the discontinuity
described by (3) does not exist. In this case, a characteristic curve along
which a singularity would propagate is absent. Laplace's equation (with
x replacing t) is an example of an elliptic equation.
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r

'-------------------.z
Figure 9.2.2 The use of the method of characteristics to find the
field at P given Cauchy data at M and N on r.

In the hyperbolic type PDE's, the singularities propagate along the char­
acteristics. But for the elliptic type PDE's, there are no characteristics at
all. The parabolic type PDE's are in between these two cases. They have
characteristic curves, but it can be shown that solutions of parabolic type
PDE's are always smooth and analytic, as is the case for the solutions of dif­
fusion equations. Hence, the magnitudes of the discontinuities in a parabolic
equation are always zero.

If a characteristic curve exists for a PDE, it can be shown easily that
(Exercise 9.8)

-1 d¢z d¢t
Av dt + CVd; = AePzz + 2BePzt + CePit (9.2.7)

along the characteristic curve where v = dz/dt. Hence, using (7) in (1), it
becomes

AdcPz + CvdcPt = epdz (9.2.8)

along a characteristic curve. Consequently, if cP and its normal derivative
o¢/on are specified on a curve r (also known as Cauchy data) where r is not
a characteristic curve, then (8) can be used to find ¢, ¢z, and cPt everywhere
via a finite-difference scheme. To see this, note that when ¢ is known on I',
so is o¢ / OS, where s is along the direction of the r curve. From o¢ / on and
8¢/os, ¢z and ¢t are derivable on r. Hence, ep is also known on r, and (8)
can then be used to solve for ¢, ¢z, and ¢t in the neighborhood of r.

For a hyperbolic type PDE, there are two possible values of v = v± from
(6). To find ¢z and ¢t at P in Figure 9.2.2, which is at a small distance
from I', we first identify two characteristics passing through P. Then, using
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a finite-difference scheme, the two unknowns, cPz and cPt, are derivable at P
from the two equations:

A d¢z + Co; d¢t == <Pdz,

A do; + Cu: d¢t == <Pdz,

which follow from (8). Furthermore, since

d¢ == ipz dz + cPt dt

(9.2.9a)

(9.2.9b)

(9.2.10)

and that cP is known on I', it is straightforward to integrate (10) along C+
or C_, the two characteristic curves shown in Figure 9.2.2, to obtain 1> at P.
In this manner, the value of cP, ¢z, and ¢t are found in the neighborhood of
f. Moreover, this process can be continued until ¢, cPz, and cPt are known
everywhere. As a result, the problem is then solved like an initial value
problem; it is also known as the Cauchy initial value problem (Exercise
9.9; also see Ames 1977).

The above illustrates the use of the method of characteristics to find the
forward solution of a problem. More importantly, it can easily be adapted
to solve the profile inversion problem. To illustrate this, consider the equa­
tion governing a TE plane wave at oblique incidence to a conductive, one­
dimensional profile, which is"

JL(JL-l¢z)z + [:: - k; + iWJLa] ¢ = 0 (9.2.11)

in the frequency domain, where c == 1/VfIE. By letting kx == ; sin (), the
above becomes

¢zz - (lnJL)z¢z + [:: cos" e+ iWJLa] ¢ = 0, (9.2.12)

where we have written /-l(J-L-1cPz)z as ¢zz - (In /-l)z¢z' To apply the method of
characteristics, however, we need the time-domain equivalence of the above
equation, which is (see Exercise 9.10)

1
¢zz - (In/-l)z¢z - 2¢tt - /-la¢t == 0, (9.2.13)

ce

where c; == c]cos 8 is the effective phase velocity for an obliquely incident
plane wave.

Equation (13) is a hyperbolic type PDE for TE waves." From (6), the
characteristics of the above equation are given by (Exercise 9.8b)

dz
dt = ±ce · (9.2.14)

4 See Chapter 2, Equation (2.1.8a), where E has been replaced by a complex f == E + iQ..
w

5 For a lossless TM wave case, the equation is similar to (13), but when the medium has
conductive loss, the equation is a lot more complicated than (13).
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Figure 9.2.3 The finite-difference grid for the method of character­
istics.

It is along these characteristics that the singularities of (13) would propagate.
In particular, along the characteristics dz / dt = Ce , the discontinuity u(z ­
eet) propagates in +z direction forward in time, but along dz/dt = -Ce,
the discontinuity u(z + cet) propagates in +z direction backward in time.
Alternatively, one might say that the discontinuity propagates forward in
time, but in the -z direction.

Along the characteristics, in accordance with (8), (13) becomes

1
d4>z - - dePt - <I>(z, t) dz == 0, on C+, (9.2.15a)

Ce

1
d4Jz + - d¢t - <I>(z, t) dz == 0, on C_, (9.2.15b)

Ce

where C+ are characteristics with positive slopes, while C- are characteristics
with negative slopes, and <I>(z, t) == (In/-L)z¢z+/-L(J'¢t. Consequently, Equations
(15a) and (15b) can be used to find the field everywhere given the Cauchy
data on f. For example, on the z == 0 line, if the Cauchy data (</J and its
normal derivative <Pz) are available, then (15) can be used to calculate 1J
everywhere if Ce , J-L, and (J are known. Consequently Tiquations (15a) and
(15b) can be discretized along the characteristics by letting

¢~ == ¢[zm' (m + 2l)~t], Cem == ce(zm), (9.2.16a)
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~Zm == Zrn+1 - Zrn == Cem Llt.
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(9.2.16b)

Here, l denotes the l-th positive-slope characteristic starting from t == 0,
and cP~ is a point at Zrn and on the l-th characteristic (see Figure 9.2.3).
Furthermore, by discretizing (15a) and (15b) along the characteristics using
a forward-differencing scheme, we have

,I..l ,I..l+1 1 (,I..l ,I..l+1) <1>l+l Ll - 0
'+'zm+l-'+'zm+- '+'trn+1-'+'trYL - m Zm-,, , c

em
' ,

(9.2.17a)

(9.2.17b)

Equations (17a) and (17b) can then be used to propagate cPt and cPz at Z == 0
to the region where Z > O.

If J.-L and a are known, but c; is unknown, the method of characteristics can
be used to yield Ce by invoking causality. Since cP, cPz, and ¢t are zero for t < 0,
then ¢, ¢z, and ¢t are also zero for the region below the l == 0 characteristic. In
other words, the wavefront travels along the l == °characteristic. Therefore,

¢~,m == ¢~,rn == 0, 'V m. (9.2.18)

The subsequent use of (18) in (17a) implies that the left-hand side of (17a)
equals zero. Moreover, using (18) in (17b) yields the condition that

1 1 1 1
-¢z m - - ¢t rri - <I>mcerr~ ~t == 0, V m,

, cern'
(9.2.19)

where we have replaced ~zm with Cern~t. The above yields a quadratic
equation for Cem in terms of ¢;,nt' 1>;,m' and <I?:n, where

Hence, (19) becomes

-¢~,m - -!-¢i,m - [(lnf-L)z,m¢~,m + jlmam¢i,m]cem bot = 0, 't/ m.
em

(9.2.20)
The above equation is first used to solve for Cem with m == 0 since ¢; 0 and ¢~ 0

are known. Then, the value of Ceo found can be used to propagate the Cauchy
data from m == 0 to m == 1, and the cycle is repeated again. Moreover, if J.-L ==

constant and a == 0, the above could be simplified to yield Cem == -¢;,m/¢~,m'

On the other hand, if Cem and a.; are known, a difference equation can
be set up to yield u. Moreover, if Cern, p.,1n, and (lnp.,)z,m are known, then
am could be found. But still, the above equation does not lend itself easily
to a simultaneous reconstruction of Cern and am' To perform a simultaneous
reconstruction, first note that c; == c/cos e. Then, by choosing plane waves
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with different O's, more than one equation like (20) can be derived for every
m. This then allows the simultaneous reconstruction of c and a. But it is
usually harder to reconstruct a than c because at early time (i.e., along the
l = 0 characteristic), the last term on the left-hand side of (13), J-La¢t, is
subdominant. In other words, the physics of the wavefront propagation (or
the characteristic curve) is controlled by the ¢zz and ¢tt terms in (13). The
method of characteristics exploits information buried in this wavefront which
is little affected by the J-La¢t term. As a last note, the above can easily be
generalized to wave equations in other coordinate systems (see Exercise 9.11).

Many other algorithms using similar layer-stripping ideas have been ex­
plored in the literature. For instance, when the second-order PDE is con­
verted to two first-order systems, and the propagation of singularity and
causality are imposed along the characteristics, the method is known as the
Schur or the Cholesky algorithm (see Levy 1985). An inhomogeneous profile,
in addition, can also be approximated by a finely layered profile with equal
travel time and the subsurface reflections modeled as a time series. Then,
by invoking causality, the properties of the fine layers can be unraveled using
the Goupillaud algorithm (see Exercise 9.12; also see Goupillaud 1961; Aki
and Richards 1980).

§§9.2.2 Transformation to a Schrodinger-like Equation

Much of the work on inverse scattering theory is based upon the Schrodin­
ger equation of quantum scattering. Therefore, it is expedient to relate one­
dimensional wave equations to a Schrodinger-like equation on which a wealth
of literature on inverse scattering has been written. For instance, with the
Schrodinger-like equation, the linear Gel'fand-Levitan and Marchenko inte­
gral equations are derivable for inverse scattering.

A Schrodinger-like equation in one dimension, after normalization, has
the basic form"

82 82

8t2¢((' t) - 8(2¢((' t) + V(()¢((, t) = 0, (9.2.21 )

where V(() is a potential. Moreover, in the frequency domain, this reduces
to

:;2¢(() + [w2
- V(()]¢(() = o. (9.2.22)

It turns out that most one-dimensional wave equations can be transformed
to the form (22) via the Liouville transformation (see Ware and Aki 1969;
Berryman and Greene 1980).

To see this, consider a one-dimensional wave equation of the form

(9.2.23)

6 A Schrodinger equation has a first derivative in time.
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The preceding equation governs the propagation of TM electromagnetic plane
waves through a layered mediurn. [For TE waves, the equation is of a similar
form (see Chapter 2).] Now, by letting

dz == v de,

z

(= Jv-1(z') dz', (9.2.24)

where v == 1/VfIi, Equation (23) becomes

This then reduces to

[dd(rld~ +w
2
r1] ¢(z) = 0,

where rl == J1!. Furthermore, by letting 1/J == r;~ ¢, we have

(9.2.25)

(9.2.26)

(9.2.27a)

(9.2.27b)

It can be shown that the second term and the third term in the above cancel
each other. Therefore, (26) becornes

(9.2.28)

But since

(9.2.29)

Equation (28) becomes

(9.2.30)

(9.2.31 )

where
1 d2

1

V (() = TJ t de r(2.

For a dispersionless medium, V(() is independent of frequency and (30) be­
comes (21) in the time domain (also see Exercise 9.13).
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If an inversion algorithm is available to reconstruct V(() in (30), then
from (31), ",~ can be retrieved by solving 7

d2
1 1

d(2 17 2(( ) - V(()17 2(() = 0. (9.2.32)

Once ",(() = J'[ is found, we can find v(() = 1//JiE provided that either
J.l or € is known. Subsequently, a relationship between z and ( can be found
such that

(

z = Jv((') de'· (9.2.33)

o

In the above, we assume ( = 0 maps to z == o. Once z is known as a function
of (, ",(z) and v(z) can be found quite easily.

Now, a number of techniques can be used to solve the inverse problem
corresponding to Equation (21), including the method of characteristics dis­
cussed previously. Next, we shall discuss how linear integral equations for
the inverse problem can be derived for the one-dimensional Schrodinger-Iike
equation corresponding to (21).

§§9.2.3 The Gel'fand-Levitan Integral Equation
Now, we shall present the derivation of the Gel'fand-Levitan integral

equation in the time domain using a method developed by Burridge (1980).
Consider the following equation:

fP</J((, t) _ E]2</J((, t) + V(r)A..(r t) = 0
8t 2 8(2 ~ \f/ ~, ,

with the boundary condition

- :(</J(O, t) + h</J(O, t) = 8'(t).

(9.2.34)

(9.2.35)

The corresponding boundary condition in the frequency domain is then

- :( </J(O, w) + h</J(O, w) = -iw. (9.2.36)

In light of Figure 9.2.4, the boundary condition (35) or (36) is equivalent to
having a sheet source at ( = o. Moreover, this sheet source is backed by an
impedance boundary with the impedance boundary condition (see Exercise
9.14)8

8
- 8(</J(O, t) + h</J(O, t) = 0. (9.2.37)

7 Equation (94) later offers an alternative method of finding "l(() in the Gel'fand-Levitan­
Marchenko method.

8 Note that the impedance boundary condition, together with the radiation condition
when ( ~ 00, uniquely determines the solution (see Chapter 1).
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Sheet Source

Figure 9.2.4 The one-dimensional inverse problem that can be solved
by the Gel'fand-Levitan method.

In general, the solution to (34) is

¢((, t) == b'(t - () - K 1 ( ( , t). (9.2.38)

In other words, the impulsive source at ( == 0 generates a delta function pulse
that propagates through the medium. Note that if V(() = 0 in Equation (34)
and h = 0 in Equation (35), then

¢((, t) = b(t - () (9.2.39)

satisfies (34) with the boundary condition (35). Hence, the mere presence of
V(() and h results in the extra term K 1( ( , t) in (38). Namely, K 1( ( , t) is the
scattered field due to the inhomogeneous potential V(() and the "impedance"
h in the presence of the incident field (or primary field) given by (39).

By substituting (38) into (34) and (35), we can easily show that

82 82

8t2K 1((, t) - 8(2K1((, t) + V(()K1((, t) - V(()b(t - () = 0, (9.2.40)

and

- :(Kl ((, t)1(=o + hK1(0, t) - b(t)h = O. (9.2.41)

Furthermore, in the vicinity of t == (, the most singular terms in (40) should
cancel each other. Then, by equating the most singular terms in (40), we
have

(9.2.42)

when t ~ (.

The above is reminiscent of the Born approximation": the scattered field
K 1 ( ( , t) is due to the induced source caused by b(t - z) impinging upon

9 Unlike the Born approximation for wave equations discussed in Chapter 8, the approx­
imation in (42) is increasingly good when t -+ ( irrespective of the size of V(().
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V((). Furthermore, Equation (42) also implies that K 1( ( , t) is a discontinuous
function when t ~ (. Therefore, let us assume that

K 1( ( , t) = f((, t)u(t - (), t ~ (, (9.2.43)

where f(, t) is a smooth function while u(t-() is the Heaviside step function.
Then, using (43) in (42), we find that

82 82 8
8t2K 1((, t) = 8t2[f((, t)]u(t - () + 2at[J((, t)]8(t - ()

+ !((, t) 8'(t - (), t ~ (, (9.2.44)

and

82 82 8
8(2 K 1((, t) = 8(2 [J((, t) ]u(t - () - 28( [J((, t)]8(t - ()

+ !((, t) 8'(t - (), t ~ (. (9.2.45)

In addition, after using (44) and (45) in (42), and then matching the most
singular terms, we have

But since !((, () = K 1( ( , (), we arrive at the relationship

d
V(() = 2d(K1( ( , ().

(9.2.46)

(9.2.47)

Finally, after substituting (43) into (41), and matching the most singular
terms, we have

(9.2.48)

(9.2.49)

From the above analysis, it is evident the presence of the inhomogeneous
potential V(() gives rise to K 1( ( , t) in (38). It could be thought of as the
"wake" of the impulse function 8(t - () as it propagates through the inhomo­
geneous potential V((). It is in this "wake," K 1( , t), that the information
on V() is embedded as expressed by Equation (47). The Gel'fand-Levitan
integral equation allows one to solve for a function similar to K 1( ( , t) as a
solution from which we can find V(() via (47).

To derive the Gel'fand-Levitan integral equation, first, we define a non­
causal Green's function, G((, t), satisfying

82 82

8t2G((, t) - 8(2G((, t) + V(()G((, t) = 0,

with the boundary conditions

8
- 8(G(O, t) + hG(O, t) =0, (9.2.50a)
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Figure 9.2.5 The support of the function G((, t) in the ((, t) space.

G(O~ t) = 28(t). (9.2.50b)

The preceding equations comprise the Cauchy data from which G((, t) can
be deduced for all ( and t. But since G((, -t) is also a solution to (49)
satisfying the boundary conditions (50), we have G((, t) = G((, -t) from the
uniqueness of the solution to (49) with the specific boundary conditions (50).
In other words, G((, t) is an even function of t. Hence, G((, t) cannot be
causal. In fact, it can be shown that G((, t) =f. 0 only for It/ < (, as shown in
Figure 9.2.5 (see Exercise 9.15).10 Consequently, G((, t) has the general form

G((, t) = 8(( - t) + 8(( + t) + K((, t), (9.2.51)

where K((, t) # 0, It/ < C. Moreover, via the same analysis as before, by
matching the most singular terms in the equation, we deduce that (Exercise
9.16)

and

V(() = 2dd(K((, ±(),

h = K(O, 0).

(9.2.52a)

(9.2.52b)

10 The support of G( (, t) is also clear from identifying the characteristics of the hyperbolic
equation (49). The Cauchy data at a point (t, () = (0,0) will only affect a triangular
region shown in Figure 9.2.5.
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Figure 9.2.6 The value of ¢((, t = 0) is affected by the values of
¢(( = 0, t = () and ¢(( = 0, t) for 0 < t < (.

Now, if ¢((, t) satisfies (34) and (37), then by the principle of linear
superposition,

00

r/>((, t) = ~ Jdr G((, t - r)r/>(O, r).
-00

(9.2.53)

This is clearly a solution of (34) satisfying the boundary condition (37). Fur­
thermore, for t = 0, the above becomes

00

r/>((,O) = ~ Jdr G((, -r)r/>(O, r).
-00

Then, using (51) in (54), we have

r/>((,O) = ~ [r/>(O' 0 + r/>(O, -0 +1dr K((, -r)r/>(O, r)] ·

Moreover, if ¢((, t) is even in t, (55) simplifies to

(

r/>((, 0) = r/>(O, 0 +Jdr K((, r)r/>(O, r ),

o

(9.2.54)

(9.2.55)

(9.2.56)

Equation (56) says that the value of ¢((, 0) is related to the value of ¢(O,()
and the values of ¢(O, t) for 0 < t < ( as shown in Figure 9.2.6.

