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PREFACE

This book is an outgrowth of a graduate-level course taught at the Uni-
versity of Illinois, Urbana-Champaign. The course was conceived to fill a need
for educating students working with waves and fields in their research. As
technology grows more sophisticated, the need for solutions to more complex
problems becomes greater. Fortunately, in the last two decades, the devel-
opment of computer technology has provided a new means for solving many
of these problems. This book is intended to elucidate the methods and tech-
niques pertinent to wave and field problems in inhomogeneous media, so that
students may apply them in order to solve practical problems. Hence, the
reader may use a computer to implement many of the techniques described
in this book.

This is not a book on numerical techniques, however. For that, the reader
is referred to many excellent works written on numerical methods. The em-
phasis here is on understanding the basic foundations of the many mathe-
matical methods employed in solving problems of waves and fields in inhomo-
geneous media. Hence, the reader shall learn to formulate many complicated
problems using such methods. A straightforward application of numerical
methods to many wave and field problems involves using intensive compu-
tation and extensive computer time, and may saturate the resources of even
present-day supercomputers. Good judgement that adapts a combination of
numerical and analytical methods, however, can usually generate computer
codes that are many times more efficient. The details of the numerical anal-
yses of these techniques, namely, numerical integration, matrix analysis, or
finite-element analysis, are beyond the scope of this book, but they can be
gleaned from many other relevant sources. Furthermore, this book does not
discuss random inhomogeneous media, a subject that could span another
volume of similar size.

Analytic techniques were in vogue before computers became available.
They were often the sole technique for analyses in the days of “pencil-and-
paper” physics or engineering. For instance, many classical topics, like waves
in planarly layered media, the Cagniard-de Hoop method for transient anal-
ysis, and the Gel'fand-Levitan-Marchenko methods for inverse scattering,
are elegantly developed for solving one-dimensional, inhomogeneous-medium
problems. Such techniques usually have limited scope for applications; how-
ever, to ignore the discussion of such topics in this book would render it
incomplete. They are included to pay homage to those predecessors who
developed them and to give the reader a historical perspective.

Despite the preponderance of electromagnetic examples contained herein,
many of the techniques are easily adapted to other wave phenomena, such as
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acoustic waves, Schrodinger waves, or elastic waves. In order to readily convey
the underlying concept of a technique to the reader, some are illustrated in the
form of scalar wave problems. The extension to the vector electromagnetic
wave case is often almost perfunctory.

Throughout the book, it is assumed that the reader knows the rudiments
of electromagnetic theory. Chapter 1 reviews this required background cur-
sorily. Planarly layered media remain the most studied of the inhomogeneous
media because of its simplicity. Many results can be obtained without com-
putationally intensive calculations. Furthermore, closed-form solutions in
terms of spectral integrals (Sommerfeld integrals) allow for their asymptotic
approximations, providing more physical insight into the problems. Hence,
this topic, with its longer history, abounds in analytical techniques. Conse-
quently, Chapter 2 will concentrate on waves in planarly layered media. The
relatively greater length of this chapter reflects the abundance of interesting
material on planarly layered media that has been developed over the years.
Although this topic has been covered by many other books, sometimes as
the sole subject, only a few of the more important topics are included here.
Moreover, numerical schemes like the propagator-matrix approach and the
numerical integration of Sommerfeld integrals are also discussed.

Chapter 3 covers waves in cylindrically and spherically layered media.
This kind of wave problem finds applications in optics, geophysical probing,
and propagation of radio waves on the earth’s surface and the ionosphere. It
also finds application in multilayer coatings on aircraft to reduce the radar
cross-sections of aircraft. It is surprising to observe that this subject has not
been developed as extensively as waves in planarly layered media.

Transient measurements are routine in radar, bioacoustic, or sonar mea-
surements. Chapter 4 considers the propagation of transient waves in inho-
mogeneous media. First, the Cagniard-de Hoop method is presented, which
finds closed-form solutions for the response of a line source on top of a lay-
ered, dispersionless medium. Then, for a general inhomogeneous medium, the
celebrated time-domain finite-difference method is discussed in conjunction
with the use of absorbing boundary conditions to obtain transient solutions.

Chapter 5 presents the variational methods for the scalar wave equa-
tion and the electromagnetic wave equation. Such methods are often the
foundation of many modern numerical methods in waves and fields, such as
the finite-element method and the method of moments. Moreover, many of
these numerical methods can be applied in a recipe-like manner to obtain
the solution to a problem. It is still important, however, that a student un-
derstands the foundations upon which these numerical methods are based.
Therefore, the beginning of the chapter explains the basic concepts of a lin-
ear vector space. Subsequently, the formulations of variational expressions
for self-adjoint as well as non-self-adjoint problems are presented followed by
a step-by-step derivation of the matrix equation from a variational expression
(using the Rayleigh-Ritz method). This derivation is the foundation of the
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finite-element method, and the reader, by following it, will understand the
basis of the finite-element method. But the detailed implementation of the
finite-element method, and the many bookkeeping techniques developed, are
beyond the scope of this book.

Chapter 6 describes the mode matching technique. This technique is
particularly useful for studying scattering at junction discontinuities encoun-
tered in dielectric slab waveguides or many geophysics problems. In order to
understand this technique, the readers are first introduced to the concepts
of the radiation modes and the guided modes of a dielectric slab. Then, the
canonical scattering solution from a single junction discontinuity is discussed.
This canonical solution is, in turn. used to find the scattering solution from
many junction discontinuities in a composite problem using a recursive algo-
rithm. Here, vector notations are used to write the solutions in a compact
fashion.

The dyadic Green’s function has been an interesting topic in electromag-
netic theory. In this subject, many scalar wave concepts cannot simply be
extended to the vector wave case. Even though most problems can be solved
without the use of dyadic Green’s functions, the symbolic simplicity with
which they could be used to express relationships makes the formulations of
many problems simpler and more compact. Moreover, it is easier to con-
ceptualize many problems with the dyadic Green’s functions. Consequently,
the dyadic Green’s functions in layered inhomogeneous media are discussed
in Chapter 7, beginning with the spatial and spectral representations of the
dyadic Green’s function in a homogeneous medium. Next, the singularity
of the dyadic Green's function is discussed; this has been a topic of heated
debate in recent years. Then, vector wave functions are introduced to derive
the dyadic Green’s functions in different coordinate systems. Finally, the
dyadic Green’s function is generalized to layered media of planar, cylindrical,
and spherical configurations.

Chapter 8 presents integral equation methods. These methods are espe-
cially useful for inhomogeneous media that are piecewise constant or when
the inhomogeneous region has a finite support in space. Surface integral
equations and the way they are solved (using the method of moments and
the extended-boundary-condition method) are described. Along with the
extended-boundary-condition method, the T matrix and the S matrix for
the scattering due to one scatterer are derived. Then, it is shown how such
a solution can be used to find the scattering from many scatterers, or mul-
tilayered scatterers. Moreover, the next topic covers the case of the unimo-
ment method, a hybrid method, which combines the use of the finite-element
method and the surface integral equation method. IFinally, the volume inte-
gral equation and techniques for its solution are included here. The regimes
of validity of the approximate solution technique, like the Born or the Rytov
approximations, are also considered.

Many people who study waves in inhomogeneous media are undoubtedly
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interested in the inverse scattering problem, which finds many applications
in biological sensing, geophysics, remote sensing, nondestructive evaluation,
target identifications, and so on. Chapter 9 presents the solution techniques
of several inverse scattering problems. The first discussion covers the area
of linear inverse scattering, which has had a tremendous impact on medical
tomography. In particular, back-projection tomography and diffraction to-
mography are reviewed. The scattered field of a scattering experiment is,
however, more often nonlinearly related to the object that causes the scat-
tering. Hence, different techniques for obtaining solutions to such nonlin-
ear inverse scattering problems are given. Most advances in the past have
been made in the area of the one-dimensional inverse scattering problem.
Consequently, the method of characteristics, the Gel’fand-Levitan, and the
Marchenko methods in solving such one-dimensional problems are discussed
here. For higher dimensions, however, one has to resort to quasi-Newton type
methods in solving the nonlinear inverse scattering problem. In addition, the
use of the distorted Born iterative method, and the Born iterative method
in seeking the solutions to such problems, are presented. It is imperative to
develop new ideas and make advances in the multidimensional problem, for
many technologies can benefit greatly from them.

Many topics within this book are from the published literature. Some
were developed while writing the book. In some cases, the formulations
are altered slightly—but without sacrificing accuracy—from the published
literature to conform to the uniformity of presentation and style.

A book of this size cannot cover all the topics that have been written on
waves and fields in inhomogeneous media, but it will make many more topics
accessible to the reader. Also, the reader is encouraged to make use of the
reference sections for further study in any of the topics presented.
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CHAPTER 1

PRELIMINARY BACKGROUND

This chapter presents the fundamentals of electromagnetic theory neces-
sary for reading this book. Many mathematical techniques discussed herein
could be adapted for other kinds of waves. We will, however, illustrate most
of the techniques with electromagnetic waves and fields. The material in this
chapter is also discussed in many textbooks which are given in the reference
list.