In an actual experiment, however, the field is causal such that

(9.2.57)
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---------~

Figure 9.2.7 The support of ¢l((, t) which is a causal function.

Or-------------..

Figure 9.2.8 The support of F((, t) which is an even function of t.
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and this is shown in Figure 9.2.7. Since ¢((, t) in (56) has to be even in t, an
even function of t can be constructed by defining

F((, t) == ¢l((, t) + ¢l((, -t). (9.2.58)

The support of F((, t) is shown in Figure 9.2.8. Furthermore, another even
function of t can be constructed as

1
F((, t, T) = 2 [F((, t - T) + F((, t + T)], (9.2.59)
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T

-T

Figure 9.2.9. The support of F((, t, T) which is a solution to (34).

whose support is shown in Figure 9.2.9. It is easy to show that

F(O, t, T) = b(t - T) + b(t + T) + j(t, T),

where

(9.2.60)

(9.2.61 )

Note that F((, t, T) is still a solution of (34) satisfying boundary condition
(37). More importantly, it is an even function of t. Therefore, we can use
F(, t, T) as </J(, t) in Equation (56), which is intended for even functions of
t. For ( > T, </J((, 0) = F(, 0, T) =°(see Figure 9.2.9). Consequently, we
have

Since

(

o= F(O, (, T) + Jdr K((, r)F(O, r, T),

o

c> T. (9.2.62)

F(O,(,T) = !(,T), (> T,
F{O, t, T) = b(t - T) + j{t, T), 0 < t < (,

(9.2.63a)

(9.2.63b)
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Figure 9.2.10 The support of G((, t) in Equation (65) for the Mar­
chenko method.

we have frorn (62)

(

o= f((, T) + Jdr K((, 7)f(7, T) + K((, T),

o

(9.2.64)

where 0 < T < (. Equation (64) is the linear Gel'fand-Levitan equation. In
this equation, f ((,T) given by (61) can be constructed from the measurement
data (57) via (58) to (60). Consequently, we can solve the above for the
unknown K((, t) using well-known methods to solve linear integral equations
(see Exercise 9.17; also see Berryman and Greene 1980). Once K((, t) is
known, we can find V(() from (52a).

§§9.2.4 The Marchenko Integral Equation
The Marchenko integral equation is in many ways similar to the Gel'fand­

Levitan integral equation. However, in the Marchenko integral equation,
instead of an impenetrable impedance boundary condition at ( == 0, we have
V (() == 0, ( < O. Hence, a wave is sent from the left to probe the potential
V((). Then, the potential V((), which is like a half-space, is reconstructed
from the reflected wave for ( < O.

First. let us define a noncausal Green's function

G((, t) == b(t - () + K((, t), (9.2.65)
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whose support is shown in Figure 9.2.10. G((, t) is a solution of (34) with a
right-going wave for ( < O. Notice that if G((, t) is a solution of (34), so is
G((, -t). However, G((, -t) now represents a solution with a left-going wave
for ( < O. Consequently, if a solution to

82 82

&t2</>((,t) - &(2</>((,t) + V(()</>((,t) =° (9.2.66)

consists of left-going waves only for ( < 0, it can be written as a linear su­
perposition of G((, -t). In particular, since G(O, -t) = 8(t), by the principle
of linear superposition, we can write

00

</>((,t) = JdTG((,-T)</>(O,t-T).
-00

On substituting G((, -T) from (65) into (67), we have

<
</>((, t) = </>(0, t +() +JK((, -T)</>(O, t - T) dr

-(

<
= </>(0, t + () + JK((, T)</>(O, t +T) dr,

-(

(9.2.67)

(9.2.68)

In the above, the last equality follows from a simple change of variable from
T to -T.

A physical experiment has to be causal. An example of a causal solution
to (66) is given by

(9.2.69)

where the support of K 1( ( , t) is shown in Figure 9.2.11. But if </;2((, t) is
defined such that

cP2((, t) == cPl((, t) - G((, t) = K 1(( , t) - K((, t), (9.2.70)

(9.2.71 )

then cP2 ((, t) consists purely of left-going waves for ( < O. As a result, cP2 «, t)
can be used in (68) to yield

(

K 1( ( , t) - K((, t) = K 1(0,t + () +JK((, T)K1(0, t + T) dr.

-<
Moreover, if the above equation is imposed for ( > t, then K 1( ( , t) = 0 on
the left, and

(

-K((, t) = K 1(0, t + () +JK((, T)K1(0, t + T) dr,
-t

(> t.
(9.2.72)
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Figure 9.2.11 The support of ¢1((, t) or K 1 ( ( , t) in Equation (69).
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Equation (72) constitutes the l\IIarchenko integral equation. Here, !(l(O, t),
defined by (69), is known since it can be provided by an actual causal exper­
iment. Equation (72) then is a linear integral equation from which we can
find K((,t) (Exercise 9.17). Once !(((,t) is found, V(() is obtainable via

V(() = 2dd(K((,(). (9.2.73)

§§9.2.5 The Gel'fand-Levitan-Marchenko Integral Equation
An integral equation that encornpasses both the Gel'fand-Levitan equa­

tion and the Marchenko equation as special cases is also derivable (Bal­
anis 1972; Habashy and Mittra 1987). It is called the Gel'fand-Levitan­
Marchenko (GLM) integral equation. First, let us consider the solution to
the Schrodinger-Iike equation (34) subject to the boundary conditions

¢(O,t) == 8(t) + R(t), (9.2.74a)

8
D(¢(O, t) = -8'(t) + r'(t). (9.2.74b)

The above then constitutes a Cauchy initial value problem.

Next, consider two independent solutions of (34), G1( ( , t) and G2 ( ( , t),
with the boundary conditions that

G1 (0, t) == 8(t),

:( G1 (0, t) = - 8'(t) ,

(9.2.75a)

(9.2. 75b)
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G2(0, t) = b(t),

:(G2(O,t) = 8'(t).

(9.2.76a)

(9.2.76b)

Hence, G1( ( , t) and G2( ( , t) are noncausal Green's functions with support
over 0 ~ ItI ~ ( as shown in Figure 9.2.5. 11 Alternatively,

G1((,t) = b(t - () + K1((,t),

G2( ( , t) = b(t + () + K 2( ( , t).

(9.2.77a)

(9.2.77b)

K 1( ( , t) and K 2( ( , t) are present due to nonzero V((). In other words, they
are "wakes" generated by b(t ± () propagating through the inhomogeneous
medium. But since G2( ( , -t) is also a solution to (34) with the boundary
conditions given by (75), we must have

(9.2.78)

because of the uniqueness of the Cauchy initial value problem.

Consequently, using the principle of linear superposition, a general solu­
tion to (34) is expressible as

00 00

1J((, t) = JdrA(t - r)G1( ( , r ) + JdrB(t - r)G2( ( , r ). (9.2.79)

-00 -00

Furthermore, with the boundary conditions provided by Equations (75) and
(76) in (79) at ( = 0, we have

</>(0, t) = A(t) + B(t),
a () ()

a(<p(O, t) = - at A(t) + at B(t).

Then, using the boundary conditions (74), we have

A(t) + B(t) = b(t) + R(t),
{) a

- atA(t) + atB(t) = -8'(t) + r'(t).

(9.2.80a)

(9.2.80b)

(9.2.81a)

(9.2.81b)

Equation (8Ib) can be integrated from -00 to t, and assuming that A( -(0) =
B(-oo) = r(-oo) =°(a valid assumption), we have

-A(t) + B(t) = -b(t) + r(t). (9.2.82)

11 The support of G1(, t) and G2 ( , t) can be appreciated by considering the Cauchy data
given by (75) and (76).
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Consequently, from (81a) and (82)~ we have

1
A(t) = b(t) + "2 [R(t) - r (t)],

1
B(t) = "2 [R(t) + r(t)].

Moreover, with the definition that

Sdt) = 1[R(t) - r(t)],

1
S2(t) = "2 [R(t) + r(t)],

Equation (79) becomes
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(9.2.83a)

(9.2.83b)

(9.2.84a)

(9.2.84b)

oc ex)

4>((, t) = Gl ( (, t) + JdTSI(t - T)G l ((, T) + Jdr S2(t - T)G2((, T).

-~ -00

(9.2.85)

The above is the mathematical expression for propagating the Cauchy
data at ( == 0 to a region where ( > o. But for ¢((, t) to be causal, ¢((, t) == 0
when ( > t. Therefore, using this causality condition plus the definition of
G1(( , t ) and G2(( , t ) given by (77)~ we have

(

o= «, ((, t) +SI (t-O +S2(t+O+Jdt [SI(t-T)+S2(t+T)]Kl ((, T), (> t.

(9.2.86)
Equation (78) has been used to combine the two integrals in (85) into one
integral in (86). Equation (86) is the Gel'fand-Levitan-Marchenko equation.
In (86), 51 (t) and 52 (t ) are known since they are obtainable from ¢(O, t) and
%c¢(O,t), the measurement data. Hence, the unknown K 1(( , t ) can be solved

for from (86). Then, V(() is retrievable using (47).

To retrieve the Gel'fand-Levitan equation from (86), we let r(t) == o.
Then 51(t ) == S2(t) == ~R(t). As a result, Equation (86) becomes

1o= K l ( ( , t) + 2 [R(t - () + R(t + OJ
(

+~ JdT[R(t-T)+R(t+T)]Kl((,T), (>t. (9.2.87)

-(

The second integral can be folded to yield

1o= K l ((, t) + "2 [R(t - 0 + R(t + OJ
(

+ } Jdr [R(t - T) + R(t + T)][Kl ( (, T) + x.«, -T)], c> t. (9.2.88)
o
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Moreover, .by letting t become -t, Equation (88) becomes

1
o= K1U:;, -t) + "2 [R(-t - 0 + R(-t + 0],

+ ~ Jdr [R(-t - r) + R(-t + r)][K1( ( , r) + K 1((, -r)],

o

(> -to
(9.2.89)

In (74), R(t) is nonzero only if V (() =I- o. Hence, R(t) represents the reflected
field from the inhomogeneous potential V((). Because of causality, R(t) = 0,
t < O. Using this fact, and by adding (88) and (89), we finally have

1o= K((, t) + "2 [R(( + t) + R(( - t)]

(

+ ~ Jdr [R(lt - rl) + R(t + r)]K((, r), (> t, (9.2.90)

o

where K((, t) = K 1( ( , t) + K 1( ( , -t) is a symmetric function of t. Equation
(90) is the same as Equation (64), the Gel'fand-Levitan equation.

To retrieve the Marchenko integral equation, we let r(t) = R(t). In this
case, Sl(t) = 0, S2(t) = R(t). Then, (86) becomes

c
o= K 1 ( ( , t) + R(( + t) + Jdr R(t + r)K1 ( (, r), (> t.

-(

(9.2.91)

Note that the above is the same as (72).

The Gel'fand-Levitan equation, with r(t) = 0, is equivalent to probing a
one-dimensional profile with an impressed electric current sheet source on a
perfect magnetic wall. On this wall, the reflected electric field R(t) =I- 0, while
the reflected magnetic field (analogous to ~) is zero. 12 On the other hand,
the Marchenko integral equation, with R(t) = r(t), is equivalent to probing a
one-dimensional profile for ( > 0, where V(() = 0 for ( < O. It is equivalent
to sending a plane wave from the left to probe V(() for ( > 0 (see Exercise
9.18).

Once the K((, t) functions are found in the Gel'fand-Levitan-Marchenko
method, a more direct method of obtaining f} compared to that given by
(32) is available, since (32) is the same as (30) with w = O. We have shown
before that the general solution to (30) in the time domain is given by (79).
Now, transforming (79) to the frequency domain, we deduce that the general

12 In this case, the Schrodinger-Iikc equation is a transformed TE wave equation which is
the dual of Equation (23).
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(9.2.93)

(9.2.92)

solution to (32) is then

( (

¢((,w) = A(w)JeiwTG1((,r)dr + B(w) JeiWTG
2((,r) dr.

-( -(

Setting w == 0, the general solution of (32) is

(

1J~(() = (A + B)JG1((,r) dr,

-(

where (78) is being used to combine the two integrals in (92). Finally, after
making use of (77a) for G1((,T), we have

(9.2.94)

The above gives TJ(() directly in terms of K 1 ( ( , t).

The method of characteristics, the Gel'fand-Levitan-Marchenko method,
and layer-stripping methods are essentially high-frequency methods that rely
on causality and the propagation of singularities. Since singularities manifest
thernselves as high-frequency components in the frequency domain, we can
study (22), the frequency-domain version of (21), more closely. By looking
at Equation (22), one can see that when w --t 00, the inhomogeneous po­
tential V(() is subdominant. Under this condition, the Born approximation
becomes increasingly good when w --t 00. 13 Hence, a very simple, linear rela­
tionship exists between the first-order scattered field and the potential. This
relationship is expressed by (47). Note that K 1( ( , () is at the wavefront of
the "wake," and hence, contains the most high-frequency information.

§9.3 Higher-Dimensional Inverse Problems

The methods discussed in the previous section have limited applications
as they are appropriate only for one-dimensional inverse problems. Further­
more, they cannot be used for low-frequency inversion. For a lossy, conductive
medium, low frequency also makes the equation rnore diffusive, and hence,
parabolic-like. Then, methods which rely on the propagation of singularities
would not work. Even though the Gel'fand-Levitan-Marchenko integral equa­
tion has been generalized to higher dimensions for Schrodinger equations, no
numerical simulation has been obtained (Newton 1980a, 198Gb, 1981). More­
over, in higher dimensions, it has not been possible to transform a wave
equation into a Schrodingcr-Iike equation as in the case of one dimension.

13 Note that this is peculiar of the Schrodinger-like equation, but not the wave equation
(see Chapter 8).
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In order to formulate a theory for a general, higher-dimensional, nonlin­
ear inverse problem, we have to use a more general integral equation. But
then, the integral equation is nonlinear in the object function being sought.
Hence, iterative methods must be used to solve the nonlinear equation. Con­
sequently, we shall discuss the use of the distorted Born iterative and the
Born iterative methods to solve such a nonlinear integral equation in this
section. Such methods have been used to solve the one-dimensional inverse
scattering problems (see reference list for this chapter). In addition, they
have also been extended to higher dimensions (Johnson and Tracy 1983a,
1983b; Wang and Chew 1989; Chew and Wang 1990).

§§9.3.1 Distorted Born Iterative Method
Previously, we have learnt that an electromagnetic scattering problem

can be formulated as the solution of the integral equation

E(r) = Einc(r) +Jdr' G(r, r', €b) . [k2(r') - k~JE(r'),
v

(9.3.1)

where Eb is the permittivity of the background, k~ == W
2J-LEb, and k2(r ) ==

w2J-LE( r) is a function of position, and it is the function to be sought. In the
above, G(r, r', Eb) is the dyadic Green's function, which is the solution of the
equation

\7 x V' x G(r, r', Eb) - k~ G(r, r', Eb) == I8(r - r'). (9.3.2)

Furthermore, Eb need not be a constant of position, and k~ is the estimate of
the actual function k2 (r ). In (1), Einc(r) is the field present when k2 (r ) ==
k~(r), Le., it is the total field in the presence of the inhomogeneity k~(r). In
addition, the measurement data are available only outside the scatterer in
the inverse scattering problem. Therefore, we have at our disposal only

rES, (9.3.3)

where S is some surface outside V (see Figure 9.3.1). It is only the scattered
field Esca that bears information on the scatterer. Hence, we can write (1) as

Esca(r) =Jdr' G(r, r', €b) · [k2(r') - k~JE(r'),
v

rES. (9.3.4)

(9.3.5)rES.

At this point, the preceding integral equation cannot be used to solve for
k 2 (r) since E( r) is unknown. Furthermore, E( r) is a function of k 2 (r) so that
the integral is a nonlinear functional of k 2(r ). 1"'0 linearize the problem, we
let E(r) == Einc(r); hence, (4) becomes

Esca(r) =Jdr' G(r, r', €b) . [k2(r') - k~JEinc(r'),
V
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v

Figure 9.3.1 An inverse scattering experiment where the measure­
ment data are obtained at r on S and the transmitter is at r".

Now, the preceding equation is an integral equation linear in k2(r) - k~.

Moreover, the error in the above equation can be easily shown to be of the
order (k2 - k~)2. In addition, for the special case where Einc(r') is generated
by a point source a located at r" E S, we can write

(9.3.6)

Then, (5) becomes

Esca(r, r") =Jdr' G(r, r', Eb) . G(r', r", Eb) . a [k2(r') - k;], rES, r" E S,

v
(9.3.7)

or

Esca(r, r") =Jdr' M(r, r", r", Eb)[k 2(r' ) - k;], rES, r" E S.

v
(9.3.7a)

Since k2(r ) is a three-dimensional function with support on V, a single
measurement of E sca (r, r") for r on the surface S for a fixed r" is not sufficient
to generate enough data to solve for k2(r). In other words, we do not expect
to retrieve information accurately on a three-dimensional function from a
two-dimensional function. Therefore, data for a range of rand r" are needed
in order to reconstruct k2(r) accurately (see Exercise 9.19). The problem
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may still be ill-posed, however, because the operator M(r, r", r', Eb), which
maps the object function, k2(r' ) - k~, to the data space is ill-posed. This is
especially true for the high spectral components of k2(r) - k~. The reason
is that these high spectral components generate evanescent waves, which
are rapidly decaying from the object. Hence, there are spectral components
of k2(r ) - k~ that are mapped onto exponentially small values on S, the
measurement surface (also see Subsection 9.1.5). Because of this, the integral
equation (7a) cannot be solved with the usual techniques. For instance, if
(7a) is converted into a matrix equation, the values of k2 (r )-k~ obtained will
be unbounded due to the ill-posed nature of the equation (see Baker 1977).