The electromagnetic field can sometimes be described by the scalar wave
equation, but in most cases, it can only be described by the vector wave equa-
tion. In many instances, the mathematical techniques explained in this book
can be illustrated more clearly using scalar wave equations. Since acoustic
waves are always described by the scalar wave equation, the derivation of the
acoustic wave equation for inhomogeneous medium is also given in Section
1.2 {(on the topic of scalar wave equation).

§1.1 Maxwell’s Equations

Maxwell’s equations were established by James Clerk Maxwell in 1873.
Prior to that time, the equations existed in incomplete forms as a result of
the work of Faraday, Ampere, Gauss, and Poisson. Later, Maxwell added
a displacement current term to the equations. Also, this was important to
prove that an electromagnetic field could exist as waves. Finally, the wave
nature of Maxwell’s equations was verified experimentally by Heinrich Hertz
in 1888. Even though the earth’s surface is curved, with the aid of the
ionosphere which reflects radio waves, Guglielmo Marconi was able to send a
radio wave across the Atlantic Ocean in 1901. Since then, the importance of
Maxwell's equations has been demonstrated in optics, microwaves, antennas,
comrnunications, radar, and many sensing applications.

§81.1.1 Differential Representations

In vector notation and SI units. Maxwell’s equations in differential rep-
resentations are

V x E(r,t) = —g—tB(r,t), (1.1.1)
V x H(r,t) = %D(r,t) + J(r,t), (1.1.2)
V- B(r.t) =0, (1.1.3)
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V- D(r,t) = o(r,t), (1.1.4)

where E is the electric field in volts/m, H is the magnetic field in amperes/m,
D is the electric flux in coulombs/m?, B is the magnetic flux in webers/m? }
J(r,t) is the current density in amperes/m?, and g(r,t) is the charge density
in coulombs/m3.

For a time-varying electromagnetic field, Equations (3) and (4) of the
above Maxwell’s equations can be derived from Equations (1) and (2). For
example, taking the divergence of (1) gives rise to (3). Taking the divergence
of (2) and using the continuity equation,

do(r, t)

V(e )+ o =0, (1.1.5)

we arrive at (4).

For static problems where §/0t = 0, the electric field and the magnetic
field are decoupled. In this case, Equations (3) and (4) cannot be derived from
Equations (1) and (2). Then, the electric field Equations (1) and (4) are to be
solved independently from the magnetic field Equations (2) and (3). However,
in practice, a current is carried by a conductor. Unless the conductor is a
superconductor, the current would have to be driven by an electric field or
a voltage. Therefore, the magnetic field may never be completely decoupled
from the electric field in statics.

The curl operator V x is a measure of field rotation. Hence, Equation (1)
indicates that a time-varying magnetic flux generates an electric field with
rotation. Moreover, Equation (2) indicates that a current or a time-varying
electric lux (also known as displacement current) generates a magnetic field
with rotation.

The divergence operator V- is a measure of the total flux exuding from a
point. If there is no source or sink at a point, the divergence of the flux at that
point should be zero. Therefore, Equation (3) says that the divergence of the
magnetic flux is always zero, since a source or a sink of magnetic flux (namely,
magnetic charges) has not been found to date. Furthermore, Equation (4)
states that the divergence of the electric flux at a point is proportional to the
positive charge density present at the point.

Equation (1), which was discovered by Michael Faraday, is also known as
Faraday’s Law. Equation (2), without the @D /8¢ term, or the displacement
current term, is also known as Ampere’s Law. The displacement current
term, discovered by Maxwell later, is very important because it couples the
magnetic field to the time-varying electric flux. Moreover, it also allows for
the possible existence of electromagnetic waves which were later shown to be
the same as light waves. Equations (3) and (4) are the consequences of Gauss’
Law, which is a statement of the conservation of flux. More specifically,

1 1 weber/m? = 1 Tesla = 10 Gauss. The earth’s field is about 0.5 Gauss.
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Figure 1.1.1 The parameters in the application of Stokes’ theorem
and Gauss’ theorem.

Equation (4) implies that the electric flux D is produced by a charge density
0.

§§1.1.2 Integral Representations

Different insights sometimes result if we look at Maxwell’s equations in
their integral representations. To derive the integral forms of Equations (1)
and (2), we integrate them over a cross-sectional area A and make use of
Stokes’ theorem,

/dS -V x E(r,t) = /dl -E(r,t). (1.1.6)

A c

In (6), C is a contour that forms the perimeter of the area A (Figure 1.1.1a).
Moreover, (6) is a statement that the sum of all the rotations due to the
field E over the cross-sectional area A is equal to the “torque” produced
by these rotations on the perimeter of A which is C: The left-hand side
of (6) is the summation over all the rotations, while the right-hand side of
(6) is the evaluation of the net “torque” on the perimeter C. The fact is
that neighboring rotations within the area C cancel each other, leaving a net
rotation on the perimeter.

Using Stokes’ theorem, we can then convert (1) and (2) to

/dl-E(r,t) = —% /dS-B(r,t), (1.1.7)
J .

A
/dl-H(r,t) = % /dS~D(r,t) +/dS-J(r,t). (1.1.8)
C A A
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But to convert Equations (3) and (4) into integral forms, we integrate them
over a volume V and make use of Gauss’ theorem, which states that

/dVV -B(r,t) = /dS - B(r,t). (1.1.9)
v S
This is a mere statement that the sum of all divergences of a flux B in a
volume V is equal to the net flux which is leaving the volume V through the

surface S. In other words, neighboring divergences tend to cancel each other
within a volume V (Figure 1.1.1b).

Consequently, (3) and (4) become

/dS-B(r,t) =0, (1.1.10)
)

/dS-D(r,t)=/Q(r,t)dV=Q, (1.1.11)
) 1%

where @} is the total charge in volume V.

The left-hand side of Equation (7) is also the definition of an electromotive
force. Hence, Equation (7) implies that a time-varying magnetic flux through
an area A generates an electromotive force around a loop C. For instance, if
C is replaced with a metallic conductor, the electromotive force will drive a
current through this metallic conductor.

By the same token, Equation (8) implies that a time-varying electric flux
(displacement current) or a current will generate a magnetomotive force, or
simply, a magnetic field that loops around the currents.

On the other hand, Equations (10) and (11) are mere statements of the
conservation of fluxes. Equation (11) implies that the net flux through a
surface S equals the total charge ) inside S.

§81.1.83 Time Harmonic Forms

Maxwell’s equations can be further simplified if we assume that the field
is time harmonic. A time harmonic field can be expressed as

A(r,t) = Re[A(r) e ™!],

where i = /=1, w is frequency in radians/second, and A(r) is a complex
vector. This is also commonly referred to as the e™** time convention. (The
e“* time convention is sometimes used. Here, letting ~i — j will make the
two conventions equivalent.) In this case, A(r,t) is a sinusoidal function of
time—in other words, it is time harmonic. If this is in fact the case, it is easy
to show that

(‘%A(r’ t) = Re[—iwA(r) e ).
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Subsequently, Equations (1) to (4) become

V x E(r) = iw B(r), (1.1.12)
Vv x H(r) —iw D(r) + J(r), (1.1.13)
B(r) = (1.1.14)
D(r) = ( ). (1.1.15)

In the above, E(r), H(r), D(r), B(r), J(r), and g(r) are complex vector
or scalar functions known as phasors. Better still, a simple rule of thumb of
obtaining (12) to (15) from (1) to (4) is to replace §/dt with —iw, and vice
versa if we were to obtain (1) to (4) from (12) to (15). Alternatively, Equa-
tions (12) to (15) can also be obtained by Fourier transforming Equations
(1) to (4) with respect to time. In this case, the phasors are actually the
Fourier transforms of the fields in the time domain, and they are functions
of frequency as well (see Exercise 1.1). Hence, the phasors are also known as
the frequency domain solutions of the field. Likewise, the solutions of (1)
to (4) are the time domain solutions. Obviously, the advantage of working
with (12) to (15) is the absence of the time dependence and time derivatives.

§§1.1.4 Constitutive Relations

Since only two of the four Maxwell’s equations are independent in elec-
trodynamics, we need only work with the first two: Equations (12) and (13).
However, there are four vector unknowns, E, H, B, and D, with only two
vector equations. Hence, in order to have a sufficient number of equations for
the four unknowns, two more equations relating E, H, B, and D are needed.
This can be obtained from the constitutive relations.?

The electric and magnetic fluxes are related to the electric and magnetic
fields via the constitutive relations. These general constitutive relations in
the frequency domain have the form

D(r,w) = €r.w) - E(r,w) + &(r,w) - H(r,w),
(1.1.16a)

B(r,w)=0(r,w) H(r,w) + {(r,w) - E(r,w),
(1.1.16b)

where €, €, Iz, and € are 3 x 3 tensors.® In addition, the constitutive relations
also characterize the medium that we are describing. In fact, the above
medium is also known as a bianisotropic medium because D and B are
related to both E and H. In contrast, a medium that is anisotropic has
constitutive relations where D is only related to E, and B is only related to
H, that is,

i
= o

‘E, (1.1.17a)

D
B=p- H (1.1.17b)

2 Extended discussion of this topic is given in Kong (1986).

3 For a review of tensors see Appendix B
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And the word “anisotropy” implies that relationships (16) and (17) are func-
tions of the field directions.

When €, €, 1, or { are functions of space, the medium is also known
as an inhomogeneous medium. But when they are functions of frequency,
the medium is frequency dispersive. In this case, the relations in the time
domain correspond to convolutions. On the other hand, when the relations
are convolutions over space, the medium is spatially dispersive. Moreover,
when the tensors are functions of the fields, the medium is nonlinear. For
isotropic media, however, relationship (17) is independent of field polariza-
tions and the constitutive relations simply become

D=¢E, B=yH. (1.1.18)

In free-space, € = €y = 8.854 x 1072 farad/m, while u = pg = 47 x 1077
henry/m. The constant ¢ = 1/,/fi€o is the velocity of light, which has been
measured very accurately. The value of yq is assigned, while the value of ¢
is calculated from c¢. In fact, the value of ug is chosen so that the units of
voltage and current in a laboratory experiment are not inordinately large or
small (see Exercise 1.2). More recently, a study (Cohen and Taylor 1986)
recommends that the unit of meter be redefined so that the velocity of light
is exactly 299,792,458 m/s.

§61.1.5 Poynting Theorem and Lossless Conditions

(a) Poynting Theorem

It can be easily shown that the vector E(r,t) x H(r,t) has a dimension
of watts/m? which is that of power density. Therefore, it may be associated
with the direction of power flow. If the fields are time harmonic, a time
average of the vector can be defined as

(B(r,t) x H(r,t)) = lim 1/E(r,t)xH(r,t)dt. (1.1.19)
0

Given the phasors of time harmonic fields E(r,t) and H(r,t), namely, E(r)
and H(r) respectively, we can show that (see Exercise 1.3)

(B(r,t) x H(r,t)) = %?Re{E(r) « H*(r)}. (1.1.20)

Here, the vector E(r) x H*(r) is also known as the complex Poynting vec-
tor. Moreover, because of its aforementioned property, and its dimension of
power density, we will study its conservative property. To do so, we take its
divergence and use the appropriate vector identity to obtain

V(ExH)=H VxE-E-VxH" (1.1.21)
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Next, using Maxwell’s equations for V x E and V x H* and the constitutive
relations for anisotropic media. we have

V. (ExH)=iwH B-iwE -D'-E-J'
—wH E H-iwE - E -E.J"
(1.1.22)

The above is also known as the complex Poynting theorem. It can also
be written in an integral form using Gauss’ theorem, namely,

/dS-(ExH‘)=iw/dV(H*-H~H—E-E‘~E*)—/dVE-J‘.
J J (1.1.23)

(b) Lossless Conditions
For a region V that is lossless and source-free, J = 0 and

?Re/dS~(ExH')=0,
S
because there is no net time-averaged power-flow out of or into this region

V. Therefore, because of energy conservation, the real part of the right-hand
side of (22), without the E - J* term, must be zero. In other words,

/dV(H‘ G H-E.-& B (1.1.24)
v
must be a real quantity.

Other than the possibility that the above is zero, the general requirement
for it to be real is that H*-z-H and E-€*-E* are real quantities. But since the
conjugate transpose of a real number is itself, we have (H* - Z-H)! = H*-1i-H.
Therefore,

(H" mp-Hl'=MH g H)=H g -H=H 1 H (1.1.25)

The last equality in the above is possible only if I = &' (where the  im-
plies conjugate transpose and ¢ implies transpose), or that 7 is Hermitian.
Therefore, the conditions for anisotropic media to be lossless are

= ¢, (1.1.26)

™

n=p,

requiring the permittivity and permeability tensors to be Hermitian. Then,
for an isotropic medium, the lossless conditions are simply that Sm(u) =0
and Ym(e) = 0.
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If a medium is source-free, but lossy, then Re [dS - (E x H*) < 0. Con-
sequently, from (23), this implies

%m/dV(H"-ﬁ-H—E-E"E') > 0. (1.1.27)
v

But the above is the same as

z’/dV[H‘ (' -@) -H+E" - (¢ -8 - E|>o0. (1.1.28)
v

Therefore, for a medium to be lossy, (it — 1) and (€' —€) must be Hermitian,
positive definite matrices, to ensure the inequality in (28). Similarly, for an
active medium, i(@x' — fz) and i(€' ~ €) must be Hermitian, negative definite
matrices (see Exercise 1.6).

For a lossy medium which is conductive, we may define J = & - E where
@ is a conductivity tensor. In this case, Equation (23), after combining the
last two terms, may be written as

/ds-(ExH*)=iw/dV[H*-ﬁ-H—E-(z*—ﬁ)-E*]
w
S v

*

=iw/dV[H‘ ‘G-H-E.€ -EY, (1.1.29)
where € = € + % is known as the complex permittivity tensor. In this
manner, (29) has the same structure as the source-free Poynting theorem.

The quantity H* - z - H for lossless media is associated with the time-
averaged energy density stored in the magnetic field, while the quantity E -
€ - E* for lossless media is associated with the time-averaged energy density
stored in the electric field. Then, for lossless, source-free media, (23) implies
that

%m/dS-(ExH‘)=w/dV(H‘-‘ﬂ-H——E-€‘~E‘), (1.1.30)
S 174

or that
%m/dS-(ExH‘)
S

is proportional to the time rate of change of the difference of the time-averaged
energy stored in the magnetic field and the electric field. Since this power
is nondissipative, it is also known as the reactive power (see Exercise 1.5).
Hence, the imaginary part of E x H* may be associated with the reactive
power density.
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§81.1.6 Duality Principle

Maxwell’s equations exhibit a certain symmetry between E and H, and
D and B. However, the absence of magnetic charges destroys the symmetry
for the sources. Nevertheless, from a mathematical viewpoint, Maxwell’s
equations can be made symmetrical by introducing a magnetic current density
M and a magnetic charge density ¢,,. In this case, (1) to (4) become

pu

V x E(r,t) = —BEB(r.,t) — M(r,t), (1.1.31)
V x H(r,t) = %D(r,t) + J(r,t), (1.1.32)
V  B(r,t) = op(r,t), (1.1.33)
V -D(r,t) = o(r,t). (1.1.34)

The symmetry exhibited by the above equations implies that given a
solution to Maxwell’s equations, with E, D, H, B, M, J, o.,, and g, another
solution can be obtained by the following replacements:

E—-H H-E B--D, D- -B,

M—--J J—-M, p,.— -0, 0 —0m (1.1.35)
Notice that the above replacements are nonunique and any other replacements
that make Equations (31) to (34) invariant will also suffice (see Exercise 1.7).

If the constitutive relations appear explicitly in (31) to (34), the rule for
replacements can be altered accordingly. For example, for anisotropic media,
B =7 -H and D =€ E. a possible set of replacement rules is

E~H H-E @G- -§ &— -7

M — _J’ J— -M, Om =™ —0, 0= —0Om- (1136)

For source-free Maxwell’'s equations, this becomes simply

E—~H H-E ji—-& €— L (1.1.37)

Even though there is no true inagnetic current, one can still speak of
equivalent magnetic current. For instance, a current loop carrying an electric
current generates a fleld that resembles that of a magnetic dipole. Conse-
quently, in the limit when the electric current loop is very small, it is equiv-
alent to a magnetic dipole. Then, a series of current loops such as a solenoid
or a toroid generates a field similar to that generated by a magnetic current.

§1.2 Scalar Wave Equations

Certain physical phenomena can be described using only the scalar wave
equation, for example, acoustic waves and Schrédinger waves. In fact, in



10 PRELIMINARY BACKGROUND

certain situations, electromagnetic waves can also be described by the scalar
wave equation. Hence, we shall study the scalar wave equation and first
illustrate the derivation of the acoustic wave equation.