One way to overcome this problem is to use the method of regularization
to solve the equation (Tikhonov and Arsenin 1977). In this method, the
solution of (7a) is sought via an optimization procedure. Hence, a functional
of k2 (r) - k~ is first defined as

I = s, Jdr'lk2(r') - k~12
v

+ 2::: IEsca(ri,rj) - Jdr' M(ri,rj,r', Eb)[k2(r') - k~]12. (9.3.8)
tJ v

In the above, r, and rj are the locations of the receivers and transmitters
respectively. Note that the first term in (8) corresponds to the norm of
k2(r ) - k~. But the second term in (8) is the error between the measurement
data and that predicted by the linearized model. An optimal solution for
k2 (r ) - k~ is sought in order to minimize I. Here, bt is a tuning parameter
chosen to weigh the relative importance of the first term and the second
term. In this manner, the optimal solution will minimize the error between
the measurement data and the norm of k2(r) - k~. Because of this, the values
of k2 (r ) - k~ obtained will be bounded.

As an illustration, we expand

(9.3.9)
n

where bn(r) is a basis set that approximates k2(r )-k~ fairly well. Then using
(9) in (8), we have

I = Dt :L ana:nJdr' i; (r')b:n (r')
n,m v

+ 2::: !Esca(ri, rj) - LanJdr' M(ri, rj, r', Eb)bn(r,)r· (9.3.10)
tJ n V

Note that the above is of the form

I = s, L ana:nBmn +L IEk - L anLknj2,
n,m k n

(9.3.11)
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where
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(9.3.12a)

(9.3.12b)

(9.3.12c)

e.; = Jdr' bn(r')b:n(r'),

v
E, == E sea (r i, r j ),

Lkn = Jdr' M(ri' rj, r', Eb)bn(r').

Furthermore, in the above, we have used the k index to replace the i and
j indices. A subsequent minimization of (11) with respect to an yields (see
Exercise 9.20)

o= s, I: anBmn - I: E k . L~m + I: I: anLkn · L~m'
n k k n

This is a matrix equation of the form

a == DtB . a - C + P . a,

where

(9.3.13)

(9.3.14)

[p]mn = LLkn · LZm ,

k

[CJm = L LZm. E k ,

k

[a]n == an'

(9.3.15a)

(9.3.15b)

Consequently, Equation (14) could be solved to yield

a = [p + btB ]-1. C. (9.3.16)

Once a is found, we can find k2 (r ) - k~ from (9).

The above method only allows us to find k 2 (r ) approximately; however,
we can use this new k2(r ) as the estimate k~. Then, a new G(r, r', Eb) that
corresponds to this new k; in (2) has to be found. This new Green's function
can be found, for instance, with the methods described in Chapter 8. It is the
arbitrary point-source response in an inhomogeneous medium. For example,
this arbitrary point-source response is solvable with the volume integral equa­
tion approach. Consequently, with the new G(r, r', Eb), the whole process is
repeated until the k 2 (r) found produces the same data as the measurement
data. This iterative procedure is like Newton's method in solving a nonlinear
integral equation, except that the solution is regularized at every iteration.

The above method is realized quite easily in one dimension because the
Green's function for a one-dimensional inhomogeneity is easily found (Chap­
ter 2). In higher dimensions, however, the Green's function has to be found
via numerical methods: the finite-element or the integral equation method
(Chapters 5 and 8). Hence, the implementation of this method can become
numerically intensive for higher-dimensional problems.
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In addition to regularizing the amplitude of k 2(r ) - kl as in (8), the
derivatives of k2(r ) - k~ can also be regularized (see Exercise 9.21). Since the
derivatives enhance the high spectral components of k2(r ) - ki, regularizing
the derivatives attenuates the object's high spectral components. Moreover,
since it is the high spectral components of k2(r) - k~ that give rise to ill­
conditioning, this is sometimes preferable to regularizing the magnitude.

Another method that may be used to solve (7a) is via the method of
singular-value decomposition (Golub and Kahan 1965; Wilkinson 1965). If
(7a) is converted into a matrix equation without the regularization term in
the first term of (8), then the matrix equation we obtain is similar to (14)
but with bt = 0, that is,

P·a=C. (9.3.17)

However, P is ill-conditioned, and it is not possible to find its inverse. More­
over, because P is ill-conditioned, it has eigenvalues that are very small or
zero. But since P is Hermitian, we can decompose P as

- - - -t
P=8·A·8, (9.3.18)

where S is a unitary matrix, and X is a diagonal matrix containing the eigen­
values of P, which are real in this case. The inverse of P is then

--1 - --1 -t
P =8·A ·8. (9.3.19)

- --1
However, because of the zero or near-zero eigenvalues of P, A is unbounded.
But if we remove the small eigenvalues of P and define

--1 - ~-1 -t
P = 8 . A . 8 , (9.3.20)

- --1
where ~ contains only the nonsmall eigenvalues of P, then ~ is bounded.
In this case, the solution to (17) can be defined as

- ~-1 -t -
a = 8 · A · 8 . C. (9.3.21)

Such a solution of a is also known as the least-norm solution, because the
a thus obtained has the minimum norm, i.e., [a] is minimum (see Exercise
9.22).

In the regularization method, as shown in Equation (16), the inverse of
P + btB is sought instead of P. If B is a well-conditioned matrix, P + btB
is also well-conditioned. In other words, we have essentially padded the zero
eigenvalues of P with nonzero values by adding a term btB to P.

In two- and three-dimensional problems, finding the inverse of P + btB
in the regularization method or finding the singular value decomposition of
P usually involves a number of floating-point operations of the order of N3.
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But because of the large number of unknowns involved in two- and three­
dimensional problems, they become prohibitively intensive in the use of com­
putational resources. Alternatively, the conjugate gradient method can be
used to invert P + 8tB.

§§9.3.2 Born Iterative Method
In the distorted Born iterative method, the left-hand side of Equation (7)

becomes smaller as kl approaches k2 (r) as the iteration step increases. So, if
the measurement data E(r) are contaminated with noise so that

E(r) == E(r) +n(r),

where n( r) is the noise, then

Esca(r) == E(r) - Einc(r) +n(r).

(9.3.22)

(9.3.23)

Hence, as the iteration step improves on Einc(r) so that it is closer to E(r),
Esca(r) is swamped by noise n(r). Then, the iteration procedure may diverge
if no precautionary step to counter this is taken.

A more robust method of solving the inverse scattering problem is to use
the Born iterative method (Wang and Chew 1989). In this method, we write
Equation (1) as

E(r) = Einc(r) + Jdr' Go(r, r') . [k2(r') - k6]E(r'), (9.3.24)

v

where k5 is a constant wavenumber for the homogeneous background. Here,
Go(r, r") is a homogeneous Green's function with wavenumber ko. Hence,
Einc is the field in the absence of the scatterer, but E(r) is the total field in
the presence of the scatterer. Analogous to (4), Equation (24) is written as

Esca(r) = Jdr' Go(r, r') . [k2(r') - k6]E(r'), rES (9.3.25)

v

and
E sca(r) == E(r) - Einc(r), r E 5, (9.3.25a)

which is available from the measured field on 5.

In the Born iterative method, an estimate of k2(r ) is first made. Next,
the total E(r) in the object corresponding to this estimate is found by solving
the forward scattering problem. Then, we may write

E(r/) == G(r/, r'', E) . a, (9.3.26)

which is due to a point source at r", and E is the guessed profile. In this
manner, (25) becomes

Esca(r, r') = Jdr' Go(r, r') . G(r', r", i?) . a [k2 (r ) - k6],
v

r E 5, t" E S. (9.3.27)
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In a similar manner, a new estimate of k2(r) can be obtained from this equa­
tion via the methods described in (8) to (21). This new estimate can again
be used to update E(r). The iterative procedure is repeated until k2 (r ) and
E sca do not change. Note that in this method, E sca remains a finite number
and is less susceptible to contamination by noise.

The difference between the distorted Born iterative method and the Born
iterative method is that in the distorted Born iterative method, the Green's
function that propagates the field from a point in the object, r', to the receiver
point, r, is updated at each step. This is not so in the Born iterative method.
It can be shown that the error estimate for the distorted Born approximation
is of the second order, while that for the Born approximation is of the first
order. Hence, the distorted Born iterative method converges faster than the
Born iterative method (see Exercise 9.23; also, see the next subsection). The
Born iterative method, however, is more robust.

§§9.3.3 Operator Forms of the Scattering Equations

Even though no new problems would be solved by expressing the scat­
tering equation in an operator form, new insight into the problem is often
obtained by doing so. Consider first the scattering equation for the Born
iterative method given by (24). Its operator form would be (see Chapter 5;
also, see Tsang and Kong 1980)

(9.3.28)

where £) is a state vector representing the E field, go is a free-space Green's
function operator, and 0 is an operator related to the object function k2 (r ) ­
k5. The operator form expresses the scattering equation in a form indepen­
dent of the linear vector spaces. But the coordinate-space representation of
the above equation can be retrieved by evaluating its inner product with a
coordinate vector r). Then, (28) becomes

(r, £) = (r, £inc) + (r, go .0 . E). (9.3.29)

Furthermore, by noting that an identity operator is (see Chapter 5) I =
Jdr r)(r, we could insert it into the above to yield

(r, c) = (r, Cinc) + Jdr'dr" (r, go, r')(r', 0, r")(r", c).

Next, on identifying

(9.3.30)

(r, £) = E(r),

(r, go, r') = Go(r, r'),

(r, £inc) = Einc(r),

(r', 0, r") = 8(r' - r")[k2(r') - kg],
(9.3.31a)

(9.3.31 b)

the above is the same as (24). Hence, the coordinate-space representation of
the operator 0 is diagonal as is evident from (31b). Moreover, 0 is related
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to the object function to be reconstructed in the inverse scattering problem.
Other than expressing it in coordinate space, (28) can be expressed in any
space, e.g., the spectral space, by a process similar to (29) to (31) (see Exercise
9.24).

Now, we can find the solution of (28) in the operator sense. Consequently,
we have, by solving (28) for E),

(9.3.32)

Using (32) back in (28), we have

(9.3.33)

Moreover, notice now that the scattered field, which is the second term on
the right of (33), is nonlinearly dependent on 0, the operator for the object
function. This is also the underlying reason for the nonlinearity of the inverse
scattering problem. In addition, the factor (f - 90 .0)-1 is due to multiple
scattering. This becomes obvious if it is expanded in a geometrical series. By
doing so, (33) becomes

Esca ) == [90 . 0 + 90 . 0 .90. 0 + go .0 . go . 0 .90 . 0 + ... ] .Einc ) '

(9.3.34)
It is clear that the n-th term in the above series corresponds to the incident
field being scattered n times in the object. Moreover, the term 0 . E) can be
considered the current induced by the field in the object.

Alternatively, (33) could be written as

(9.3.35)

where

(9.3.36)

is a transition operator. The latter equality in (36) is obvious from (34).

In the inverse scattering problem, Esca ) is only known at some distance
remote from the object. Even though the scattered field is a nonlinear func­
tional of 0, the object function can nevertheless be solved for using an opti­
mization or estimation procedure described previously. For instance, in the
Born iterative method, given the measured scattered field [sca) , the object
function is sought such that the norm

(9.3.37)

is minimum, or

(9.3.38a)
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which is equivalent to
(9.3.38b)

being minimum. Since the above is a nonlinear functional of 0, it results
in a nonlinear optimization problem. To reduce it to a linear problem, the

total field in the object, which is c) = (f - 90 · Or l
· Cinc), is approximated

iteratively. First, £) is assumed to be approximately £inc). Then, the object
function 0 is solved for as a linear optimization problem in (38). The new

object function thus found is then used to estimate E) = (f - 90 · 0) -1 'Cinc),
the total field inside the object. This process is repeated until (38) is mini­
mized. Moreover, the regularization procedure is used at every estimation to
minimize the norm of 0 as illustrated in the previous subsection.

Note that the minimization of (38) can be done in any linear vector

space. Moreover, the process needed to find the operator (f - 90 · 0) -1 is
precisely that needed for the direct scattering problem. For instance, the
matrix representation, (1m, go · 0, In), of the operator go . 0 can be found
first by using some basis set, and subsequently, the inverse of the matrix
representation (fm, (f - 90 .0) ,fn) can be found. This, in turn, can be

used to approximate the matrix representation of Urn' (f - 90 · Or l
,In)'

But note that this is just equivalent to using the method of moments to solve
the direct scattering problem corresponding to the integral equation in (24).

In the distorted Born iterative method, the incident field is incident in
the presence of an inhomogeneous background medium, and hence, the corre­
sponding Green's function is that of an inhomogeneous medium, i.e., a point
source response in the inhomogeneous background medium. The correspond­
ing scattering equation from (1) is

where
£b,inc) = £inc) + go . o, .£b,inc) ,

gb = go + go . Ob . gb,

o = o, + 80.

(9.3.39)

(9.3.40a)

(9.3.40b)

(9.3.40c)

In the above, the coordinate-space representation of Ob is a diagonal matrix
with diagonal elements kl(r) - k6. In addition, (39) reduces to (28) upon
substituting the solutions of (40) into (39) (see Exercise 9.25). Note that
£) = £b,inc) if 80 = o. Moreover, tb,inc) is obtained by solving (40a), implying
that it is the field present when the inhomogeneous background is present.
Furthermore, 9b is obtained by solving (40b) indicating that it is the point­
source response in an inhomogeneous background kl.

In the inverse scattering problem, 80 is the unknown to be sought. First,
Equation (39) could be solved for £) as in (32). Then, (39) becomes

(9.3.41)
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Moreover, the scattered field, defined as the difference between £) and £b,inc)~

is
(9.3.42)

Given the measurement data t..: , then, since Ob is known, [,b,sca) can be
constructed from the data. Consequently, an optimization problem can be
set up to minimize

(9.3.43)

The above can be solved for 60 by assuming first that

(9.3.43a)

Next, 60 is ascertained by a linear optimization procedure. Given 60, a new
o given by (40c) can be used as the new Ob, and hence, yielding new Qb and
£b,inc)' Consequently, the process can be repeated until (43) is minimized.

Note that 60 becomes smaller when 0 and Ob becomes closer, implying
that the approximation (43a) becomes increasingly good. Moreover, the ap­
proximation in (43a), when used in (43), is to effect a second-order error in
(43). This is unlike the Born iterative method. Hence, the distorted Born
iterative method has a second-order convergence, whereas the Born iterative
method has only a first-order convergence. In the Born iterative method, a
first-order error in the estimate of [) via the use of (32), and its subsequent
use in (38b) effects a first-order error in (38b).

Exercises for Chapter 9

9.1 By assuming O(r) to be a small parameter, perform a Neumann se­
ries expansion of (9.1.1) and show that the scattered field is a nonlinear
functional of O(r). Give a physical interpretation to each term of the
Neumann series expansion (also, see Subsection 9.3.3).

9.2 Using the methods in Chapter 8, derive the scattering from one scatterer
and two scatterers using the T matrix formulation. Show that the two­
scatterer solution is not a linear superposition of a one-scatterer solution.

9.3 Show that the phase shift of a high-frequency signal, given by Equation
(9.1.2), is related to the tirne delay of the signal through an inhomoge­
neous medium.

9.4 (a) Derive Equation (9.1.10) from Equation (9.1.9) by changing (9.1.9)
into cylindrical coordinates.

(b) Prove the identity (9.1.13) and, hence, (9.1.15). Then, derive (9.1.12).

(c) Show that the project P(~~ a) can be written as (9.1.16) and (9.1.17).

9.5 (a) Derive Equations (9.1.23) and (9.1.24) for three-dimensional Radon
transforms.
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(b) Derive a formula for inverse Radon transforms in even dimensions,
which is a generalization of (9.1.12).

(c) Do the same for odd dimensions, which is a generalization of (9.1.23).

9.6 Assume that you have a transducer, which can be used as a transmitter
and a receiver. The transducer can generate a broadband pulse with fre­
quency components in the range 0 < w < n, and can receive in the same
frequency range. Describe how you can use the transducer to generate
the Fourier data of an object in the manner of diffraction tomography.
What is the resolution of the reconstructed image of the object?

9.7 (a) Convince yourself that the Fourier data obtainable in the forward
scattering experiment in Figure 9.1.9 consist of two disks as shown.

(b) If a backscattering experiment is included as well, show that the ad­
ditional Fourier data available consist of a semicircle in the lower half
plane.

9.8 (a) Derive Equation (9.2.5).

(b) Derive the equation for the characteristic curves of the wave equation,

which is the hyperbolic equation (~ - ~~ )¢( z, t) = O.

(c) Show that Equation (9.2.7) is true along the characteristic curves of
a PDE, and that (9.2.8) follows from (9.2.1).

9.9 (a) Find the equivalence of (9.2.9a) and (9.2.9b) for the wave equation

(::2 - :2 ~22) ¢(z, t) = O.

(b) If ¢( z, t) and ¢t (z, t) are known for all z at t = 0, describe how you
would use the method of characteristics to solve the Cauchy initial
value problem.

9.10 (a) A field 'l/J(z, x, t) satisfies the equation

8 a 82 1 82 8
J-L-J-L-1_'ljJ + -'l/J - --'l/J - J-La-'l/J = o.

8z 8z 8x2 c28t2 8t

By writing

00 00

IJI,( t) 1 Jdkx e ik x x Jd e-iwt~( k w)
tp z, x, = (21r )2 W ljJ z, x, ,

-00 -00

show that ¢(z, kx,w) satisfies (9.2.11).

(b) If we let kx = ~ cos (), and define

00

¢(z, e, t) = 2~ Jdw e-iwt¢ ( z, ~ cos e, w) ,
-00
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show that ¢(z, (), t) satisfies (9.2.13). Find a relationship between
¢(z, (), t) and 'l/J(z, x, t).