§§1.2.1 Acoustic Wave Equation

The acoustic wave equation can be derived based on the conservation of
mass and conservation of momentum. Similar to the conservation of charge
expressed by Equation (1.1.5), the conservation of mass for a fluid can be

written as

Oo
V. (vo) + prie 0, (1.2.1)

where g is the mass density and v is the velocity of the fluid particles. If
no external force is acting on a fluid mass, the conservation law for the -
th component of the momentum can be written in a manner similar to (1),
giving

Oov;

V- (vew)+ =2 =0, (1.2.2)
where v; is either v;, vy, or v,. Next, by writing the conservation law for
three components of the momentum simultaneously, we have

dov
V.ovv + 22¥ — . (1.2.3)
ot
Now, if an external force density F is applied to the fluid mass, then (3)
becomes
dov

. — =F. 2.
V-ovv+ T (1.2.4)

Furthermore, by using the conservation of mass equation given by (1), (4)
can be rewritten more simply as (see Exercise 1.8)
av
v-Vv+ —| =F. 1.2.5
olv-vva ] (125)
Force in a fluid sets up a disturbance, giving rise to particle velocity v,
and changes in mass density ¢ and pressure p. Before proceeding with a

perturbation analysis, we denote the equilibrium quantities by subscript 0,
and the perturbed quantities by subscript 1 as follows:

v(r,t) = vy(r,t), (1.2.6a)
o(r,t) = go(r) + o1(r,1), (1.2.6b)
p(r,t) = po(r) + pi(r,1), (1.2.6¢)

where we assume v = 0, i.e., the fluid particles are at rest before a wave is
established. Next, assuming g) < 9o, p1 < Po, and v, to be a small quantity,
on substituting (6) into (1) yields

9a1 _ (1.2.7)

V-(vieo) + V- (vien) + En
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Then, keeping only the first order terms (assuming vyp; to be much smaller
than the other terms), we have

do
A\ + — =0. 1.2.8
Vit It ( )
The restoring force in a fluid is provided by the pressure differential set
up in it. Therefore, the force density in (5) can be shown to be (see Exercise
1.8)
F=-Vp=-Vp,— Vp,. (1.2.9)

Then, using (6) and (9) in (5), we have

dv
(o0 + 01] {Vl -Vv + —

= —Vpy — . 2.
at} Po— Vpi (1.2.10)

Now, by equating the leading-order term in (10), we have
Vpy =0, (1.2.11)

while by keeping the first order term, we have

avl
— = -Vp,. 1.2.12
O ot D1 ( )

Equation (11) implies that the pressure has to be uniform in the equilibrium
state. Note that this quiescent pressure need not be a constant in the presence
of a gravitational force. But over a short length-scale, the pressure gradient
induced by gravity can be ignored.

In a compressible fluid, if vy, p;, and p, are small, and constant entropy
is assumed for adiabatic compression and expansion, they can be further
linearly related as (see Exercise 1.9, see also Pierce 1981)

0 0
—5‘T+vl -VUpg = ¢? <—§tl+v1 ~VQO) . (1.2.13)

Next, using (13) in (8), and making use of (11) we have

1 8p1
v — = =0, 1.2.14
OV - V1 + 2 ot ( )
Then, after differentiating the above once with respect to ¢, we obtain
aVl 1 32})1
AV s - =0. 1.2.15
2 <8t>+c?at2 (1:2.15)
Finally, using (12) in (15) yields
2
00V - 05 ' Vpy(r.t) — n(r,t) =0. (1.2.16)

2ot



12 PRELIMINARY BACKGROUND

Equation (16) is a scalar wave equation for acoustic waves in inhomo-
geneous media. In addition, go(r) and ¢(r) are both functions of position.
Furthermore, in the case of a homogeneous medium where gy and c are con-
stants, (16) becomes
2

18
Vip(r,t) - 6—255101

(r,t) =0, (1.2.17)
where c is the velocity of the wave. For a time harmonic field, however, (16)
becomes

00V - 05 Vi (r,w) + k*p(r,w) = 0, (1.2.18)
where k = w/c. The above is the Helmholtz wave equation for inhomogeneous
acoustic media.

§81.2.2 Scalar Wave Equation from Electromagnetics

Certain electromagnetic problems can even be described by the scalar
wave equation. For instance, in three dimensions, the vector wave equations
reduce to the scalar wave equations in a homogeneous, isotropic medium.

In a homogeneous, isotropic, and source-free medium, B= gy H and D =
e E. Next, after taking the curl of Equation (1.1.12) and substituting it for
V x H from Equation (1.1.13) without the current source, we have
V x V x E(r) —w?ueE(r) =0, (1.2.19)
which is the vector wave equation for a source-free homogeneous medium.
Moreover, by using the vector identity that V x V x E = V(V - E) — V?E
and that V - E = 0 for a homogeneous, source-free medium, Equation (19)
becomes
V2E(r) + k*E(r) = 0, (1.2.20)
where k% = w?ue. In Cartesian coordinates, E(r) = £E, + §E, + 2E,, where
Z, 9, and Z are unit vectors independent of position. Hence, (20) consists of
three scalar wave equations,

(V24 k2 y(r) =0, (1.2.21)
where y(r) can be either E,, E,, or E,. [Note that this statement is not
true in cylindrical or spherical coordinates (see Exercise 1.10).] However,
Equation (20) must be solved with V - E = 0 condition before the solution is
also admissible for (19). Hence, only two out of the three equations in (20)
are independent.

The above establishes the wave nagure of Maxwell’s equations, which
is a consequence of the displacement current term discovered by Maxwell.
Therefore, it is worthwhile to study more extensively the solutions of the
scalar wave equation.

§81.2.3 Cartesian Coordinates
In Cartesian coordinates, the Laplacian operator in (21) becomes
( ik o? o

2 —
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All ¥ on This Plane
S Have o Constant Phase

-~

Figure 1.2.1 Constant phase front of a plane wave which is perpen-
dicular to k.

Then, ¥(r) has the general solution
’l/)(l‘) — Aei(/\‘r.thrky!/w‘-kzz) — Aeikr7 (1223)

where the vector k = Zk, + 9k, + Zk, is known as the propagation vector,
while the vector r = Tz + jjy + 2z is known as the position vector. Next, after
substituting (23) into (22), we have

(—k3 — k7 — k2 + k%) 9(r) = 0. (1.2.24)

For nontrivial 4 (r), we require that k% = k2 + k2 + k2, which is also known
as the dispersion relation. It implies that the propagation vector k is of a
fixed length, i.c., |k} = k. no matter what direction it is pointing.

Equation (23) denotes mathematically a plane wave propagating in the
k direction. For example, for a plane wave propagating in the = direction,
¥ (r) = Ae**® and k = 2k, a vector pointing in the z direction. More specifi-
cally, the function e has a constant phase e** for ali r such that k-r = ks.
The locus of the tips of all such r’s is a plane perpendicular to k (see Figure
1.2.1).

In addition, assuming that E(r) = Eye’*", we can show easily that V —
1k. Then, by using this fact in (19), we have

~k x k x E(r) + K> E(r) = 0. (1.2.25)

Dotting the above with k implies that k- E = 0 for all plane waves. Further-
more, for a homogeneous, isotropic and source-free medium, V x E = 1wy H,
implying that k x E = wyuH and k- H = 0 for plane waves. Therefore, E,
H, and k form a right-handed system: they are mutually orthogonal.
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§81.2.4 Cylindrical Coordinates
The scalar wave equation in cylindrical coordinates is
10 0 + 1 62 + 02
p0p’0p " 2082 922
The above partial differential equation can be solved by the separation of

variables. On the other hand, the simple 82/0¢% and 6?/82? derivatives
imply that the solutions are of the form?

Y(r) = Fy(p)e™?rir, (1.2.27)

+ k"’) P(r) = 0. (1.2.26)

where n is an integer since the field has to be 27 periodic in ¢. Then,
substituting (27) into (26) gives rise to

(li 4 _n + k?) F.(p)=0 (1.2.28)

where k2 = k?—kZ. Notice that the above is just the Bessel equation with two
linearly independent solutions. Its general solution is a linear superposition
of any two of the following four special functions®:

(i) the Bessel function J,(k,p);

(ii) the Neumann function N,(k,p);
(iii) the Hankel function of the first kind H,(ll)(kpp); and
(iv) the Hankel function of the second kind H,(,2)(kpp).

Since only two of these four special functions are independent, they are
linearly related to each other, i.e.,

1
Julkop) = 5 [HiD (ko) + HP (kop)] (1.2.29a)
1
Nu(kop) = 52 [HV (o) — HP (kop)] (1.2.29b)
or
HO (k,p) = Ju(kop) + iNa(k,p), (1.2.29¢)
HP(k,p) = Ju(k,p) — iN(k,p). (1.2.20d)

These special functions behave differently around the origin when the
argument k,p — 0. For instance, for n = 0, when k,p — 0,

2
Jo(kpp) ~ 1, No(k,p) ~ - In(k,p), (1.2.30a)

2t 21
Ho(k,p) ~ = In(k,p), HP (k,p) ~ =~ In(kyp). (1.2.30b)

4 This form is also obtainable by separation of variables.

5 See Abramowitz and Stegun (1965).
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But for n > 0, when k,p — 0,

(kyp/2)" CETERY
Jn(kpp) T Nn(kpp) T kpp s
(1.2.31a)
W(p gy M =DV 2N gy =D 2N
HO o) ~ = () P ~ T ()
(1.2.31b)

Therefore, only the Bessel function is regular at the origin, while the other
functions are singular.

On the other hand, when k,p — oc.