9.11 In cylindrical coordinates, a wave satisfies the following equation

1 8 8 1 82

p8pP8p¢(p, t) - c2(p) 8t2¢(P, t) = O.

Using the method of characteristics, find a layer-stripping algorithm for
c2(p) given the Cauchy data at p = 0 for all t.

9.12 Assume that an inhomogeneous profile consists of dispersionless fine
layers with equal travel time. A plane wave consisting of a delta function
in the time domain is normally incident on this inhomogeneous profile.

(a) Show that the reflected wave consists of a time series of impulse func-
tions at equal intervals with different amplitudes.

(b) Derive an algorithm from which you can unravel the wave impedance
of each layer using causality.

9.13 Show that if the medium is a conductive lossy medium, i.e., € = €' +!£,
w

then the corresponding equation of (9.2.30) in the time domain is not
(9.2.21). What is the corresponding equation in the time domain in this
case?

9.14 (a) Explain why the boundary condition defined by (9.2.36) is equiva­
lent to a sheet source backed by an impedance boundary.

Hint: A transmission line analogy may be useful here.

(b) Explain why the radiation condition that a wave is outgoing when
( ~ 00 is equivalent to the causality condition in the time domain.

9.15 By using the method of characteristics, show that the Cauchy data
provided by (9.2.50a) and (9.2.50b) affect the triangular region shown in
Figure 9.2.5. Show that G((, t) is of the form given by (9.2.51).

9.16 By going through an analysis similar to (9.2.40) to (9.2.46), prove the
equality (9.2.52a) and (9.2.52b).

9.17 (a) By discretizing Equation (9.2.64), describe how you would solve the
resultant equation for K((, t).

(b) Similarly, describe how you would solve Equation (9.2.72) for K((, t).

9.18 (a) Show that the Gel'fand-Levitan equation given by (9.2.90) is equ­
ivalent to probing a one-dirnensional profile with an impressed sheet
source on a perfect magnetic wall.

(b) Similarly, show that the Marchenko integral equation (9.2.91) is equ­
ivalent to probing a one-dimensional profile for ( > 0 where V(() = 0,
« O.

9.19 Nonradiating sources may give rise to nonuniqueness in the inverse
scattering problem.
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(a) Define an arbitrary field 'ljJ(r), which has finite support, i.e., 'l/J(r) = 0,
r ~ V, 'l/J(r) =1= 0, rEV. Derive a source S(r) that will generate this
field 'ljJ(r). What is the support of S(r)?

(b) Because of the existence of such nonradiating sources, show that

Jdr' g(r, r')S(r') = 0, r ~ V,

where g(r, r') satisfies (\72 + k~)g(r, r') = 8(r - r'). Hence, show that
the integral operator in the above has a nullspace.

(c) Show that the inverse scattering equation for a scalar wave problem
is

4Jsca(r) = Jdr' g(r, r')[k2(r') - k~]4Jinc(r').
V

(d) Show that the integral operator Jdr' g(r, r')<Pinc{r'), which operates
on k2(r' ) - k~, has a nullspace. Give an example of a state vector
which is in the nullspace of this integral operator.

(e) Show that this nullspace can be reduced or squeezed by using more
measurement data from different transmitter locations. In this case,
the inverse scattering equation is

4Jsca(r, r") = Jdr' g(r, r')[k2(r') - k~]4Jinc(r', r"),
v

where r" denotes the locations of the transmitter.

9.20 (a) Derive Equation (9.3.13) from (9.3.11).

(b) If bn(r) is chosen to be pulse functions in (9.3.9), show that B in
(9.3.14) is a diagonal matrix.

9.21 Another way of regularizing (9.3.8) is to regularize the derivatives.
Then, (9.3.8) becomes

I = s,Jdr' IV'[k2(r ' ) - k~]r
v

+l: \Esca(ri, rj) - Jdr' M(ri, rj, r', Eb)[e(r') - k~f·
1,,) v

The derivative \7 can be approximated by a finite-difference approxima­
tion if r' is discretized into a grid. The integral can be replaced by some
integration rules. Derive a corresponding matrix equation for the optimal
solution of the above functional.

9.22 The matrix P in (9.3.17) has zero eigenvalues due to the inherent non­
uniqueness of the inverse problem using the distorted Born iterative
method.
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(a) Show that a obtained by (9.3.21), where the zero eigenvalues of X
have been removed, is the least-norm solution.

(b) Show that the regularization method is like padding the zero eigen­
values of P with a small nonzero value.

9.23 The Newton-Raphson method of finding the root of the equation f(x) =
ois to start with a guess xo. Then, f(x) is Taylor series expanded around
Xo to yield f(x) ~ f(xo) + (x-xo)f'(xo) ~ O. Hence, the root to f(x) = 0
. . lv ai b / f(xo)IS approximate y given y x ~ .ro - f'(xo)'

(a) Show that when Xo is very close to the exact answer x.; the error in
the Newton-Raphson method is of second order.

(b) Show that the distorted Born iterative method is analogous to (in one
dimension) solving the equation

m = rno(Eb) + g(Eb) (E - Eb) ¢(E),

where m, rno(Eb), and g(Eb) are known, and ¢ as a function of f. is
known, and the unknown to be sought is E. Show that the error in
the distorted Born iterative method is of higher order and, hence, is
analogous to the Newton-Raphson method in higher dimensions.

(c) Another way of solving for the root of the equation x = h(x) is via
an iterative method. The n-th estimated root can be expressed in
terms of the (n - l)-th estimated root as X n = h(Xn-l). Prove that
a necessary condition for the convergence of such a method is that
Ih'(xe)1 < 1.

(d) Show that the Born iterative method is the multidimensional equiv­
alent of the method in part (c). Given the N-dimensional equation
x = h(x), if the method of part (c) is used to find its root, what is
the necessary criterion for convergence?

9.24 (a) Find the representation of (9.3.28) in the spectral space. What do
you notice is peculiar about 90 and 0 in the spectral space?

(b) Next, find the representation of (9.3.28) in a space spanned by the
eigenfunction of go, i.e., :Fn ) such that 90, F n ) = >"Fn ) . Would the
matrix representation of 90 be diagonal? What about the matrix
representation of O?

9.25 For the distorted Born iterative method:

(a) Show that [b,inc) = (1: - 9 0 . Obr
1

. [inc) and 9b = (1: - 9 0 · Obr
1

·90
from (9.3.40).

(b) Show that (9.3.39) reduces to (9.3.28) after substituting the solution
of (9.3.40) into it.

(c) Show that by letting 0 == Ob+ 80 in (9.3.28), it reduces to (9.3.39).
Hence, Equation (9.3.39) is like Taylor series expanding (9.3.28) about
the value Ob'
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(d) Show that in the optimization of both (9.3.38) and (9.3.43), the op­

erator (I - go .0) -1 is required, i.e., both require the solution of
the direct scattering problem. Hence, if the matrix representation
of (I - go .0) is found with N basis functions as in the method of
moments so that its inverse can be found, convince yourself that the
computational effort in finding both (9.3.38) and (9.3.43) are about
the same.
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SOME USEFUL MATHEMATICAL FORMULAS

APPENDIX A

Some Useful Mathematical Formulas

A.I Useful Vector Identities

a· (b x c) == b· (c x a) == c· (a x b),

a x (b x c) == b(a· c) - c(a· b),

\7 x \71)) == 0,

\7 . \7 x A == 0,

\7 . ('ljJA) == A . \7'ljJ + 1/)\7 . A,

\7 x ('ljJA) == \7'ljJ x A + 'ljJ\7 x A,

\7 . (A x B) == B . \7 x A - A . \7 x B,

\7(A . B) == (A . \7)B + (B . \7)A + A x \7 x B + B x \7 x A,

\7 x (A x B) = (B . \7)A - (A . \7)B + A \7 . B - B\7 . A,

\7 x \7 x A == \7\7 . A - \72A.

In Cartesian coordinates, \72A can be decomposed as
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(A.I)

(A.2)

(A.3)

(a.4)

(A.5)

(A.6)

(A.7)

(A.S)

(A.9)

(A.I0)

(A.II)

because \72 commutes with X, y, and z, i.e., \72x == x\7 2 and so on. This
is not true in other curvilinear coordinates; hence, this decomposition is not
allowed.

A.2 Gradient, Divergence, Curl, and Laplacian in
Rectangular, Cylindrical, Spherical, and General
Orthogonal Curvilinear Coordinate Systems

(a) Rectangular System; x, y, z:

(A.12)

(A.13)

(A.14)

(A.15)
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(b) Cylindrical System; p, ¢, z:

APPENDIX A

(A.16)

(A.17)

8'4;" 18'4;" 8'4;"
\71/J = 8PP + P8fj> fj> + 8z z,

\7 . A = ~~(pA ) + ~ 8A", + 8A z

p dp P p 8¢ 8z '

(
18Az 8A¢) " (8A p 8A z ) " 1(8 8A p ) "V' x A = -- - - p + - - - ¢ + - -(pA¢) - - z,
p 8¢ 8z Bz 8p p 8p 8¢

(A.18)

(A.19)

(c) Spherical System; T, 8, ¢:

(A.20)

(A.21)

\7 x A = -~- [~(SineA",) - 8Ao] f + ~ [_.1_8A r
- ~(rA",)] {)

r SIn 0 ao a¢ r SIn e a¢ ar

+ ~ [~(rAo) - 8A r
] ¢, (A.22)

r ar BO

(A.23)

(d) General Orthogonal Curvilinear Coordinate System; Xl, X2, X3:

The metric coefficients (hI, h2 , h3 ) in a general orthogonal curvilinear
coordinate system are defined by

(A.24)

where ds, denotes a differential length in the direction of dx : Moreover,
the variable, Xi may not have the dimension of length. One way of finding
the metric coefficients is to express the rectangular variables in terms of the
variables of that system:

X = Y(Xl' X2, X3),

Y = Y(Xl' X2, X3),

Z = Z(Xl' X2, X3)'
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Then

[(~X ) 2 + (~)2 + (~)2] 1/2 dx.,
OXi OXi OXi

i==I,2,3.
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(A.25)

Hence,

[(
8X)2 (8y)2 (8Z)2]1/2

h-== - + - + -
z OXi OXi OXi .

(A.26)

For instance, in an elliptical coordinate system,

x == c cosh u cos v,

Y == c sinh u sin v.

If (Xl, X2, X3) represent (u, u, z ), then by applying (26), we have

(A.27)

(A.28)

hI == h2 == c(sinh2 u cos2 v + cosh/ u sin ' V}1/2 == c(cosh/ U - cos2 V )1/2,

(A.29)
h3 == 1. (A.30)

In general, for any orthogonal curvilinear coordinate system,

3 1 87jJ "
\11/) == '" --Xi,c: h· ox-

i=1 2 2

(A.31)

(A.32)

(A.33)

(A.34)

A.3 Useful Integral Identities

In the following formulas, V is a volume bounded by a closed surface S.
The unit vector it is norrnal to 5 and points outward.

(a) Gradient Identity:

f "V¢dV = f ¢ndS.

v s

(A.35)
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(b) Gauss' Divergence Theorem:

f V · A dV = fA. nss.
v s

(c) Vector Stokes' Theorem:

f V x A dV = f ii x AdS.
v s

(d) First Form of Green's Theorem:

f[<PI V2<P2 + V<PI · V<P2] dV = f n' <PI V<P2 dS.
v s

(e) Second Form of Green's Theorem:

f[<PI V2<P2 - <P2V2<pddV = f ii- (<PI V<P2 - <P2V<Pd dS.
v s

(f) Vector Green's Theorem:

f [P · V x V x Q - Q · V x V x P] dV
v

APPENDIX A

(A.36)

(A.37)

(A.38)

(A.39)

=f [Q x V x P - P x V x Q] · ii dS. (A.40)

s

The above may all be proved from Gauss' divergence theorem.

(g) Stokes' Theorem:
If S is an unclosed surface bounded by a contour C, then

j(V x A)· ndS = fA. dl,
s c

j n x V <P dS = f <P dl.
s c

(A.41)

(A.42)
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(h) Gauss' Theorem in Two Dimensions:

575

J(tJ. A) as = fA. ii dl, (A.43)

5 C

The above identities for tensors and dyads can also be readily established
(see Appendix B).

A.4 Integral Transforms

(a) Fourier:

00

f(x) = 2
1
-;r Jdy e

ix y f(y),
-00

00

j(y) = Jdx e-ix y f(x),

00

b(x - x') = ~ J dy ei(x-x')y.
27r

-00

(b) Cylindrical Hankel:

oc

f(p) = Jd>" >..In(>..p)j(>..),
o

ex>

j(>..) = Jdp pJn(>..p)f(p),

o
CXJ

b(p; p') =Jd>" >''In(>..p)Jn(>''p'),

o

where In(x) is a cylindrical Bessel function of n-th order.

(c) Spherical Hankel:

1/2 00

f(r) = (~) Jd>..>..2jn(>..r)j(>..),

o

1/2 00

j(>..) = (~) Jdrr2jn(>..r)f(r),

o

(A.44)

(A.45)

(A.46)

(A.47)

(A.48)

(A.49)

(A.50)

(A.51)
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00

b(r - r') 2J 2 . . ,
--2- = - d); >.. In(>..r)Jn(>..r ),

r 1r
o

where jn(x) is a spherical Bessel function of n-th order.

(d) Hilbert:

00

1 J f(r)g(t) = -P.V. dr-,
1T r-t

-00

00

f(T) = -~P.V. Jdt g(t) ,
1T t - T

-00

00

( ') 1 J 1 1b t - t = -2"P'V, dr --P.V.-,-,
1r r-t t-T

-00

APPENDIX ,A

(A.52)

(A.53)

(A.54)

(A.55)

where P.V.~ is regarded as a generalized function (see Appendix C).

(e) Radon:
A Radon transform in an n-dimensional space is defined as

00

j(p,~) = J f(x) e5 (p - ( x) dx:

-00

(A.56)

where x is a position vector in an n-dimensional space, ~ is a unit vector, and
dx implies a volume integral in an n-dimensional space. The inverse Radon
transform is different in even and odd dimensions. In even dimensions, it is

1 J Joo 1 ( a)n-l - "
f(x) = (211"i)n d~ dp p _ ~ . x op f(p,O,

1~1=1 -00

(A.57)

where the d~ integral implies integrating over all angles of i, i.e., d~ is an
elemental area on the surface of a unit sphere. In odd dimensions,

1 1 J (o)n-l - "
f(x) = '2 (211"i)n-l d~ op f(p, 0 Ip=(.x·

1~1=1

(A.58)
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APPENDIX B

Review of Tensors
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A tensor represents a physical quantity that is invariant under a coor­
dinate rotation. For instance, a scalar is a zeroth rank (or order) tensor,
while a vector is a first rank tensor. Moreover, when the coordinate system
is changed from (Xl, X2, X3) to (X;, x;, X;),l all the components of a vector a
will be differently defined in the new coordinate system, but the direction of
the vector a remains unchanged in space. A vector can be written asa linear
superposition of three unit vectors, i.e.,

(B.l)

where Xi denotes a unit vector in the Xi direction. Alternatively, the above
could also be written using indicial notation as

(B.2)

3

where summation over repeated indices is implied, i.e., aixi = L aixi' It is
i=l

clear that a; == a . Xi' Furthermore, a, is also known as the matrix represen-
tation of a vector. The relationship between a; and a~ is

(B.3)

where T i j == x~ .Xj is the rotation rnatrix.

Since the length of a vector remains unchanged under a coordinate rota­
tion,

(B.4)

In other words,
TijTik == Ojk. (B.5)

-t - - --1 -t
The above implies that T . T == I or T == T . Hence, a rotation matrix is
unitary.

A second rank (or order) tensor linearly relates a vector to a vector. The
most general linear relationship between two vectors is

b == T' a. (B.6)

An example of this is the permittivity tensor that relates D = € . E. Since €
represents a physical quantity, it is invariant under a coordinate rotation.

A simple example of a second rank tensor is the dyad ab, which is formed
from two vectors a and b. It has the property that when it operates on a
vector c, it yields

ab . c == a(b . c).

1 (x 1, x2, X3) represents (x, y, z) here so that indicial notation could be used.

(B.7)
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Hence, a dyad takes the projection of a vector c onto b, and multiplies it to
a. It is a linear mapping of a vector to another vector. Furthermore, when a
and b are expressed in the Cartesian coordinates, the dyad ab can be thought
of as a matrix, namely,

(B.8)

In indicial notation, ab = aibj' Note that tr(ab) = a· b, where tr(A) is the
trace of the matrix A which is equal to the sum of its diagonal elements.
Notice that a dyad is also the outer product between two vectors.

Not all second rank tensors are dyads as the dyad ab has a nullspace of
rank two, since given a vector b in a three-dimensional space, there exists
a two-dimensional plane orthogonal to b. All vectors on this plane are in
the nullspace of abe All second rank tensors, however, can be written as a
linear superposition of nine dyads. For example, given a tensor T, it could
be written as

(B.9)

where there are nine possible values of Tij' It is clear that Tij = Xi . T . Xj,

which is also known as the matrix representation of the tensor T under the
basis {Xl,X2,X3}.2 Hence, as a matrix, the tensor T is

(B.10)

In a rotated coordinate system (x~, x;, x;), we have

(B.11)

Equating (9) and (11) yields

(B.12)

Dot-multiplying the above by x~ and xj gives

(B.13)

where Ti k is the same as that in (3). Therefore, a second rank tensor is
transformed with two T matrices under a coordinate rotation, namely,

-I - - T t
r =T·r· , (B.14)

2 When tensors are expressed in Cartesian coordinates, they are also called Cartesian
tensors.
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where -:r' is the matrix representation of T in the (x.~, x~, x;) coordinates.

Given a matrix representing a tensor, it can be easily shown that its eigen­
values, its trace, and its determinants are scalars invariant under a coordinate
rotation. Hence, given two tensors, -:r and S, then

tr(-:r .S) == TijSji == T : S. (B.15)

The double dot product here indicates a summation over both indices of the
tensors.

The matrix representing a second rank tensor can be symmetric or anti­
symmetric. A symmetric tensor can be diagonalized by a proper choice of a
coordinate system, since the eigenvectors of a symmetric matrix are orthog­
onaL Hence, for a symmetric tensor, there exist three orthogonal bases el,
e2, and e3 such that

T . e3 == A3e3.

The matrix representation of the tensor under these bases is then

(B.16a)

(B.16b)

(B.16c)

(B.17)

which is a diagonal matrix.

An example of an antisymmetric tensor is given by the tensor a such that

Here, the matrix a is

a· b == a x b. (B.18)

(B.19)

All second rank tensors can be expressed as a linear superposition of sym­
metric and antisymmetric tensors.

A third rank tensor linearly relates a vector to a second rank tensor, i.e.,

T == ~. a, (B.20)

where ~ is a third rank tensor. An example of a third rank tensor is the
triad abc. All third rank tensors can be written as a superposition of the
twenty-seven triads XiXjXk, i.e.,

(B.21)
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Then, it is clear that f3ijk = Xj · (Xi . .8) ·Xk'

A third rank tensor transforms as

APPENDIX B

(B.22)

Hence, the rank (or order) of a tensor is indicated by the number of indices
it has, and under a coordinate rotation, it transforms as

(B.23)

(B.24)

A commonly encountered third rank tensor is the alternating tensor or
the Levi- Civita tensor, defined as

{

I , if i,j, k is an even permutation of 1,2,3,

fijk = -1, ifi,j,k is an odd permutation of 1,2,3,

0, if any two of i, j, k are equal.

With this tensor, then

or
a x b = E: abo

(8.25)

(B.26)

Moreover, the alternating tensor can also be used to define the cross product
between a second rank tensor and a vector. For example,

(B.27)

or

Consequently,
r x c = -r ·E . c.

Similarly, it follows that
c x T = -c · f · T.

From (25), fijk is also the number

fijk = Xi . (Xj x Xk).

Consequently,

fijkfilm = (Xi · Xj X Xk)(Xi · Xl X xm)
= (Xj x Xk) . XiXi . (Xl X xm)

= (Xj x Xk) . (Xl X xm)

= (Xj x Xk) X Xl . xm
= [Xk(Xj · Xl) - Xj(Xk · Xl)] . :Ern

= Dkm Djl - Djm Dkl·

(B.28)

(8.29)

(B.30)

(B.31 )

(A.32)
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The second rank identity tensor I and the third rank tensor € are known as
isotropic tensors since their forms are invariant under a coordinate rotation.
A fourth rank tensor which is isotropic can be shown to be of the form

(B.33)

Moreover, a fourth rank tensor linearly relates two second rank tensors. For
example, the stress and strain tensors in an elastic solid are related via a
fourth rank tensor. For an isotropic medium, the fourth rank tensor is of the
form given by (33).

Differentiation of a vector field generates a higher rank tensor. For ex­
ample, \7v is a second rank tensor, or

(B.34)

It follows that tr(V'v) = V' . v.

Since

(B.35)

(B.36)

Hence, indicial notation, together with the alternating tensor, can be used to
prove vector identities readily.

Integral theorems are also simplified in tensor notation. For example,
Gauss' divergence theorem is

fA. it as = f V' . A dV.
5 V

(B.37)

By letting A = lijk ...Xp, where Tijk". is a tensor of arbitrary rank, the above
becomes

f S f 8Tijk ... dV
Tijk··· np d = 8x

p
.

5 V

Now, letting Tijk ... = Vi, a vector, we have

f f 8Vi
Vinp d.S = 8x

p
dV,

5 V

(B.38)

(B.39)
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f dB iiv = f dV V'v. (B.40)

s v
Taking the trace of the above yields Gauss' divergence theorem again.

Furthermore, by letting Tijk ... = ¢, a scalar, we have

f ¢np as = f :~dV (B.41)

s v

or f ¢ndB =f V'¢dV. (B.42)

s v
The above is a gradient identity [see Equation (A.35)). By letting Tijk· .. = Tij,

a second rank tensor, we have

Then, if we let p = i, the above becomes

f as ii · r = f dV V' · r,
s v

(B.43)

(B.44)

which is the divergence theorem for tensors. Similar to (37), from Stokes'
theorem that

fA. dl =JV' x A· dS, (B.45)

c s

we conclude that

f Tijk··· dx, = Jtijk {)~::... ss; (B.46)

C s

Furthermore, by letting Tijk ... = ¢ Dik' we have [see Equation (A.42)]

f ¢dt =JdS x V'¢. (B.47)

c s

And, by letting Tijk ... = tijkVj, we have

f dl x v =Jv- .dS - JV' · vdS.

c s s

(B.48)

In this manner, integral theorems for vector and tensor fields are easily
established.
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Generalized functions are expanded definitions of functions to include
functions which cannot be described in a classical sense. Examples of gen­
eralized functions are the Dirac delta function and its derivatives. Despite
their nonclassical characters, engineers and physicists have appreciated these
functions as a limiting case of a sequence of functions. For example, after
defining

2 (n) 1/2fn(x) = e-nx:; ,

a Dirac delta function is then

b(x) == lim fn(x) == lim e-nx2 (~) 2 .
n --+ ()O n --+ 00 7T

(C.l)

(C.2)

Hence, b(x) is a function that is zero everywhere, and infinite at x == o.
00

Furthermore, J b(x) dx == 1, and
-()O

00

.I t5 (x )f (x ) dx = f (0).
-00

(C.3)

A Dirac delta function is a simple way to describe, e.g., a point charge which
has infinite charge density, but a finite net charge. This function, however,
is not acceptable in a classical sense as it is defined only at one point.

If the use of a delta function defies understanding in a physical applica­
tion, one can usually gain a better insight by studying a sequence of functions
(also known as a delta family or a delta sequence). Many aspects of general­
ized functions, however, are difficult to understand intuitively. For example,
it is well known that the Fourier representation of

and

()O

t5(x) = ~ .I dye ix y
,

27f
-00

oc

e5' (x) == -~ .I dyyeix y
.

27T
-00

(C.4)

(C.5)

The right-hand sides of these equations are nonconvergent integrals; hence, it
is not clear what the equalities in the above mean. But the equivalences in (4)
and (5) as generalized functions can be established readily using distribution
theory.



584 APPENDIX C

In Chapter 5, we have shown that a function 1(X) can be thought of as
a vector in an infinite dimensional space. One way to define such a vector is
to define the value of f(x) at each x. Another way is to seek out a complete
set of independent functions cPn(x) that spans a space. Then f(x) can be
equivalently defined by the numbers (f(x), cPn(x)) for all n.! For example, if
f(x) is a function in the £2 space, then cPn(x) is a set of functions that spans
the £2 space, which is a Hilbert space. The above is a generalized way of
defining a function f(x). But it is not general enough for the following reason:
Since cPn(x) is from £2 space, it can be a discontinuous function. Hence, f(x)
cannot be a Dirac delta function 8(x), for if cPn(x) is discontinuous at x = 0,
then (8(x), cPn(x)) is undefined.

Consequently, in order to expand the class of functions that can be defined
in this manner, it is expedient to choose a subset of functions from the £2
space. If these functions are well behaved and smooth, then the class of
functions f (x) that can be defined in this manner can be expanded beyond
the class of functions in £2. A classic example of a smooth function within
the interval a ~ x ~ a is

[z] ~ a,

Ixl > a.
(C.6)

This function is smooth, and vanishes at x = ±a. Furthermore, its derivative
of any order is smooth and vanishes at x = ±a. Moreover, after defining the
n-th derivative of such a function to be ¢n(x), the ¢n(x)'s form a linearly
independent set. They span the space of a class of functions which are in­
finitely smooth and is a subspace of the £2 space. Hence, a generalized way
of defining a function f is by the numbers (f, ¢n) for all n.

The action of I(x) on ¢n(x), i.e., (I, ¢n) for all n, is said to generate a
distribution, and a function is defined in a distributional sense in this manner.
The set of functions cPn (x) is also known as testing functions for defining a
generalized function. Subsequently, we shall denote <Pn(x) by cP(x), which
represents all possible infinitely smooth functions. Since the set of testing
functions is extremely smooth, a large class of functions and their derivatives
can be defined in this manner. For a generalized function, j(x), t, and (j, cP)
are often used interchangeably.

With this definition, the derivative of a generalized function j' (x) is de­
fined by the distribution

a

(f', ¢) = Jj'(x) ¢(x) dx,
-a

(C.7)

1 f(x) and ¢(x) are assumed real here. Generalization to complex functions is straight­
forward.
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where ¢ is all possible functions from the class of smooth functions. Using
a

integration by parts, the above is just - J f(x)¢'(x) dx. In other words,
-a

(f',¢) == -(f,¢')· (C.8)

Similarly, the m-th derivative of a generalized function is defined by the
distribution (!(m), ¢), which, by repeated integration by parts, is just

(C.g)

Since ¢(x) is an extremely smooth function, the inner product (f, ¢(m)) exists
for all m. Hence, the m-th derivative of a generalized function could be
defined.

If a generalized function u(x) is defined such that

u(x) == {I, x <0,
0, x < 0,

(C.IO)

it is easy to show that the generalized function 8(x) == u'(x) with the distri­
bution

(8, ¢) == ¢(O). (C.II)

Furthermore, the derivative of a delta function, 8' (x), is a generalized function
with the distribution

(8', ¢) == -¢'(O). (C.12)

In this manner, derivatives of all orders can be defined for u(x) and hence,
for 8(x).

The interval in (6) can be readily extended to (-00,00). Ordinarily, the
m-th derivative of a delta function, 8(m)(x), has meaning only via its action on
a function ¢(x), yielding (_)rn¢(m)(o). Such an action (8(m),¢) is undefined
if ¢(rn) (0) is undefined.

It can be easily shown by a change of variable that

(1 (~) ,¢(x)) = a(J(x),¢(ax)).

Hence,

(8 (~) ,¢(x)) = a(8(x), ¢(ax)) = a¢(O) = (a8(x), ¢(x)).

(C.13)

(C.14)

Consequently, 8 (~) == a8(x) in a distributional sense.

The following are some important properties of generalized functions:

(i) The generalized functions f(x) and h(x) are equal in Ixl ~ a if they
generate the same distribution with ¢(x), i.e.,

(f, ¢) == (h, ¢). (C.15)
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(ii) A generalized function fm(x) converges to f(x), i.e., lim fm(x) = f(x)
m-oo

if
lim (1m, ¢) = (I, ¢).

m-+oo
(C.16)

(iii) For generalized functions, if lim f m (x) = I (x), then lim l:n (x) = I' (x).
m-oo m-+oo

The above can be proven easily, because (I', ¢) = -(1,1/), and (f:n, ¢)
= -(1m, ¢'). From property (ii), lim Im(x) = I(x) implies that (/, ¢') =

m-+oo

lim (fm, ¢'). Hence, (f', ¢) = lim (f:n,¢).
m-+oo m-+oo

(iv) Consequently, it is easy to show that for generalized functions, if

lim Im(x) = I(x),
m-+oo

then
(C.17)

Property (iv) is one of the most important properties of generalized func­
tions. It can be used to establish divergent Fourier series as generalized func­
tions. For example, if a function f(x) is defined by a Fourier series expansion
in the interval Ixl ~ aby

00

f(x) = L akei¥X,
k=-oo

then 1m (X) can be defined as

k=-m

(C.18)

(C.19)

Now, if f(x) and Im(x) are regarded as generalized functions, it is clear that
lim fm(x) = I(x). Taking the l-th derivative of (19) yields

m-+oo

f (l ) ( ) - Lm

(ik1r)l i~xm X - ak - ea.
a

k=-m

(C.20)

From property (iv) which implies that lim I~)(x) = j(l)(x), we conclude
rn-oo

that

f {l)( ) Loo

(ik1r)l i
k rrx

X = ak - ea.
a

k=-oo

(C.21)

The right-hand side of (21) could very well be a divergent series even though
(18) may be convergent. But when both sides of (21) are generalized func­
tions, the equality in (21) is readily established. Moreover, when the interval
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(-a,a) ~ (-00,00), a Fourier series becomes a Fourier transform. In this
case, the right-hand side of (21) could very well be a divergent integral.

With the above concepts, we can establish the meaning of the equalities
in (4) and (5). They are only equal if both sides of (4) and (5) are regarded
as generalized functions.

There are several ways to find the Fourier transforms of generalized func­
tions. One way is to define a function with a parameter n as in fn(x) in
Equation (1). Then, the Fourier transform of fn(x) is easily found to be

(C.22)

Since lim in (Y) = 1, the Fourier transform of b(x) = 1.
n-+oo

Another example is the Fourier transform of a sgn(x) function. To find
its Fourier transform, we define a function

fn(x) == sgn(x)e-1x1/ n

whose Fourier transform can be found.

(C.23)

(C.24)

00 0

In(Y) =1dx e-iyxe-x/n - 1dx e-iyx+x/n

o -00

-1 -1 -2iy- + ----
- (-iy -lin) (-iy + lin) - y2 + n\·

The function -2iyl(y2 + 1/n2 ) can only be regarded as a generalized function
when n ~ 00. By choosing an appropriate test function ¢(y), we have

00

lim (in, ¢) = lim 1dy ( ;2iY
1 ) ¢(y)

n-+oo n-+oo y + n 2
-00

1· 1· [1-f. d -2iy¢(y)= im im y
f-+O n-+oo y2 + ~

n
-CXJ

+ i.
OC

dy -2iy¢(y) + if -2iY¢(kx ) ] .

Y2 + 1.- y2 + -L
n 2 n 2

( -f
(C.25)

In the above, E and lin can always be made small enough so that the last
term on the right-hand side of (25) can be evaluated as

f- i -2iylim lim ¢(O) dy 2 1 = o.
(-+0 n-+oo y + n 2-f.

(C.26)



588

Consequently,

lim (in, ¢) = lim [1-' dy -2i ¢(y) +100

dy -2i ¢(y)]
n-+oo f-+O y Y

-00 f

00

1 -2i-=P.V. dyy¢(y),
-00

APPENDIX C

(C.27)

where P.V. stands for the Cauchy principal value integral, which is the defini­
tion of the integral in (27). A generalized function p.V.l can be defined with

y
the property that its action on a test function implies a Cauchy principal
value integral. Then, in a distributional sense,

lim jn(Y) = -2iP.V.~.
n-+oo y

Therefore, as generalized functions, we can equate

00

1 1 .-2iP.V. y= dx sgn(x) «-«.
-00

(C.28)

(C.29)

Note that both p.V.l and sgn(x) are not ordinary functions.
y

The Fourier transform relationship of generalized functions can also be
established by Parseval's theorem, which requires that

1 - ­
(f, ¢) = 211" ir, ¢). (C.30)

If the test function ¢(x) is an extremely smooth function that decays exponen­
tially when x --. 00 (for example, it may be a Hermite-Gaussian polynomial),
then J>(y) is also an extremely smooth function that decays exponentially
fast when y ---t 00. In this case, ¢(y) is also a legitimate test function for
generating a distribution in the Fourier space.

Using Parseval's theorem, we have

i / 1 - )(sgn(x), ¢(x)) = -; \ p. V'y'¢(y) .

We can rewrite the right-hand side of the above as

(C.31)

~ (P.V.~, lOOdxe-iXY¢(X)) = ~P.v. lOOdY~ lOOdxe-iXY¢(X)
-00 -00 -00

00 00-1 ()i P V 1d 1 -ixy- dx ¢ x -; .. yye.
-00 -00

(C.32)
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The above then implies the Fourier transform relationship that

00

i J 1.sgn(x) == --P.V. dy_e 1X Y
•

1r y
-00

Given a train of delta functions

00

f(x) = L 8(x - 2k7r),
k=-oo

589

(C.33)

(C.34)

which is a periodic function of x with period 27r, a Fourier series expansion
yields

00 1 00

L 8(x - 2br) = 27r L e
inx

.

k=-oo n=-oo

(C.35)

Note that both sides of the equation are periodic functions of x. The left
side is a generalized function, while the right side is a nonconvergent series.
Hence, they are equal only in a distributional sense. Note that by taking the
Fourier transform of (35), one obtains

00 00

j(y) = L e~2iktry = L 8(y - n).

k=-oo n=-oo

(C.36)

Then, by letting y = y' /27r, and using the fact that 8(y' /27r) = 27r 8(y'), (36)
can be made similar to (35). The above shows that the Fourier transform of
a delta function train is a delta function train.

Using Parseval's theorem given by (30), and f(x) and J(y) given by (34)
and (36), we have

00 1 00

L ¢(2k7r) = 27r L ¢(n).
k=-oo n=-oo

(C.37)

The above is known as the Poisson's summation formula. If a series ¢(2k7r)
is slowly convergent, i.e., ¢(x) diminishes slowly as x ~ 00, then ¢(y) ~ 0
rapidly as y ---t 00, and the series on the right-hand side of (37) is rapidly
convergent. Equation (37) is useful for accelerating the convergence of a
series, if the terms in the series can be identified with ¢(x) whose Fourier
transform J>( y) is known.

Given a differential equation

[,u == j, (C.38)

where L is a differential operator, an adjoint operator [a is defined as

(C.39)
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Now, if f is a generalized function, (38) has no meaning in a classical sense.
However, a solution u of (38) can be sought such that

(C.40)

where </> is from the space of infinitely smooth functions. Then u that satisfies
(39) satisfies (38) in a distributional sense. Note that in a classical sense, u
that satisfies (38) has to be smooth and differentiable, since E is a differential
operator. But u in (39) need not be differentiable. A u that satisfies (39)
also satisfies (38) in a weak sense, or u is a weak solution of (38).
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The use of addition theorems arises in a number of solutions of the scat­
tering problem. They express wave functions in one coordinate system in
terms of the wave functions of another coordinate system which is linearly
translated from the first one.