Julkp) ~ ﬂip cos (k,,p - ? - %) , (1.2.32a)
N, (k,p) ~ Wlf,,/‘) sin (kpp - 712_7r - %) , (1.2.32b)
HY (k,p) ~ ﬁjﬂpei(w"%-%), (1.2.32¢)
H® (k,p) ~ ﬂzppe*i“ﬂﬂ—ﬁf—%). (1.2.32d)

Therefore, the Bessel function and the Neumann function are standing waves.
In contrast, H,(Ll)(kpp) is an outgoing wave, whereas H,(lz)(k,,p) is an incoming
wave (assuming e™™* dependence), when k,p — o0o. When k,p is real, J,(k,p)
and N, (k,p) are real functions. whereas Hél)(kpp) and H,(LQ)(kpp) are complex
functions. Furthermore, H3" (k,p) = [H (k,p)]" in this case.

Equation (27) in general represents a cylindrical wave or a conical wave,
since for large p, the wavefront has a cone shape (see Exercise 1.11). When
Fo(p) in (27) is a H{"(k,p), then

2 ‘ny_.m

b ~ = pe”—z'—Zze"(fp‘ﬁ’“’“”’*v”). (1.2.33)
P

In the above, p¢ is the arc length in the ¢ direction, and n/p can be thought
of as the ¢ component of the k vector if we compare (33) with (23). Con-
sequently, (33) looks like a plane wave propagating mainly in the direction
k = 2k, + pk,, when p — oc.

An important recurrence formula for solutions of the Bessel equation is

, n
Bn(kpp) = Bn~l(kp,0) - an(k/)p)
pP

n
= ——B”+)(kp[)) + k—p'Bn(kpp). (12‘34)

P
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where B, (k,p) is either J,(k,p), Nn(k,p), H,(l”(kpp), Hg)(kpp), or a linear
combination thereof.

§81.2.5 Spherical Coordinates
In spherical coordinates, the scalar wave equation is

19 ,0 1 9 . ,0 1 &
o sinf—— = =0. 2.
[rzar or + r2sngag " o8 * einZo r2sin? § 0¢? T } v(r) =0 (1:2.35)
Noting the 8%/8¢? derivative, we assume that ¥(r) is of the form
»(r) = F(r,0)e™. (1.2.36)
Then, (35) becomes
19 2 3} 1 9 ., 0 m?2 )
[7‘2 87" or t 72 sin68—98m950— " r2sin%@ +k } F(r,6) =0. (1.2.37)

The above can be further simplified by the separation of variables by letting
F(r,0) = b,(kr)P)*(cos8), (1.2.38)

where P*(cos#) is the associate Legendre polynomial satisfying the equation

1 d d m?
60— + 1) ~ —— ™(cosé . 1.2.
{smedes‘“ a0 [ (n+1) sin29J}P (cosf) =0 (1.2.39)
Therefore, b, (kr) satisfies the equation
1d ,d , n{n+1) _

The above is just the spherical Bessel equation, and b,(kr) is either the
spherical Bessel function j,(kr), spherical Neumann function n,(kr), or the

)(kr) and h(nz)(kr).

The spherical functions are related to the cylindrical functions via (see
Exercise 1.12)

spherical Hankel functions hf}

T
by(kr) = -Q—k—TBM%(kr),

na(kr), e

(1.2.40a)

where b, (kr) is either j,(kr), (kr), or hflg)(lcr); while Bn+%(lcr) is

either Jn+%(kr), Nn+%(kr), Hfl:)%(kr), or Hfi)%(kr). More specifically,
A (kr) e AOkr)y == {1+ i (1.2.41a)
0= Tk ! B kr) kr’ -
h® (kr) = e KO (kr)=—-{1- e (1.2.41b)
0 T dkr ! - kr) kr’ -
) sin kr ) coskr sinkr
]O(k'l') = kr ]1(k'f') = —'-—E";‘-— + —(k_’l')E’ (1241C)
cos kr sinkr  coskr
== kr) = ———— — —-. 2.41
no(kr) - ny(kr) P (kr)? (1.2.41d)
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Hence, the spherical functions represent spherical waves, which resemble
plane waves when r — oc. Moreover, recurrence relations similar to (34)
can be derived for spherical Bessel functions (see Exercise 1.13, also see
Abramowitz and Stegun 1965)

§1.3 Vector Wave Equations

For an inhomogeneous, anisotropic medium, Maxwell’s equations with a
fictitious magnetic current density M could be written as

V x E(r,t) = —%ﬁ ~H(r,t) — M(r,t), (1.3.1)
V x H(r,t) = %E -E(r,t) + J(r,t). (1.3.2)
Furthermore, if the fields are time harmonic, the above equations become
V x E(r) =iwp- H(r) — M(r), (1.3.3)
V x H(r) = —iwe - E(r) + J(r). (1.3.4)

Since electromagnetic fields are vector fields, the general wave equation is a
vector wave equation. Hence, we will derive the general, time harmonic form
of the vector wave equation first.

To do so, we take the curl of Z~! - (3), and use (4), to obtain

Vxug™' VxE(r)-w? E(r)=iwl(r) -V x @z~ M(r). (1.3.5a)
Similarly,
Vxée ' VxH(r) -’ H(r) =iwM(r)+ Vxe?! J(r). (1.3.5b)

The above also follows directly from the duality principle.

Equations (5a) and (5b) are two vector wave equations governing the so-
lutions of an electromagnetic field in an inhomogeneous, anisotropic medium.
Here, T and € are assumed to be functions of positions; hence, they do not
commute with the V operator. Moreover, for time-varying fields, E and H
can be derived from each other; hence, only one of the two Equations (5a)
and (5b) is needed to fully describe electromagnetic fields.

For an inhomogeneous isotropic medium, however, the above equations
reduce to

V x pu7'V x B(r) —wE(r) =iwJ(r) = V x u~'M(r),

(1.3.6a)
V xe 'V x H(r) = w?u H(r) = iw M(r) + V x ¢ 1J(1).

(1.3.6b)

As mentioned in the preceding paragraph, either one of the above equations
is self-contained. Consequently, all phenomena of electrodynamic fields in
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Figure 1.3.1 The solution to a piecewise-constant inhomogeneity can
be obtained by first obtaining the solution in each region, and then
patching the solutions together via boundary conditions.

inhomogeneous media are obtained by studying just one of them. In fact, the
two equations are derivable from each other. Furthermore, since V-€-E =
oand V-@w-H = p,, the three components of E or H are not linearly
independent of each other. Hence, many electromagnetic problems can be
formulated in terms of only two of the six components in E and H.

§81.3.1 Boundary Conditions

Equation (5a) or (5b) describes all the phenomena of electrodynamic
wave interaction with inhomogeneity. Therefore, either one of them can be
considered as the basic equation rather than Maxwell’s equations for electro-
magnetic phenomena. Moreover, what is derivable from Maxwell’s equations
is also derivable from the above equations. For instance, when solving prob-
lems involving piecewise-constant inhomogeneities, a common practice is to
obtain first solutions to Maxwell’s equations in each region, and later, match
boundary conditions at the interfaces to obtain the solution valid everywhere
(see Figure 1.3.1). We shall show that these boundary conditions can be
derived from either one of the two vector wave equations.

To do so, we integrate (5a) about a small area between the interface of the
two inhomogeneities (see Figure 1.3.2). Then, on invoking Stokes’ theorem
for the surface integral of a curl, (5a) becomes

fdl-(;z-l-vxE)-uﬂ/dS-e-E:iw/dS~J—fdl~n-l-M.
(1.3.7)

c A A o
But if M is a current sheet, the last term on the right-hand side of (7) vanishes
because i~' M =0on C.

Consequently, when § — 0 (see Figure 1.3.2), the area integral on the
left-hand side of the above equation vanishes, because € - E is nonsingular at
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Figure 1.3.2 Derivation of the boundary conditions.

the interface. Moreover, if a current sheet J, resides at the interface, then J
is singular at the interface, and

b

/ds.J = /dl (R x[-J,). (1.3.8)

y p
Similarly,
b b
fdl-m“‘-v><E>=/dl~<n;“w E1>—/dl~<n;1~v x Ey),
J / J (1.3.9)

where E; and E, are the fields and ; and 1, are the permeability tensors
in the two different regions. This further implies that

(B VXE) = (5 VX Ey) =iwnx (- J, (1.3.10)

On noticing that [ = (nx Z) x 7, on the left-hand side, and using the appropriate
vector identity, we have

Ax (7 VxE) ~nax (' VxEy)=1wl, (1.3.11)
Since V x E = iwp - H, the above is also the same as
n X H] —-n X Hz = Js; (1312)

which states that the discontinuity in the tangential component of the mag-
netic field is proportional to the electric current sheet J,.

To derive another boundary condition, we rewrite Equation (5a) as

Vx i [V xE(r)+M(r)] —w?é E(r) =iwl(r). (1.3.13)
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Now, on the right-hand side, if J(r) is a current sheet J,, it will give rise
to a discontinuity in @' - [V x E(r) + M]. However, i~ ! - [V x E(r) + M]
must be regular or nonsingular, for if it is singular, its curl will make it
doubly singular, which cannot be cancelled by any other terms in (13). But
if 7! [V x E(r) + M(r)] is regular, so must V x E(r) + M since m~! is
nonsingular. Therefore, after integrating V x E(r) + M over A as in (7) and
letting 6 — 0, we conclude that

A x Ey -7 x Ey = —M,, (1.3.14)

where M, is a magnetic current sheet at the interface. Thus, the disconti-
nuity in the tangential component of the electric field is proportional to the
magnetic current sheet M.