In cylindrical coordinates, the addition theorem is [see (3.3.2), and Exer­
cise 3.9]

00

H61)(k
plp- p'l) = L In(kpp<)H~l)(kpp>)ein('''-''''), (D.l)

n=-oo

where p< is the smaller of p and p' and p-, is the larger of p and p' (see Figure
D.1). By using the raising operator given by Equation (2.2.16) of Chapter 2,
it can be readily established that

00

L In_m(kpp')H~l)(kppkn'''-i(n-m),,,', p > p',
n=-(X)

00

n=-oo

(D.2)

o~-------~~

x

~---..----~ y"

XII

Figure D.I Translation in the cylindrical coordinate system.

Moreover, by taking the regular part of (2) on both sides of the equation,

00

J (k I 'I) itrub" - ~ J (k ')J (k ) in¢-i(n-m)¢'m p P - P e - ~ v n-eni pP ti pP e ,
n::::-(X)

(D.3)
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which establishes the addition theorem for Bessel functions.

In spherical coordinates, the addition theorems could be established by
the use of the plane-wave expansion formula (Stratton 1941)

eikor = L 41rill/:nUh, 4>k)Y1mUI, 4>)jI(kr),
lm

(D.4)

where l is summed from 0 to +00 and m is summed from -l to +l, and k is
pointing in the ((}k, ¢k) direction while r is pointing in the ((J, ¢) direction in
spherical coordinates. By letting

r = r' + t",

then
ik·r ik·r' ik·r"e = e e .

Next, on using (4) in (6), one obtains

L 41rill/:nUh, 4>k)Y1m(O, 4>)jI(kr)
lm

=L 41rll/:m,(Ok, 4>k)yt'm'(O', 4>')jdkr')
I'm'

(D.5)

(D.6)

l"m"

After multiplying both sides by Ylm(()k' ¢k) and integrating over (()k, ¢k), we
have

ilYlm(O, ¢ )jl(kr)

= 2: L 41ri(l'+I")Yj'm' (0', 4>')jI' (kr')Yj"m"(0", 4>1)j1,,(kr")
l'm'l"m"

21T 1T

where I dOk = II sin ()kdOkd¢k. The integral can be expressed in terms of
o 0

Gaunt coefficients as
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It is nonzero only if m3 == -m1 - m2 and if ]1 +]2 ~ ]3 ~ 1]1 - ]21. Fur­

thermore, (~ ~ I~) is nonzero only if I + I' + I" is an even integer. Con­

sequently,

Ylm((}, ¢)][(kr)

=L Y['m,(B', ¢')jdkr') L 47ri(I'+IIl-lly[lI,m_m,(B", ¢")jlll(kr")
l'sn' iff

. (-lrn [(2l + 1)(2l' + 1)(2ll/ + 1)/47f]1/2

. ([ [' [II) (I [' [")
o 0 0 -m m' m - m' , (D.II)

where Yl"mll ( (} " , ¢") == 0 if mil > l". It can be shown that!

(D.12a)

.
{

j[,(kor')h;,:)(korl/), r" > r' +ro,
(D.12b)

j[,,(kor")h~})(kor'), r' > r" + ro,

where ko has a small positive imaginary part (rb can be chosen arbitrarily
small so that it becomes insignificant in the above inequalities). Using the

above, we can multiply (11) by k:~1~72ol and integrate over k from 0 to 00 to
o

yield

Ylm((}, ¢)h~l)(kor)

=L Y['m,(B', ¢')h;,ll(kor') L 47ri(l'+IIl-lly[lI,m_m,(B", ¢")jlll(kor")
l'sn' iff

([ [' [") ([ ['. (-)m[(2I + 1)(2I' + 1)(2I" + 1)/47r]1/2 0 0 0 -m m'

r' > r",

[" )
m-m' ,

(D.13a)

Ylm((}, ¢)hjl)(kor)

=L Y['m,(B', ¢')jl,(kor') L 47ri(I'+IIl-lly[lI,m_m,(B", ¢")h~,~l(kor")
l'm' t''

(
I [' [") ([ ['. (- )m[(2[ + 1)(2l' + 1)(2[" + 1)/47f]1/2 o 0 0 -m m'

r' < r".

[" )
m-m' ,

(D.13b)

1 These identities can be derived in a manner similar to (7.3.35) of Chapter 7, in addition
to using the fact that l + I' + l" must be even.
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It can further be shown that the preceding formulas hold true if h~2) (x) takes
the place of h~l)(X). To derive the expressions for h~2)(x), ko is assumed to
have a small negative imaginary part.

In summary, for Zl(X) equals either h}l)(X), h}2)(X), Yl(X), or jl(:n), we can
write

2:= y/,ml(O', ¢/)zdkor')f3/lml,/ml r' > r'',
l'm'

2:= l'/lm,(O', ¢/)j/l(kor')a/1ml,/m, r' < r'',
l'm'

(D.14)

where

{3 "4 '(l'+l"-l)v (0" A.")' (k ")l'm',lm = L...J 1r1, .Il",m-m', 'f/ Jl" or
l"

. (-1)m[(2l + 1)(2l' + 1)(21" + 1)/41r]1/2

.(I [' [") ([ [' [")o 0 0 -m m' m - m' , (D.15a)

"4 '(l'+l"-l)v (Oil A.") (k ")Ql'm' ,lm = L...J 1r't .Il" ,m-m' ''f/ Zl" or
i"

. (-1)m[(2[ + 1)(2l' + 1)(21" + 1)/41r]l/2

.(I [' [") (.' I' [")o 0 0 -m m' m - m' · (D.15b)

Note that when Zl(X) = jl(X), (3l'm',lm = Ql'm',[m' Since I + I' + I" has to be
even, [ + l' 2: l" 2: Ii - i'l, l" increments by a step of 2 in the above.

In electromagnetic scattering problems, addition theorems for the vector
wave functions are useful for solving for the scattering solution from multiple
scat terers. If

VJlm(r) = Ylm(O, ¢»z[(kr), (D.16)

where z[(x) can either be jl(X), Yl(X), h~l)(X), or hj2)(X), a vector wave func­
tion can be defined as

(D.17)

The latter equality follows since V x r = O. Under a coordinate translation,
we can write

'l/J/m(r) = 2:= 'l/J/lml(r')a/1ml,/m,
l'm'

(D.18))

where r = r' + r". The gradient operator V is invariant under coordinate
translation. Hence,

M/m(r) = L[V''l/Jllml(r') X (r' + r")]a/lml,/m
i'm'

= L M/lml(r')a/1ml,/m + L V''l/J/,m,(r') X r"allml,lm-
l'rn' l'rn' (D.19)
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The above function is divergence free. Therefore, the second term in (D.19)
can be expressed as a linear combination of M and N functions. Conse­
quently,

l'm'
Since N == tV x M, and M == tV x N, we also have

Nlm(r) = L[Nllml(r')Allml,lm + Mllml(r')Bllml,lmJ.
I'rn'

(D.20)

(D.21 )

The coefficients AZ'm',lm and Bl'm',lm have been worked out by Stein (1961)
and Cruzan (1962). The results are simplified by Bruning and Lo (1969).
The sign error in Cruzan's work has also been pointed out by Tsang and
Kong (1982), and Tsang et al. (1985). They are given in the notation used
here as

l' l 41r L ["A" == i - i [l(l + 1) + l'(l' + 1) -I"(I" + 1)]
l m Lrri 2[1([1 + 1)

L"

- A(m, l, -m', r, lll)zlu(kr")y[II,m-m,(OIl, ¢"), (D.22)

-r -L 41r L _["Bl, 'l == 2 2
m ,m 2l'(l' + 1) [II

. B(m, l, -m', l', [/I, l'' - l)Zll(kr")Yz",m-m/(O", ¢/') , (D.23)

where

B(m, l, -m', l', l", t" - 1)

== (2l:: + 1) 1/2 {-[(l' _ m')(l' + m' + 1)([11 + m - m/)(l" + m _ m' _ 1)]1/2
2l - 1

. A(m [ -m' - 1 [' [/I - 1), , , ,
+ [([I + m/)(l' - m' + l)(l" - m + m/)(l" - m + m' + 1)]1/2

. A(m, l, -m' + 1, r, I" - 1)

+2m'[([" - m + m /)([" + m - m /)]1/2A(m, L, -m', r, [" - I)} , (D.23a)

and

A(m, l, -m', l', [II) == (-1)m[(2l + 1)(2l' + 1)(2/" + 1)/41r]1/2

. ( l [' [II) ([ [' [")
o 0 0 -m m' m-m' . (D. 23b)

Another form given by Stein (1961) which is more convenient for computation
is

i kr" cos ()II
B l , 'l == 2m'a[, 1[,

m , m 2/' ([I + 1) tri , m

ikr" sin e" [ei<t/' [(l' _ m /) (l' m'l)] 1/2ex, ,
+2l'(l'+1) + + l,m+l,lm

-i¢" [(l' ') ([' I )] 1/2 ]+e + m - m + 1 aZ',m'-l,lm' (D.24)
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In the above, zl,(kr') in Ml'm,(r') and Nl'm,(r') and zl,,(kr") in (22) and (23)
switch roles as in (14) and (15). That is, if r' < r", zl,(kr') = jl,(kr') in
Ml'm,(r') and Nl'm,(r'), and zl,,(kr") in (22) and (23) is the same type of
spherical Bessel function as zl(kr) in (16). But if r' > r", then, zl,,(kr") =
jl,,(kr") in (22) and (23), and zl'(kr') in Ml'm,(r') and Nl'm,(r') is the same
type of spherical Bessel function as zl(kr) in (16).

Recurrence relations for determining A(m, l, -m', l', l") are also given by
Cruzan (1962), and Bruning and Lo (1969).

As a final note, to be consistent with the Clebsch-Gordon coefficients
defined by convention, the spherical harmonics should be defined as

() (l- m)! 2l + 1 pm( 8) im¢ a
Ylm (J, </> = (l + m)!~ I cos e , m 2: ,

and Yi,-m(O, ¢) = (-1)mrz:n(8,¢) (Messiah 1958, p. 495).

(D.25)
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INDEX

Absorbing boundary conditions, schemes
for, 246-256

Acoustics, 211
Acoustic wave, 9

scalar wave equation for, 11-12
Acoustic wave equation, 10-12
Active medium

resonance solution, 34
singularities, causality, 215

Addition theorems, 591-596
cylindrical coordinates, 591-592
spherical coordinates, 592-594
vector wave functions, 594-596

Adjoint operator, 281,298
Advective equation, 246
Airy equation, 56
Airy function, 56

asymptotic matching using, 124, 125, 121
Alternating function, 580
Ampere's Law, 2
Angular spectrum representation, 110-111
Angular-wave-number representation

continuum, 177-179, 191
discrete, 113-111

Anisotropic medium, 5-6
electromagnetic field in inhomogeneous,

11
lossless conditions, 1
propagator matrix approach to layered,

182-184
surface integral equations and

inhomogeneous, 437-439
waves in layered, 133-140

Arbitrary wave expansion and plane wave
spectrum, 246-249

Asymptotic expansion of integrals, 79-92
method of stationary phase, 79-82
method of steepest descent, 82-81
uniform, 81-92

Asymptotic expansion of Sommerfeld
integrals, 93-111

angular spectrum representation, 110­
111

transmitted wave in half-space (urriform
expansion), 101-110

vertical electric dipole (VED) over half­
space, 98-101

vertical magnetic dipole (VMD) over
half-space, 93-98

vertical magnetic dipole (VMD) over
slab, 101-106

Asymptotic matching, WKB method, 124-
128

Atmospheric sciences, 511

Back-projection tomography, 514-516
Bandwidth, 211
Basis functions, 215-218

subdomain, 282, 283
Bayliss-Turkel absorbing boundary

condition, 250-251
Bessel equation

cylindrical, 14, 162
recurrent formula for, 15-15, 39
spherical, 16

Bessel functions, 234, 405
Airy functions and, 56n.
cylindrical, 14, 15
line source representation and, 61, 63, 65
in reflection/transmission matrices, 112
spherical, 16, 189, 193

Bianisotropic medium, 5
Boreholes, 161
Born approximation of scattering

problem, 485-487, 513, 519, 535
Born iterative method for higher­

dimensional inverse problems, 553­
554

Boundary conditions. See also Dirichlet
boundary condition; Neumann
boundary condition

absorbing, schemes for, 246-256
cylindrical, 161-162, 164, 173
derivation of, 19
essential and natural, 308-315, 347
lateral wave, 110
one-dimensional planar inhomogeneity

reflection from half-space, 48-49
scalar wave equation, 47
shadow, 110
spherically layered media, 188, 190,

197-198
vector wave equations and, 18-20
uniqueness theorem and, 33, 34, 36

Boundary-element method, 446, 448
Boundary value problems, eigenmodes as

solution to, 328-330
Bound states, 330
Branch cut, 68, 69, 70, 94

numerically integrating Sommerfeld
integrals, 120

radiation modes on, 332, 333, 334
Branch points, integrals with, 93, 94, 95,

96
Branch point singularities, 112

absence of branch points, 112-114
radiation modes, 112

Brewster angle, 49, 98-99

Cagniard-de Hoop method, 215-221, 228
dipole over half-space, 224-227
line source in free space, 216-219
line source over half-space 221-224
lossy media, 230-231
point source in free space, 219-221
transformation by, 219

Cartesian coordinates
anisotropic medium in, 183
dyadic Green's function, 398-410
scalar wave equation, 12-13
transient response to VED over half­

space, 224
vector wave equation, 21
vector wave functions for unbounded

media, 393-394
Cauchy initial value problem, 529
Cauchy principal value integral, 60n., 588
Cauchy's theorem, 64, 94, 118, 212, 225,

385, 404
Causality, law of, 211, 212, 214, 229
Causality of transient response, 211-215

contour of integration, 214-215
Kramers-Kronig relation, 212-215

Caustic, 128
Cavity, current discontinuity generating

local field inside, 380
Cavity resonance problem, 301, 304-305
Central difference formula, 236-239
CFL stability criterion, 241
Chain matrix. See Propagator matrix
Characteristics, method of, 526-532, 541
Cholesky algorithm, 532
Clebsch-Gordon-Coefficients, 592
Collocation, method of, 237, 282
Complete inner product space, 273
Complex permittivity tensor, 8
Complex Poynting theorem, 7
Complex Poynting vector, 6
Complex vectors, Parseval's theorem for,
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279-280
Concave surface, whispering gallery

waves on, 179
Conservation law for momentum, 10
Conservation of flux, 2, 4
Conservation of mass equation, 10
Constant phase path, 82, 94
Constitutive relations and Maxwell

equations, 5-6
Constraint conditions, 51
Continuous summation in equations, 273
Continuous mode, 327, 332, 333, 336,

343-346. See also radiation modes
Contour integration technique, 177, 197

integration path and, 214, 215, 231-
232,400

Convex surface, creeping waves on, 179
Coordinate transformation matrix, 277
Crank-Nicholson scheme, 242
Creeping waves, 179, 197
Critical points, 88
Curl operator, 2
Cylindrical coordinates

addition theorem, 591-592
dyadic Green's functions, 398-407
formulas, 572
magnetic and electric dipole fields, 75
for scalar wave equation, 14-16
vector wave equation, 162-163
vector wave functions for unbounded

media, 394-395
Cylindrical Hankel transform, 575
Cylindrically layered media, dyadic

Green's function for, 414-416
reciprocity considerations, 419-421

Cylindrically layered media, multi­
interface case, 167-172

reflection/transmission of outgoing
wave, 167-170

reflection/transmission of standing
wave, 170-1 72

Cylindrically layered media, propagator
matrix solutions, 179-184

anisotropic, layered media, 182-184
isotropic, layered media, 179-181

Cylindrically layered media, single
interface, 161-167

reflection/transmission of outgoing
wave, 163-165

reflection/transmission of standing
wave, 165

vector wave equation in cylindrical
coordinate~ 162-163

Cylindrically layered media, source in,
172-179

continuurn, angular-wave-number
representation, 177-179

discrete, angular-wave..number
representation, 173-177

Cylindrically layered media, wave
scattering by junction discontinuities
in, 351-360

differential equations of cylindrical
structure, 353-354

eigenfunction expansion in a field, 356­
358

eigenmodes in cylindrically layered
media, 351-353

numerical solution of eigenmodes, 354­
356

reflection from junction discontinuity,
358-360

Cylindrical structure, differential
equations of, 353-354

Debye potentials, 417
point source in spherically layered

medium 194-197
solving vector wave equation in

spherical coordinates,185-186

INDEX

Delta function singularity, 383, 384
Dielectric coated circular waveguides, 161
Differential equations of cylindrical

structure. 353-354
Differential operator (D), 274

local nature of, 274
Differential representations of Maxwell

equations, 1-3
Diffraction tomography, 519-522

finite-source effect in, 524
transformation to project tomography,

522
transmitter-receiver measurement, 520,

521
Diffusion equation, 241-242
Dirac delta function, 177, 383, 384, 399,

404-405, 407, 409, 412-413, 583
Direct inversion method, 228-231
Dirichlet boundary condition, 34, 298

303, 308, 309, 310, 311, 330, 347,
389, 390, 391

Discrete spectrum of eigenmodes, 327,
334, 341-343

Discrete summation in equations, 273
Discretization procedure, 429
Dispersion relation, 13
Displacement current, 2, 4, 12
Distorted Born iterative method, 548-553,

556
vs. Born iterative method, 554

Divergence operator, 2
Divergent integral, diagram for

evaluating, 445
Domain of function I, 275
Domain of integral operator G, 275
Double-layer source, 311
Double-value functions, 66-68, 113
Downgoing wave, 51-52, 73-74, 76-77
Duality principle and Maxwell equations,

9, 49, 442
DuFort-Frankel scheme, 242
Dyad, 28
Dyadic Green's functions, 26, 28, 31, 375­

428,434,435,436,457
expressed as vector wave functions,

387-397
in homogeneous, isotropic medium,

375-387
for layered media, 410-421
for magnetic and electric fields, 32, 71
using vector wave functions, 28, 32,

397-410
Dyad tensor, 577-578

Wand e-iwt time conventions, 4

ein¢ harmonics, 177, 357
Eigenfunctions, 328, 330, 349

expansion of a field, 335-340, 356-358
use of vector notation, 337-340

Eigenmodes. See also Radiation modes
continuum spectrum, 327
in cylindrically layered medium, 351-

353
discrete spectrum, 327
mode conversion, 340
numerical method to find, 346-351
numerical solutions of, 354-356

Eigenmodes in planarly layered medium,
327-335

eigenfunction expansion of a field, 335-
340

guided modes and radiation modes,
330-335

numerical method to find, 346-351
orthogonality, 328-330
reflection/transmission at junction

discontinuity, 340-346
Eigensolutions, state equation, 135-136
Eigenvalue problems, variational

expressions for, 301-308
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applications to electromagnetic
problems, 304-308

applications to scalar wave equations,
303-304

general concepts, 301-303
Eigenvectors, 328, 349

propagator matrix and state equation
solution, 130

Eikonal equation, 124
Elastic wave, 128
Electric dipole fields, 71-74
Electric field

dipole, 71-74
dyadic Green's function for, 32
relationship to electric flux, 5, 212
vectors of, and k vector in an isotropic

media, 23, 24
Electric field integral equations (EFIE),

437
Electric flux, relationship to electric field,

5,212
Electromagnetic field(s), 1

time-varying, Maxwell equations for, 2
two-dimensional, and surface integral

equations, 439-443
Electromagnetic problems

addition theorems for, 594-596
extended-boundary-condition method

and, 457-459
method of moments and, 446-451
surface integral equations and, 439-443
variational expressions for, 304-308

essential and natural boundary
conditions, 312-315
resonator cavity problem, 304-305
waveguide problem, 305-308

Electromagnetic wave(s}, 2, 128
described by scalar wave equation, 10,

12
Huygens' principle and, 31-32
volume integral equations and, 481-483

Electromotive force, 4
Elliptic partial differential equation, 521
Engquist-Majda absorbing boundary

condition, 246-249
Essential boundary condition, 308,347

electromagnetic case, 312-315
scalar wave equation case, 308-312

Euler scheme, 242
Evanescent wave, 57

relationship to lateral wave, 97-98
Excitation of modes due to line source,

335-337
Exclusion volume, 378

types of, for principal value integral,
382

Extended-boundary-condition method,
443, 452, 453-459

electromagnetic wave case, 457-459
scalar wave case, 453-457

Extended operator, 309, 314
Exterior modes in layered medium, 330,

331,332
Extinction theorem, 432, 433

Faraday's law, 2
Field

eigenfunction expansion of, 335-340,
356-358

primary, generated by source, 72
Filon quadrature, 118, 232
Finite-difference grid, 530
Finite difference method of transient

response, 235-246
finite-difference approximation, 236-

239
grid-dispersion error, 242-244
stability analysis, 239-242
Yee algorithm, 244-246

Finite element method, 271, 282, 283-284
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surface integral equation with, 475-479
Finite-source effect, 522-524
Formulas, useful, 571-576

cylindrical coordinate system, 572
general orthogonal curvilinear

coordinate system, 572-573
integral identities, 573-574
integral transforms, 574-576
rectangular coordinate system,

571
spherical coordinate system, 572
vector identities and formulas, 571

Fourier coefficient, 278
Fourier integrals, numerical integration

of, 231-235
Fourier inverse transform

spectral representation sources and, 58,
59, 60, 63, 64, 381, 383, 385

time-domain solutions and, 211, 214,
216, 225, 229

Fourier inversion contour 229
Fourier series, Parseval's theorem for,

278-279
Fourier transform, 279, 574-575

of generalized functions, 587-590
linear inverse scattering problems and,

515,516,517,520,523
Fredholm integral equation, 481
Free-space media

line source in, 216-219
reciprocal media as, 22

Free-state, 330
Frequency dispersive medium, 6
Frequency domain solutions, 5, 248

transforming, to obtain time domain
solutions, 211, 212, 214, 215

Fresnel reflection, 49, 50, 51, 95
Functionals, 271

of function I, 275
Function I, 275, 308

Galerkin's method, 237, 271, 282, 289,
476. See also Petrov-Galerkin's
method

Gauss' Law, 2
Gauss' theorem, 4

parameters in the application of, 3
use, 7, 21, 26,31, 291, 293, 306, 307,

391, 431
Gel'fand-Levitan integral equation, 532,

534-541
Gel'fand-Levitan-Marchenko integral

equation, 543-547
Gel'fand-Levitan method, 511, 534
Generalized functions, 583-590

Fourier series as, 586
Fourier transforms of, 587-590
important properties of, 585-586

Generalized reflection coefficient for three­
layer medium, 51

General orthogonal curvilinear coordinate
system formulas, 572-573

Geometric optics series, 52, 128
asymptotic expansions and, 105,

106
Geophysics, 161, 511
Global integral operator, 275
G. operator. See Operator G
Green's function. See also Dyadic Green's

function and Homogeneous, isotropic
medium

scalar, 216
three-dimensional, 219-221
two-dimensional, 216-219, 440, 441
vector wave equations and, 24-29

Green's theorem, 29n.
Grid, solving vector field problems on

rectilinear, 244-246
Grid-dispersion error, 242-244
Guided modes, 102, 103, 104, 105
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eigenvalue problems in calculating,
284-285

of layered medium, 330-335

Half-space
asymptotic expansion of dipole over, 93­

98
line source over, 221-224
reflection from, in one-dimensional

planar inhomogeneity, 48-49
reflection from interface of anisotropic,

136-131
transient response of VED over, 224-

227
transmitted wave in, as example of

uniform asymptotic expansion, 107­
110

Hankel function, 105, 110, 164, 234,
403, 524

cylindrical, 14
spherical, 16

Head wave, 97-98. See also Lateral wave
(head wave)

paths for arrival of, 223, 224
Heaviside step function, 230, 233
Helmholtz wave equation, 12, 232
Hermite polynomials, 344, 346
Hermitian matrix, 281, 289
Hermitian operator, 281,329
Hertz, Heinrich, 1
Hertzian dipole, 11
Higher-dimensional inverse scattering

problems, 541-557
Born iterative method, 553-554
distorted Born iterative method, 548­

553
operator forms of scattering equations,

554-557
High-frequency waves, 513
Hilbert space, 273, 275
Hilbert transform, 214, 575-576
Homogeneous, isotropic medium, 24

scalar wave equation, 12
vector wave equation, 26-27

Homogeneous, isotropic medium, dyadic
Green's function in, 375-387

equivalence of spectral and spatial
representations, 384-381

singularity of, 318-381
spatial representation, 367-378
spectral representation, 381-384

Horizontal electric dipole (HED), 73­
74

Horizontal magnetic dipole (HMD), 74
Huygens' principle, 29-32

electromagnetic waves, 31-32
geometry for derivation of, 30
scalar waves, 29-31, 432, 438

Hybrid method, 475
Hybrid ray-mode approach, 106
Hybrid wave, 162
Hyperbolic partial differential equation,

527-529

Identity operator, 216, 219
Impenetrable walls, layered medium

bound by, 328
Incident field, two-scatterers in presence

of, 463,464
Incident mode, ratio of, to reflection

operator, 341
Incoming wave, 15, 164, 165

reflection of standing, 189, 190
Infinite dimensional matrix equation, 280,

342-343
Infinite integrals and method of steepest

descent, 82-84
Inhomogeneity

one-dimensional planar, 45-57
two-dimensional, and surface integral

INDEX

equations, 439-443
Inhomogeneous, isotropic medium

dyadic Green's function for, 410-411
electromagnetic field in, 11

Inhomogeneous profiles, specific, in one­
dimensional planar inhomogeneity,
56-57

Inhomogeneous scatterers, 475-419
Inhomogeneous slab

finding eigenmodes of, 346-351
propagator matrix used to solve

reflection from, 131-133
Inhomogeneous surface wave 109. See

also evanescent wave
Inner product(s), 271-274, 278
Inner product space, 273
Inside-out problem, multilayered scatterer

for, 414
Integral(s)

asymptotic expansions of, 19-92
divergent, 445
infinite and method of steepest descent,

82-84
numerical integration of Fourier, 231-

235
numerical integration of Sommerfeld.

118-121
representations of dyadic Green's

functions as, 397-399
representations of Maxwell equations

as, 3-4
semi-infinite, and method of steepest

descent, 84-81
singularities of Sommerfeld, 111-121
useful identities for, 513-574

Integral equations, 112, 429-509
extended-boundary-condition method,

453-459
moments, method of, 443-453
Rayleigh's hypothesis method, 460-463
scattering by many scatterers, 463-369
scattering by multilayered scatterers,

469-415
scattering problems, approximate

solutions of, 484-490
surface, 430-443
surface integral equation with finite­

element method, 415-419
transition and scattering matrices, 459­

460
volume integral equations, 479-484

Integral operator. See Operator G
Integral transforms, 514-516

cylindrical Hankel, 575
Fourier, 514-516
Hilbert, 515-516
Radon, 576
spherical Hankel, 515

Integrand
rapidly oscillating, and method of

stationary phase, 79, 80, 81-82, 118­
119

singularities on complex k plane of
Sonunerfeld, 11-112, 14-118

Integration by parts, 21n.
Integration path. See also Sommerfeld

integration path (SIP)
in asymptotic expansions, 89, 90, 91,

103-104
contour integration technique and, 214,

215, 231-232, 400
for a lossless medium, 60, 61
numerical, of Fourier integrals, 231-232
in singularity extraction of dyadic

Green's functions: Cartesian
coordinates, 400; cylindrical
coordinates, 402, 403

for Sommerfeld identity, 66
Internal resonances and method of

moments, 451-453
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Inverse scattering problems, 511-570
higher-dimensional inverse problems,

547-557
linear inverse problems, 511-525
one-dimensional inverse problems, 526­

547
Irrotational vector wave functions, 388
Isotropic media, 6, 45. See also

Homogeneous, isotropic medium
electric field vectors and k vector in, 23,

24
electromagnetic field in inhomogeneous,

17
lossless conditions, 7
propagation matrix approach to layered,

179-181
Isotropic tensor, 581

Jordan's lemma, 64, 94, 214, 225, 229,
385, 400, 401, 404

Junction discontinuity, cylindrical media,
353-354

reflection from, 358-360
J unction discontinuity, reflection and

transmission at, 340-346
continu urn limit case, 343-346
derivation of reflection/transmission

operators, 341-343
mode conversion and, 340

Kramers-Kronig relation, 212-215
k vector in an isotropic medium, 23, 24

Laguerre polynomials, 344, 346
Laplace's equation, 379n.
Laplacian operator, 12, 198, 390, 408
Lateral wave (head wave), 97-98, 104,

109-110, 114, 223-224
Layered media

bounded by impenetrable walls, 328
guided modes and radiation modes of,

330-335
propagator matrix approach to

anisotropic, 182-184
propagator matrix approach to

isotropic, 179-181
reflection/transmission in mult.i-, 49, 50

51-53
source embedded in, 76-79
transient response to multi-interface

problems, 227-228
Layered media, cylindrically. See

Cylindrically layered media
Layered media, dipole over (asymptotic

expansions ), 93-111
angular spectrum representation, 110­

111
transmitted wave in half-space (uniform

expansion), 101-110
vertical electric dipole (VEO) over half­

space, 98-101
vertical magnetic dipole (VMO) over

half-space, 93-98
vertical magnetic dipole (VMO) over

slab, 101-106
Layered media, dyadic Green"s functions

for, 410-421
cylindrically layered media, 414-416
general, isotropic, inhomogeneous

medium, 410-411
planarly layered media, 411-414
reciprocity considerations, 418-421
spherically layered media, 416-418

Layered media, planarly. See Planarly
layered media

Layered media, source on top of, 70-76
electric dipole fields. 71-74
magnetic dipole fields, 74-75
transverse field components, 75-76

Layered media, spherically. See
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Spherically layered media
Layered media, waves in anisotropic, 133-

140
derivation of state equation, 133-135
geometrical optics series, 138-140
solution of, 135-136
reflection from interface of anisotropic
hal~spaces, 136-131

reflection from a slab, 131-138
Leaky mode, 102, 103, 104
Levi-Civita tensor, 580
Liao's absorbing boundary condition, 251­

256
Lindman absorbing boundary condition,

249-250
Linear inhomogeneous profile, 56, 57
Linear inverse problems, 511-525

back-projection tomography, 514-516
diffraction tomography, 519-522
finite-source effect, 522-524
inverse scattering experiment, 512
nonlinearity in inverse problem due to

multiple scattering, 513
nonuniqueness of solutions, 524-525
radon transforms, 516-519

Linear operators, 214-275. See also
Operator equations

medium and, 284-285, 295
Linear superposition, principle of, 25, 48
Linear vector space, 211-285

basic functions, 275-278
eigenvalue problem and, 284-285
inner product spaces, 211-214
linear operators, 214-215
Parseval's theorem, 218-279
Parseval's theorem for complex vectors.,

279-280
preview of operator equation solutions

280-284
Line source

excitation of modes due to, 335-331
in free space. Cagniard-de Hoop method,

216-219
frequency domain solution, 216
over half-space, 221-224
spectral representation of, 58-62

Liouville transformation, 532
Local differential operator, 274
Lorentz gauge, 377
Lossless medium

distribution of modes on, 331-332
integration path for, 60, 61
Maxwell's equations and, 7-8
resonance solution for, 34n.

Lossy medium
Cagniard-de Hoop method applied to,

230-231
conditions for, 8
distribution of modes on complex plane,

332-33, 334
reciprocal medium as, 22
resonance solutions, 34
transient solutions for direct field in,

232-235

Magnetic charge density, 9
Magnetic current, equivalent, 9
Magnetic current, density, 9
Magnetic dipole fields, 74-75
Magnetic field

dipole, 74-75
dyadic Green's function for, 32
relationship to magnetic flux via

constitutive relations, 5
Magnetic flux

divergence of time-varying, 2
relationship to magnetic fields via

constit utive relation, 5
Magnetomotive force, 4
Marchenko integral equation, 511, 532,
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541-543. See also GePfand-Levitan­
Marchenko integral equation

Marconi, Guglielmo, 1
Matrix eigenvalue equations, 302, 303,

305, 348
Matrix representation

integral equation, 483-484
integral operator, 281

Maxwell, James Clerk, 1
Maxwell's equations, 1-9, 179, 181, 198,

244,338
boundary conditions derived with, 20
constitutive relations, 5-6
differential representations, 1-3
duality principle, 9
integral representations, 3-4
lossless conditions, 6-8
Poynting theorem, 6-7
time harmonic forms, 4-5

Medical tomography, 511, 514
Meromorphic function, 331
Metric space, 213
Microstrip antennas, 161
Mie scattering, 185
Mode conversion, 184,340
Mode matching method, 327-314

cylindrically layered medium case, 351­
360

eigenfunction expansion of a field, 335-
340

eigenmodes, finding with numerical
method, 346-351

eigenmodes of planarly layered medium,
327-335

multiregion problem, 360-365
numerical, 350-351
reflection/transmission at a junction

discontinuity, 340-346
Moments, method of, 211, 282, 443-453

electromagnetic case, 446-451
internal resonance problems, 451-453
scalar wave case, 443-446

Multi-interface problems in layered
medium,

scattering by multilayered scatterers,
411-415

transient solutions, 227-228
Multilayered scatterers, scattering by,

469-475
many-interface problems, 411-415
one-interface problem, 469-411

Multiple scatterers, scattering by, 463-469
N scatterers, 465-469
two scatterers, 463-465

M ultiregion problem of wave radiation/
propagation, 360-365

geometry of, 361
N-region problem, 362-365
three-region problem, 360-362

Multishot averaging, 211
Multivalued function, 352

Natural boundary condition, 308
electromagnetic case, 312-315
scalar wave equation case, 308-312

Negative definite matrices, 8
Neumann boundary condition, 34, 298,

303,.308, 309, 310, 311, 330, 347,
389, 390, 391

Neumann function
cylindrical, 14, 15
line source representation and, 61
spherical, 16

Nondestructive evaluation, 511
Nonlinear medium, 6
Nonreciprocal media, 22
Non-self-adjoint operator, 281, 285, 295
Non-self-adjoint problems, variational

expressions for, 295-301
general concepts, 295-291

INDEX

Rayleigh-Ritz procedure and, 291-298
N onuniqueness of linear inverse

scattering problems, 524-525
Normal-mode asymptotic expansion of

VMD over slab, 102, 103, 104
Norm space, 273
Null-field approach, 443
Numerical integration of Fourier

integrals, 231-235
direct field in a lossy medium 232-235

Numerical integration of Sommerfeld
integrals, 118-121

Numerical method to find eigenmodes,
346-351

Numerical mode matching method, 350-
351

Numerical solution of eigenmodes, 354-
356

One-dimensional inverse scattering
problems, 526-541

GePfand-Levitan integral equation, 534­
541

Gel'fand-Levitan-Marchenko integral
equation, 543-541

Marchenko integral equation, 541-543
method of characteristics, 526-532
transformation to Schrodinger-like

equation, 532-534, 541
One-dimensional planar inhomogeneity,

45-51
derivation of scalar wave equation, 45-48
reflection from half-space, 48-49
reflection/transmission in multilayered

medium, 49-53
Ricatti equation for reflection

coefficients, 53-56
specific inhomogeneous profiles, 56-51

One-interface problem, scattering by
multilayered scatterers, 469-415

Operator equations
non-self-adjoint operators, 295-301
preview of solutions for, 280-284
self-adjoint operators and, 285-295

Operator form of scattering equations,
554-551

Operator G, 214
adjoint of, 281
domain of, 215
global nature of, 215
matrix representation, 281
range of, 215
symmetric, 281
transpose of, 281