The boundary conditions (12) and (14) can also be derived more di-
rectly from Maxwell’s equations. Though the derivation here is less direct,
it illustrates that these boundary conditions are inherently buried in (5a).
Similarly, they can also be extracted from (5b). In general, boundary con-
ditions are buried in the partial differential equation that governs the field
(see Exercise 1.14). This further reinforces the point that either (5a) or (5b)
alone is sufficient to describe electrodynamic phenomena in an inhomoge-
neous, anisotropic medium.

§81.3.2 Reciprocity Theorem

The reciprocity theorem relates in a simple manner the mutual interac-
tions between two groups of sources, under certain conditions on the medium.
Such a medium is then known as a reciprocal medium. We shall show how
such a reciprocity relation can be derived from the vector wave equations.

If there are two groups of sources J;, M,; and J;, M, radiating in an
anisotropic, inhomogeneous medium, where J;, M, produces the field E;,
and J,, M, produces the field E,, the vector wave equations that E, and E,
satisfy are then

Vxag ' VxE —w?é - E, =iwd; -V xa ! M, (1.3.15a)
and
VUxag ' VxE,—w?e Ey=iwl, —Vxa ! M, (1.3.15b)
Next, by dotting (15a) by E; and integrating over volume, we obtain
iw(Ey, J1) — (Ep, Vxm™' - My)
= (EQ, V x ﬁ—l -V x E1> - w2(E2,€ . E1>,
(1.3.16a)
where the reaction or the inner product (A,B) = [ drA - B (Rumsey 1954).
By the same token, from (15b),
iw(Ey,J2) = (E,,Vx ™' M)
=(E,Vx ™V x Ey) - w*(E}, € Eg).
(1.3.16b)
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Figure 1.3.3 Derivation of the reciprocity relation.

The second terms on the right-hand side of (16a) and (16b) are equal if
€ = €'. It is unclear if the first terms on the right-hand side of (16a) and
(16b) are the same, but they are of the form

(Ei,Vxﬁ“1~VxEj)=/drEi-Vxﬁ‘l~VxEj. (1.3.17)
J
The above can be rewritten using the vector identity V- (A x B) =B -V x
A — A -V x B and Gauss’ theorem?:

(E;,Vxu ' VxE)) :/dr(v xE;)-m™ - (V xEj)

Vv

+/ dSn- (™' V x E;) x E;,
S (1.3.18)

where V and § are volume and surface respectively, tending to infinity (see
Figure 1.3.3). Note that now, the first term on the right-hand side of (18) is
symmetric about E; and E; if @ = @".

To show the symmetry of the second term, however, more manipulation
is needed as follows: When § — oc, it is reasonable to assume that i is
isotropic and homogeneous. Furthermore, the fields, which are produced by
sources of finite extent. become plane waves in the far field. Hence, V — ik,
which is the case for plane waves. Consequently,

(B~ V x E;) x E; = ipg'(k x E;) x E; = —ip; 'k(E; - Ej). (1.3.19)

In arriving at the above, we have used k - E; = 0 because of the plane-wave
assumption. In this manner. the surface integral in (18) is symmetric about
E; and E;.

8 This manipulation is also referred to as integration by parts. It is the generalization of
integration by parts in one dimension to higher dimensions and vector fields.
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From the above, the right-hand sides of (16a) and (16b) are equal only if
n=n' e=¢, (1.3.20)

i.e., when T and € are symmetric tensors. Consequently, Equation (20) im-
plies that

w(Ey, J1) — (B, Vx ™' - M) = w(E,J2) — (E|,V x 5™ - My).
(1.3.21)

Moreover, using the vector identity used for Equation (18), we can show that

(Eo,V x ' - M,) =/dr(V xEy) 7'M, =iw/drH2-Ml.
J J (1.3.22)

The last equality follows because 7t = ‘. Hence, (21) is identical to
(E23Jl) '—(H2?Ml) = (E19J2) _(HI,MZ)v (1323)

which is the reciprocal theorem. Note that the above describes a mutually
reciprocal relationship.

One side of Equation (23) describes the mutual interaction between the
field of one group of sources with another group of sources. This mutual in-
teraction is only reciprocal if the medium satisfies the conditions of Equation
(20). A medium for which conditions given by Equation (20) hold, implying
the reciprocal relationship (23), is known as a reciprocal medium. We shall
see later that the reciprocal nature of (23) is due to the symmetric nature of
the vector wave Equation (15). Scalar wave equations with similar symmetry
also have an analogous reciprocal relation (see Exercise 1.14).

The reaction (E;,J;) and (H;, M;) can be thought of as generalized mea-
surements. Physically, Equation (23) states that the field resulting from J,,
M, measured by J3, M is the same as the field resulting from J,, My mea-
sured by J,, M,. Examples of reciprocal media are free-space and lossy
media-——a medium can be lossy and still be reciprocal! Examples of nonre-
ciprocal media are plasma and ferrite media biased by a magnetic field.

§81.3.3 Plane Wave in Homogeneous, Anisotropic Media

A plane wave is the simplest of the wave solutions. All wave types can
be expanded in terms of plane waves as shall be shown later in Chapter
2. Therefore, we shall look for a plane-wave solution in a homogeneous,
anisotropic and source-free medium. In such a medium, the vector wave
equation from (5a) is

VUxg ' VUxE-w'e-E=0. (1.3.24)
To look for a plane-wave solution to (24), we assume E to be of the form

E = Eget*", (1.3.25)
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where k is the k vector denoting the direction of propagation of the plane
wave. Then, substituting (25) into (24) yields

kxpg ' kxEy+w'e Ey=0. (1.3.26)
Next, k x Eg can be written as kK - Ey where K is a tensor:
0 k, ky
kK = { k. 0 —kIJ , (1.3.27)
—ky kg 0

which is an antisymmetric matrix in Cartesian coordinates (see Appendix B
for a review of tensors). Moreover, we can write the Cartesian components
of k in terms of direction cosines to obtain

o 0 —cosf sin @ sin ¢
kK(0,.¢)=k [ cos 0 0 ~sin€cos¢>} , (1.3.28)
—~sinflsing sinfcoso¢ 0

where k, which is yet to be found, is the length of the k vector. Alternatively,
Equation (26) can be written as

[k°F(8.0) + w’I] Do =0, (1.3.29)

]

where
F(6,0) =K(0,¢) u™'-K(0,¢) €, Do =€ Eo. (1.3.29a)

F(6,¢) is only a function of angles and tensors [ and €. Notice that for a
plane-wave solution propagating in a fixed direction, F(6,¢) is a constant
madtrix.

Equation (29) corresponds to an eigenvalue problem where w?/k? is the
eigenvalue and Dy is the eigenvector. Since F is a 3 x 3 matrix, we expect the
above equations to have three eigenvalues and three eigenvectors. However,
from the V - D = 0 condition, k - D = 0. This can also be seen by dotting
Equation (26) with k and noting that k-k x A = 0. Therefore, only two out
of three components of the electric lux D are independent, implying that
only two equations in (29) are independent. Consequently, it will only yield
two eigenvalues and two eigenvectors. This can be shown easily by expressing
the field and the tensors in a coordinate system where the z axis corresponds
to the k direction of the k vector (see Exercise 1.15). Hence, the general wave
solution to {24) is of the form

E = qe,e™7 + qpe,e™T = § a]-e]-eikf‘r. (1.3.30)

J=1

where k; = kjfc, k; is derived from the j-th eigenvalue, and e; is derived from
the j-th eigenvector of (29). Because k is different for the two waves, they
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Figure 1.3.4 The electric field vectors and the k vector in an isotropic
medium.

have k vectors of different lengths. Moreover, since the phase velocity for a
plane wave is defined by v, = w/k, the phase velocities for the two waves
will be different. These two waves are generally known as type I and type II
waves. Furthermore, their corresponding magnetic field can easily be derived
to be

2 2
H= Zaj(wﬁ)"l . kj X ejeikj‘r = Z ajhjeiki‘r. (1331)
=1 =1

Note that since F is a function of angles, the eigenvalues k; or the lengths
of the k; vectors change as a function of angle, i.e., k;(8, ¢). Therefore, the
phase velocity in an anisotropic medium is also a function of angles for each
of the two types of waves. With k; changing as a function of angles, e; also
changes as a function of angles. Furthermore, since V - E # 0 in general,
k - E # 0 for anisotropic media, unlike the case for isotropic media.

For a homogeneous, isotropic medium, the eigenvalues are degenerate
where k; = w,/u€ and k; - e; = 0 for j = 1,2. The eigenvectors of (29) then
are any two linearly independent vectors e, and e, that are orthogonal to
k (Figure 1.3.4). Moreover, e; and e; can also be made orthogonal to each
other without loss of generality. The general solution then becomes

E = a;(k x c)e™™ + ay(k x k x c)e™, (1.3.32)

where ¢ is an arbitrary constant vector. For instance, if ¢ = Z which points
upward, then the above two waves correspond to a horizontal polarization
and a vertical polarization. The first corresponds to a transverse electric
(TE) to z wave while the second corresponds to a transverse magnetic (TM)
to z wave.

§81.83.4 Green’s Function

The Green’s function of a wave equation is the solution of the wave equa-
tion for a point source. And when the solution to the wave equation due to a
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Figure 1.3.5 The radiation of a source s(r) in a volume V.

point source is known, the solution due to a general source can be obtained
by the principle of linear superposition (see Figure 1.3.5). This is merely a
result of the linearity of the wave equation, and that a general source is just
a linear superposition of point sources.

For example, to obtain the solution to the scalar wave equation in V in
Figure 1.3.5,
(V2 + k%) (r) = s(r), (1.3.33)

we first seek the Green’s function in the same V', which is the solution to the
following equation:

(V2 + k3 g(r,r') = —6(r — 1'). (1.3.34)

Given g(r, 1), ¥(r) can be found easily fron the principle of linear superposi-
tion, since g(r, r’) is the solution to (33) with a point source on the right-hand
side. To see this more clearly, note that an arbitrary source s(r) is just

s(r) = / dr's(r') 6(r — 1), (1.3.35)

which is actually a linear superposition of point sources in mathematical
terms. Consequently, the solution to (33) is just

wi) = = [ arglr.)s(r) (1.3.36)
3
which is an integral linear superposition of the solution of (34). Moreover, it

can be seen that g(r,r’) = g(r’,r) from reciprocity irrespective of the shape
of V' (see Exercises 1.14, 1.17).
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To find the solution of Equation (34) for an unbounded, homogeneous
medium, one solves it in spherical coordinates with the origin at r’. By so
doing, (34) becomes

(V2 + k2) g(r) = —6(r) = —6(z) 6(y) 6(2). (1.3.37)

But due to the spherical symmetry of a point source, g{r) must also be spher-
ically symmetric. Then, for r # 0, the homogencous, spherically symmetric
solution to (37) is given by

tkr —tkr

e e
+D

g(r)=C (1.3.38)

r

Since sources are absent at infinity, physical grounds then imply that only an
outgoing solution can exist; hence,

(1.3.39)

The constant C is found by matching the singularities at the origin on both
sides of (37). To do this, we substitute (39) into (37) and integrate Equation
(37) over a small volume about the origin to yield

ikr tkr
/dVV vce /dw&ce = 1. (1.3.40)

T

AV av

Note that the second integral vanishes when AV — 0, because dV = 4nr2dr.
Moreover, the first integral in (40) can be converted into a surface integral
using Gauss’ theorem to obtain

1kr
11m 4nr? iC'

= -1, (1.3.41)
T
or C = 1/4m.
The solution to (34) must depend only on |r — r'|. Therefore, in general,
gikle=r]
g(r,x') =g(r-r) = ppe e (1.3.42)

implying that g(r,r’) is translationally invariant for unbounded, homogeneous
media. Consequently, the solution to (33), from Equation (36), is then

zkIr r'|
. 3.4
/d pp— s(r') (1.3.43)

The Green’s function for the scalar wave equation could be used to find
the dyadic Green’s function for the vector wave equation in a homogeneous,
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isotropic medium. First. notice that the vector wave equation in a homoge-
neous, isotropic medium is

V x V x E(r) - k2E(r) = iwp J(r). (1.3.44)

Then, by using the fact that Vx Vx E=-V?E+VV E and that V- E =
p/€ = V - J/iwe, which follows from the continuity equation, we can rewrite
(44) as

2 2 : A%

VE(r) + k*E(r) = —iwp {I + —}”—2—} -J(r), (1.3.45)
where I is an identity operator. In Cartesian coordinates, there are actually
three scalar wave equations embedded in the above vector equation, each of
which can be solved easily in the manner of Equation (36). Consequently,

E(r) = wp /dr/g(r’ —r) [T+ VILQV’} S J(r') (1.3.46)

“/

where g(r’ —r) is the unbounded medium scalar Green'’s function. Moreover,
by using the vector identities’ Vgf = fVg+¢V f and V-gF = gV-F+(Vg)-F,
it can be shown that

/dr’g(r' —)V'f(r') = —/dr’[V’g(r’ —1)}f(r'), (1.3.47)
v v
and
/dr’ (Vig(r' = )]V - J(&) = - /dr’J(r’) V'Vt ~1).
1% v (1348)

Hence, Equation (46) can be rewritten as

E(r) = iwu/dr’J(r’) . {T-}- V};QV’} g(r' —r). (1.3.49)

Vv

It can also be derived using scalar and vector potentials (see Exercise 1.16
and Chapter 7).

Alternatively, Equation (49) can be written as

E(r) = iw/L/dr'J(r’) - Ge(r', 1), (1.3.50)

v

T The first identity is the same as the second identity if we think of F(r) = af(r) where
a is an arbitrary constant vector. Since a is an arbitrary constant vector, we can cancel
it from both sides of the equation to obtain the first identity.
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where

! ’

G.(r',r) = [I + vk2v J g(r' —r) (1.3.51)

is a dyad known as the dyadic Green’s function for the electric field in an
unbounded, homogeneous medium. (A dyadis a 3 x 3 matrix that transforms
a vector to a vector. It is also a second rank tensor. See Appendix B for
details.) Even though (50) is established for an unbounded, homogeneous
medium, such a general relationship also exists in a bounded, homogeneous
medium. It could easily be shown from reciprocity that

(J1(r),Ge(r, 1), Io(r)) = (Jo(r'), Ge(r',x), I (r))
= <J1(I‘),Ge(r,l‘),.]2(l')>,

(1.3.52)

where

(J;(r"), Go(r', ), J;(r)) = dridr J;(r') - G.(r',r) - J;(r),
' ’ v/v/ (1.3.52a)

is the reaction between J; and the electric field produced by J;. Notice that
the above implies that®

G.(r',r) = G,(r,r'). (1.3.52b)
Then, by taking its transpose, (50) becomes
/ ¢ Go(r,r) - 3(r). (1.3.53)
v

Alternatively, the dyadic Green’s function for an unbounded, homoge-
neous medium can also be written as

ral ! 1 T ! T ’
Ge(r,r)=E[VxVng(r—r)—I&(r—r)]. (1.3.54)
By substituting (53) back into (44) and writing

J(r) = /dr'ié(r -r') - J(r'), (1.3.55)

we can show quite easily that

V x V x Ge(r,r') — k2 G,(r,r') = 16(r — 1'). (1.3.56)

Equation (50) or (53), due to the VV operator inside the integration
operating on g(r — r'), has a singularity of 1/|r — r’|> when r — r’. Conse-
quently, it has to be redefined in this case for it does not converge uniformly,

8 Similar relations also hold for scalar wave equation (see Exercise 1.17).
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specifically, when r is also in the source region occupied by J(r). Hence, at
this point, the evaluation of Equation (53) in a source region is undefined.
This singular nature of the dyadic Green'’s funetion will be addressed later in
Chapter 7.

§1.4 Huygens’ Principle

Huygens’ principle shows how a wave field on a surface S determines the
wave field off the surface S. This concept can be expressed mathematically
for both scalar and vector waves. We shall first discuss the scalar wave case
first, followed by the electromagnetic wave case.

§§1.4.1 Scalar Waves

For a t(r) that satisfies the scalar wave equation
(V2 + k%) y(r) = 0, (1.4.1)
the corresponding scalar Green's function g(r, r’) satisfies
(V2 + kY g(r,r') = =6(r = 1'). (1.4.2)

Next, on multiplying (1) by g(r,r’) and (2) by ¥(r), subtracting the resultant
equations and integrating over a volume containing r', we have

/ dr [g(r,T') V2 (r) — P(r)Vig(r,r')] = $(r'). (1.4.3)

1%

Since gV%y — ¢¥V?%g = V - (gVi — ¥Vyg), the left-hand side of (3) can be

rewritten using Gauss’ divergence theorem, giving®

P(r') = deﬁ oo, ) Vi(r) — (r)Vg(r, )], (1.4.4)

S

where S is the surface bounding V. The above is the mathematical expression
that once ¥(r) and - Vi)(r) are known on S, then ¥(r’) away from S could
be found.

If the volume V' is bounded by S and S;,r as shown in Figure 1.4.1, then
the surface integral in (4) should include an integral over S;,;. But when
Sing — 00, all fields look like plane wave, and V — fik on §;;,; . Furthermore,
g(r—r1') ~ O(1/r),!" when r — >0, and ¥(r) ~ O(1/r), when r — oo, if ¥(r)
is due to a source of finite extent. Then, the integral over S;,¢ in (4) vanishes,

9 The equivalence of the volume integral in (3) to the surface integral in (4) is also known
as Green'’s theoren.

10 The symbol “0O” means “of the order.”
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Figure 1.4.1 The geometry for the derivation of Huygens’ principle.

and (4) is valid for the case shown in Figure 1.4.1 as well. Here, the field
outside S at r’ is expressible in terms of the field on S.