Optical fibers, 161, 511
Orthogonality

eigenmodes in planarly layered media,
327-335 .

relationships of vector wave functions,
388-393

Outgoing wave, 15
at infinity (Sommerfeld radiation

condition), 35
one-interface problem for defining

transition matrix for, 469, 470
reflection/transmission of cylindrical

multi-interface, 161-110; cylindrical
single interface, 163-165; spherical
multi-interface, 191-192; spherical
single interface, 181-189

Parabolic cylinder function, 90
Parabolic partial differential equation, 521
Parallel plate waveguide, 331
Paraxial approximation, 248
Parseval's theorem, 218-219

Fourier transform of generalized
functions obtained with 588-589

Partial differential equation (PDE)
characteristics of, 526
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elliptic, 521
hyperbolic, 521-529
parabolic, 521

Path of integration. See Integration path
Penetrable scatterer, scattering solution

of, 452
Perturbation series, 122
Petrov-Galerkin's method 282
Phase factors, 193
Phase velocities, 243
Phasors, 5
Piecewise-constant inhomogeneity, 18,48
Piecewise-linear approximation of smooth

surfaces, 283
P ill box, singularity extraction of dyadic

Green's function represented by, 401,
409

Pilot vector, 381, 389
Planarly layered media, 45-160

asymptotic expansions of dipole over
layered media, 93-111

asymptotic expansions of integrals, 19­
92

calculating transient response of a
source, 215-221

dyadic Green's functions for, 411-414,
418-419

eigenmodes of, 321-335
guided modes and radiation modes of,

330-335
one-dimensional planar inhomogeneity,

45-51
propagator matrix, 128-133
singularities of the Sommerfeld

integrals, 111-121
source embedded in layered medium,

16-19
source on top of layered medium, 10-16
spectral representation of sources, 51­

10
waves in anisotropic, layered media,

133-140
WKB method, 121-128

Plane wave. See also Planarly layered
media

arbitrary wave expanded as spectrum of,
246

constant phase front of, 13
expansion formula, 592
in homogeneous, anisotropic media,

vector wave equations for, 22-24
scattering, by a sphere, 185

Plasma medium, 100
Point-matching method, 231, 282
Point source

in cylindrically layered medium, 112-
179

direct inversion problems, 228-231
in free space, 219-221

spectral representation of, 63-66
in spherically layered medium, 193-197
on top of layered medium, 71
vector wave equation solution for, 24-29

Poisson's summation formula, 589
Pole singularities, integrals with, 93,112

guided-mode, 102, 103
locations of, on complex plane, 114-116

117-118
Positive definite matrices, 8
Poynting theorem, 6-7
Primary field generated by a source, 72
Principal volume method, 379, 380
Projection tomography, 519

diffraction tomography change to, 522
measurement scheme, 515

Propagation of waves, 13, 161
azimuthally, 178-179
through an inhomogeneous profile, 128

Propagator matrix, 128-133
applied to isotropic, layered media, 179­

181

605

for cylindrically layered media
solutions, 119-184

derivation of state equation, 129
reflection from inhomogeneous slab,

131-133
reflection from three-layered medium,

130-131
solution of state equation, 129-130
for spherically layered media solutions,

197-199

Radiation conditions
Sommerfeld, 35
in spectral representation of sources, 64,

65
uniqueness theorem and, 33, 35, 31

Radiation damping, 452
Radiation modes, 112, 327, 332

of layered medium 330-335
Radon transforms, 516-519, 516
Range of function, j, 215
Range of integral operator G, 215
Rayleign- Ritz procedure, 211, 302

integral equations and, 460-463
matrix eigenvalue equations obtained

with, 302, 303, 305
non-self-adjoint problems with, 297-298
self-adjoint problems with, 285, 288­

291
Ray optics series, 51-52, 106. See also

Geometric optics series
Reactive power, 8
Reciprocal medium, 20, 22
Reciprocity

considerations of, and dyadic Green's
function, 418-421

relation, derived from vector wave
equations, 20, 21

Reciprocity theorem, 20-22
Rectangular coordinate system formulas,

571
Recurrence formula, Bessel equation, 15­

16
Recursive relations

cylindrical media solutions, 171, 172
175,364

deriving algorithm for solving
scattering by multilayered scatterers,
469-475; N scatterers, 465-469

spherical media solutions, 192, 193
Reduced wave equation, 440
Reflected mode, ratio of, to incident mode.

341
Reflected wave, paths for arrival of head

wave, 223-224
Reflection

from anisotropic slab, 137-138
Fresnel, 49
from half-space on one-dimensional

planar inhomogeneity, 48-49
from inhomogeneous slab, 131-133
from interface of anisotropic half­

spaces, 136-137
miltiple, 105
in spherically layered media (scalar),

197
from three-layer medium, 130-131
total internal, 49

Reflection and transmission
at cylindrical interfaces, categories of,

163
at junction discontinuity, 340-346
in a multilayered medium, 49-53
of outgoing waves (cylindrically layered

media), 163-165
of standing wave (cylindrically layered

media), 165-167
Reflection coefficient, 49, 112

generalized, 51, 191, 192-193, 227
frequency dispersive, 227
Ricatti equation for, 53-56
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Reflection matrix, 131, 138, 161, 112
Reflection operator, 359, 360, 362

derivation of, 341-343
Remote sensing, 511
Resonance, problems of internal, and

method of moments, 451-453
Resonance cavity problem, 301, 304-305
Resonance frequencies, 34-35
Resonance solutions, uniqueness theorem

and, 34,46
Resonant of a structure, eigenvalue

problems in calculating, 284-485
Resonant surface source, 451-452
Ricatti equation for reflection coefficients,

53, 54-56
Riemann sheets, 66, 61, 68-10, 95-96, 98,

99
Riesz representation theorem, 215
Romberg's rule, 118
Runge-Kutta method, Ricatti equation

solved with, 54, 55
Rytov approximation of scattering

problem, 487-490, 513

Saddle point, 82, 91, 92, 105, 101
Saddle-point method (method of steepest

descent), 82-84, 85, 91, 101
Scalar Green's function, 216, 219, 432
Scalar wave(s), Huygens' principle and,

29-32
Scalar wave equation, 1, 9-11

acoustic wave equation, 10, 12
Cartesian coordinates, 12-13
cylindrical coordinates, 14-16
derivation of, in one-dimensional planar

inhomogeneity, 45-48
from electromagnetics, 12
essential and natural boundary

conditions, 308-312
with line source, 58
method of moments and, 443-446
spherical coordinates, 16-11
surface integral equation and, 430-433
uniqueness theorem for, 33-35
variational expressions and eigenvalue

problems, 303-304; non-self-adjoint
problems, 298-299; self-adjoint
problems, 291-293

volume integral equations and, 419-481
Scatterers

inferring properties of, 511
inhomogeneous, 475-419
multilayered many-interface, 471-415
multilayered one-interface, 469-411

N scatterers, recursive algorithm for
solving, 465-469

two, in presence of incident field, 463­
465

Scattering. See also Inverse scattering
problems

approximate solutions to, 484-490
from inhomogeneous scatterer, 415-479
by junction discontinuities, 351-360
many scatterers, 463-469
by multilayered scatterers, 469-415

Scattering equations, operator forms of,
554-551

Scattering matrix, integral equations and,
459-460. See also Propagator matrix
Schrodinger-like equation of
quantum scattering, transformation
of one-dimensional wave equations to,
532-534, 541

Schrodinger waves, 9, 128
Schur algorithm, 532
Seismic exploration, 511
Self-adjoint operator, 281, 285, 289
Self-adjoint problems, variational

expressions for, 285-295

INDEX

applications to scalar wave equations,
291-293

applications to vector wave equations,
293-395

general concepts on, 285-288
Rayleigh-Ritz procedure used with, 285,

288-291
Semiconvergent series, 87
Shadow boundary, 110
Simpson's rule, 118
Singularities of Sommerfeld integrals,

111-121
absence of branch points, 112-114
bounds on locations of, 114-118
numerical integration and, 118-121

Singularity of dyadic Green's function,
318-381, 448

extraction as cartesian coordinates,
399-401

extraction as cylindrical coordinates,
401-401

extraction as spherical coordinates,
408-410

Slab
asymptotic expansion of vertical

magnetic dipole (VMD) over, 101-106
finding eigenmodes of inhomogeneous,

346-351
generalized transmission coefficient of

layered, 53
guided modes and radiation modes in

layered, 330-335
propagator matrix used to solve

reflection from inhomogeneous, 131­
133

reflection from anisotropic, 141, 138
reflection matrix for, found with

geometrical optics series, 138-140
Slab-guided modes, 332
Slowness of a wave, 122
Solenoidal vector wave functions, 381
Sommerfeld branch cut, 10, 120

radiation modes on, 332, 333, 334
Sommerfeld identity, 66, 72, 13, 81, 82
Sommerfeld integrals

asymptotic expansions of, 93-111
numerical integration of, 118-121
singularities of, 111-121

Sommerfeld integration path (SIP), 66, 10,
94, 218, 226, 230

numerical integration, 118, 119
Sommerfeld pole, 99. See also Zenneck

surface wave pole (Sommerfeld pole)
Sommerfeld radiation condition, 35
Source. See also Line source; Point source

in cylindrically layered media, 112-179
embedded in layered medium, 16-19
finite-source effect, 522-524
interaction of fields of groups of, 22
spectral representations of, 51-10
in spherically layered medium, 193-191
on top of layered medium, 70-16

Space derivatives, 237-238
Spatially dispersive medium, 6
Spatial representation and dyadic Green's

function, 316-318
equivalence of, 384-381

Spectral representation of dyadic Green's
function, 381, 382, 383-384

equivalence of, 384-381
Spectral representation of sources, 51­

10
Spherical coordinates

addition theorem, 592-594
dyadic Green's function derived as, 399;

singularity extraction, 408-410
formulas, 512
scalar wave equation, 16-11
vector wave functions for unbounded

media, 395-391
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Spherical Hankel transform, 575
Spherically layered media

dyadic Green's function for, 416-418;
reciprocity considerations, 421

propagator matrix solutions, 179-184
source in, 193-197

Spherically layered media, multi-interface
case, 191-193

reflection/transmission of outgoing
wave, 191-192

reflection/transmission of standing
wave. 192-193

Spherically layered media, single interface
case. 184-191

reflection/transmission of outgoing
wave, 187-189

reflection/transmission of standing
wave. 189-191

vector wave equation in spherical
coordinates, 185-187

Spherical wave
generated by point source in top of half­

space, 109
lateral waves and, 109, 114
plane-wave expansion of, 65

Stability analysis for finite-difference
scheme, 239-242

Standing wave, 15, 57, 164, 461
reflection/transmission of: cylindrical

multi-interface, 170-172; cylindrical
single interface, 165-167;spherical
multi-interface, 192-193; spherical
single interface, 189-190

State equation, 179
derivation/solution of, with propagator

matrix, 129-130
derivation/solution of, with waves in

anisotropic, layered media, 133-140
State-variable method, 129-130
State vector, 133, 179, 272
Stationary phase, method of, 79-82
Stationary phase point, 81, 82, 88
Steepest descent, method of, 82-87, 91

infinite integrals, 82-84
semi-infinite, 84-87

Steepest descent path (SOP), 83,94, 107,
108, 111

Stokes' phenomenon, 91
Stokes' theorem, 3-4

parameters in application of, 3, 18
Subdomain basis functions, 282, 293
Surface integral equations, 430-443

anisotropic, inhomogeneous mediurn
case, 437-439

with finite-element method, 475-479
scalar wave equation, 430-433
two-dimensional electromagnetic case,

439-443
vector wave equation , 433-437

Surface p lasrnon mode, 100-101
Symmetry of integral operator, 281

Target identification, 511
Taylor series, 86, 252

radius of convergence of, 87
Tensor, 23, 577-582

alternating/Levi-Civita, 580
decomposition, on cylindrically layered,

anisotropic media, 182
dyad, 577-578
isotropic, 581
matrix representation of, 578-579
notation, 581
triad, 579-580

Testing function, 280
Three-layer medium

geometric series of rnultiple reflections
in, 52

607

propagator matrix solution of reflection
from, 130-131

reflection from anisotropic, 137,138
reflection/transmission of outgoing

wave in cylindrical, 167, 168
reflection/transmission of standing wave

in cylindrical, 170
TE wave reflection from, 49, 50

vertical magnetic dipole (VMD) over,
101

Three-region problem of wave radiation/
propagation, 360-362

Time derivatives, approximating, 236
Time domain solutions, 5, 211, 212, 214,

215, 251
Gel'fand-Levitan integral equation in,

534-541
Time gating, 211
Time harmonic forms, 221, 224. See also

Transient response
of Maxwell equations, 4-5

Time step, 238,239, 240, 244
Tomography, 511, 514

back-projection, 514-516
diffraction, 519-522
finite-source effect, 522-524
nonunique solutions and, 524-525
Radon transforms, 516-519

Total internal reflection, 49
Transfer matrix. See Propagator matrix
Transformation. See Linear operators
Transient response, 211-269

absorbing boundary conditions in, 246­
256

Cagniard-de Hoop method used to
calculate, 215-227

causality, 211-215
direct inversion for point source

solutions 228-231
finite-difference method of calculating,

235-246
Fourier integrals used to calculate, 231-

235
in layered medium, 227-228

Transition matrix. See also Propagator
rnatrix

integral equations and, 459-460
solving scattering by many scatterers

for, 463-469
solving scattering by multilayered

scatterers, 469-475
Transmission. See Reflection and

transrnission
Transmission coefficients, 49

for layered slab, 63
Transmission matrix, 137, 138, 167, 172
Transmission operator, derivation of, 341­

343
Transmitted wave in half-space as example

of uniform asymptotic expansion,
107-110

Transport equation, 124
Transpose of integral operator, 281, 295,

312
Transverse electric (TE) modes,

conversion, 343
Transverse electric (TE) waves, 45, 328,

347, 414
asymptotic expansions of VMD and, 93­

98
boundary conditions and, 330
in cylindrically layered media (single

interface), 161-162, 163, 167
Debye potential characterization of,

185-186
decomposition to r , 184, 187, 189
multi-interface problems, 227
reflection of, from half-space, 48-49
reflection of, from three-layer media, 49,

50
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scalar wave equations, 45, 46-47
Transverse field components, 75-16
Transverse magnetic (TM) modes,

conversion, 343
Transverse magnetic (TM) waves, 45, 328,

341, 414
asymptotic expansion of VED and, 98­

101
boundary conditions and, 330
in cylindrically layered media (single

interface), 161-162, 163, 161
Debye potential characterization of,

185-186
decomposition to T, 184, 181, 189
eigenmodes, 336
multi-interface problems, 221
scalar wave equations, 45, 46-47
state variable approach to equation

governing propagation of, 129
WKB method, 121-128

Transverse resonance condition for guided
modes in dielectric slab, 102

Triad tensor, 519-580
Turning point of a wave, 128

Unbounded, homogeneous medium,
dyadic Green's function for, 28, 32
393-391

cartesian coordinates, 393-394
cylindrical coordinates, 394-395
spherical coordinates, 395-391

Uniform asymptotic expansions, 81-92
transmitted wave in half-space, 101-110

Unimoment method, 415
Uniqueness theorem

boundary and radiation conditions and,
33

scalar wave equation and, 33-35
vector wave equation and, 35-31

Upgoing wave, 51-52, 13, 16-11

Variational expressions
for eigenvalue problems, 301-308
for non-self-adjoint problems, 295-301
for self-adjoint problems, 285-295

Variational methods, 211-325
essential and natural boundary

conditions, 308-315
review of linear vector space, 211-285
variational expressions for: eigenvalue

problems, 301-308; non-self-adjoint
problems, 295-301; self-adjoint
problems, 285-295

Vector field
waves in anisotropic, layered media as

problem of, 133-140
Vee algorithm for solving problems of,

244-246
Vector Green's theorem, 434n.
Vector identities and formula, 571
Vector notation, 331-340, 358
Vector potential method in electric fields,

11
Vector space, three-dimensional. See

Linear vector transformation (dyad),
28

Vector wave equation, 1, 11-29, 304, 353
boundary conditions, 18-20
in cylindrical coordinates, 162-163
Green's function of, 24-29
plane wave in homogeneous, anisotropic

media and, 22-24
reciprocity relation derived from, 20-22
scalar wave equation and, 433-437
in spherical coordinates, 185-181
uniqueness theorem, 35-37
variational expressions and non-self-

adjoint problems, 299-301; self­
adjoint problems, 293-295

Vector wave functions, dyadic Green's

INDEX

function expressed as, 387-397
addition theorems, 594-596
derivation, 381-388
orthogonality relationships, 388-393
for unbounded media, 393-391

Vector-wave-function representation, 382
Vector wave functions used by dyadic

Green's functions, 391-410
integral representations, 391-399
singularity extraction, 399-410

Vertical electric dipole (VED), 11, 12, 73
asymptotic expansions of, over half­

space, 98-101
over half-space, transient response to,

224-227
Vertical magnetic dipole (VMD), 14

angular spectrum representation and,
110

asymptotic expansion of, over half-
space, 93-98

asymptotic expansion of, over slab, 101­
106

over three-layer medium, 101
Volume integral equation, 429, 419-484

electromagnetic wave case, 481-483
matrix representation, 483-484
scalar wave case, 480-481

Von Neumann stability analysis, 239

Watson's transformation, 179
Wave guidance problems, 301, 305-308
Weak sense/weak solution, 590
Weber function. See W function
Weighted residuals method, 231, 271,

282
Weighting function, 280
Weyl identity, 65, 15, 224, 386
W function, 89n., 92
Whispering gallery waves, 179, 191
WKB method, 121-128, 514

asymptotic matching, 124-128
derivation of, 122-124

X-ray tomography, 514-516

Vee algorithm, 244-246

Zenneck surface wave pole (Sommerfeld
pole), 99, 101, 106
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