Notice that in deriving (4), g(r,r’) has only to satisfy (2) for both r and r’
in V but no boundary condition has yet been imposed on g(r,r’). Therefore,
if we further require that g(r,r’) = 0 for r € S, then (4) becomes

P(r') = —%dSz/)(r)fp Vg(r,r'). (1.4.5)

S

On the other hand, if require additionally that g(r,r’) satisfies (2) with the
boundary condition 7 - Vg(r,r’') = 0 for r € S, then (4) becomes

P(r') = deg(r, r') 7 Vi(r). (1.4.8)

S

Equations (4), (5), and (6) are various forms of Huygens’ principle de-
pending on the definition of g(r,r’). Equations (5) and (6) stipulate that
only ¥(r) or 7n- Vi(r) need be known on the surface S in order to determine
¥(r'). (Note that in the above derivation, k2 could be a function of position
as well.)
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§81.4.2 Electromagnetic Waves

In a source-free region, an electromagnetic wave satisfies the vector wave
equation

V x V x BE(r) - K E(r) = 0. (1.4.7)
Moreover, the dyadic Green’s function satisfies the equation
V x V x Go(r,r') — k* Go(r, v') = I§(r — 1'). (1.4.8)

Then, after post-multiplying (7) by Ge(r,r’), pre-multiplying (8) by E(r),
subtracting the resultant equations and integrating the difference over volume
V', we have

E(r') = /dV [E(r) -V x VX Ger,r') +V x V x E(r)- C‘r—e(r,r’)] .(1 L9

Next, using the vector identity that!!
— V- [E(r) x V x Ge(r,r') + V x E(r) x G(r,r")]

=E(r)-VxVxG.rr)-VxVxE([) Grr),
(1.4.10)

Equation (9

~—

, with the help of Gauss’ divergence theorem, can be written as

E(r)=—- ¢ dSa- [E(r) x V x G,(r,r') + V x E(r) x G,(r,r')]

5
= - jl{dS [ x E(r) -V x Ge(r,r') + iwpn x H(r) - Ge(r,1)] .
5 (1.4.11)

The above is just the vector analogue of (4). Again, notice that (11) is
derived via the use of (8), but no boundary condition has yet been imposed
on G.(r,r') on S. Now, if we require that n x G.(r,r') =0 for r € S, then
(11) becomes

E(r') = ~%d$ﬁ x E(r) -V x G(r,r'), (1.4.12)
S
for it could be shown that A x H- G, = H- A x G, implying that the second

term in (11) is zero. On the other hand, if we require that A x Vx G, (r,r') = 0
for r € S, then (11) becomes

E(r') = —iwp %dS n x H(r) - Go(r, ). (1.4.13)

s

1 This identity can be established by using the identity V-(AxB) = B-VxA—-A -V xB.
The equality of the volume integral in (9) to the surface integral in (11) is also known
as vector Green’s theorem.
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Equations (12) and (13) state that E(r') is determined if either 2 x E(r) or
7 x H(r) is specified on S.

It can be shown from reciprocity that (Exercise 1.18)
[G.(r, r')]t = G,(r',r), (1.4.14a)

(V x ae(r,r')]t =V x Gp(r,r), (1.4.14b)

where G,,(r, r') is the dyadic Green’s function for magnetic field, and G.(r, r')
is the dyadic Green’s function for electric field. Then, by taking its transpose,
Equation (11) becomes

E(r') = -V x deam(r',r) -1 x E(r) - iwu%dSae(r’,r) -7 x H(r).

J J (1.4.15)
Moreover, Equation (12) then becomes
E(r) = V' x }[dSGm(r',r) 7 x B(r), (1.4.16)
s
while Equation (13) becomes
E(r) = —iwu%dSae(r’,r) -7 x H(r). (1.4.17)
s

The dyadic Green’s functions in (12), (13), (16), and (17) are for a closed
cavity since boundary conditions are imposed on S for them. But the dyadic
Green’s function for an unbounded, homogeneous medium can be written as

G(r,r) = kl—z[Vx VxIgr—r)-18r-r")), (1.4.18)

VxG(r,r') =V xIg(r-r). (1.4.19)

Also, for unbounded homogeneous medium, G,(r,r') = G,,(r,r’). Then, (15)
becomes

E(r') = —V'xjéng(r ~r')AxE(r) + ,LV'XV’xy{ng(r —r'yaxH(r).
s

we 4 (1.4.20)

The above can be applied to the geometry in Figure 1.4.1 where r’ is enclosed
in S and S;,r. However, the integral over Sy vanishes by virtue of the
radiation condition as for (4). Then, (20) relates the field outside S at r’ in
terms of only the field on S.

§1.5 Uniqueness Theorem

The uniqueness theorem provides conditions under which the solution
to the wave equation is unique. This is especially important because the
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solutions to a problem should not be indeterminate. These conditions under
which a solution to a wave equation is unique are the boundary conditions
and the radiation condition. Uniqueness also allows one to construct solutions
by inspections; if a candidate solution satisfies the conditions of uniqueness,
it is the unique solution. Because of its simplicity, the scalar wave equation
shall be examined first for greater insight into this problem.

§§1.5.1 Scalar Wave Equation

Given a scalar wave equation with a source term on the right-hand side,
we shall derive the conditions under which a solution is unique. First, assume
that there are two different solutions to the scalar wave equation, namely,

(V2 + k()] ¢u(r) = s(r), (1.5.1a)
(V2 + k%(r)] ¢a(r) = s(r), (1.5.1b)

where k%(r) includes inhomogeneities of finite extent. Then, on subtracting
the two equations, we have

(V2 4+ k*(r)] 6(r) = 0, (1.5.2)
where 6¢(r) = ¢1(r) — ¢2(r). Note that the solution is unique if and only if

6¢ = 0 for all r.

Then, after multiplying (2) by 8¢, integrating over volume, and using
the vector identity V- YA = A - Vi + ¢V - A, we have

/ﬁ-(5¢*v5¢)d5—/|v5¢;?dv +/k2]6¢|2dv =0, (1.5.3)
S Vv v

where 7 i1s a unit normal to the surface S. Then, the imaginary part of the
above equation is

%m/ﬁ~(5¢*vw) dS + /%m(k2)16¢l2dv =0. (1.5.4)
s v
Hence, if Sm[k?(r)] # 0 in V, and
(i) ¢ =00rn-Vép=0o0nS, or
(i) 6¢ = 0 on part of S and 7 - V¢ = 0 on the rest of S,
then
/%m[k‘z(r)uw[?dv =0. (1.5.5)
v

Since |6¢|? is positive definite for §¢ # 0, and Sm(k?) # 0 in V.12 the above
is only possible if §¢ = 0 everywhere inside V.

'2 More specifically, Sm{k?(r)] > 0, Y r € V, or Sm[k*(r)] <0,Yre V.
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Therefore, in order to guarantee uniqueness, so that ¢, = ¢, in V, either
(i) ¢y=¢aonSorn-V¢, =n-Ve¢yon§, or
(ii) @) = ¢, on one part of S, and 71 - V¢, =71 - Vg, on the rest of S.

The specification of ¢ on S is also known as the Dirichlet boundary condition,
while the specification of 72- V¢, namely, the normal derivative, is also known
as the Neumann boundary condition. In words, the uniqueness theorem
says that if two solutions satisfy the same Dirichlet or Neumann boundary
condition or a mixture thereof on S, the two solutions must be identical.

When Sm(k?) = 0, i.e., when k? is real, the condition §¢ = 0 or A-Vé¢ =
0 on S in (3) does not necessarily lead to ¢ = 0 in V, or uniqueness. The
reason is that solutions for ¢ = ¢, — ¢ where

/ Vg2 dV = / k26¢|2 dV (1.5.6)
14 14

can exist. These are the resonance solutions in the volume V (see Exercise
1.19). These resonance solutions are the homogeneous solutions!® to the wave
Equation (1) at the real resonance frequencies of the volume V. Because
the medium is lossless, they are time harmonic solutions which satisfies the
boundary conditions, and hence, can be added to the particular solution of
(1). In fact, the particular solution usually becomes infinite at these resonance
frequencies if S(r) # 0.

Equation (6) implies the balance of two energies. In the case of acoustic
waves, for example, it represents the balance of the kinetic energy and the
potential energy in a volume V.

When Sm(k?) # 0, however, the resonance solutions of the volume V
are exponentially decaying with time for a lossy medium [Sm(k?) > 0], and
they are exponentially growing with time for an active medium [3m(k?) < 0).
But if only time harmonic solutions ¢; and ¢, are permitted in (1), these
resonance solutions are automatically eliminated from the class of permissible
solutions. Hence, for a lossy medium [Sm(k?) > 0] or an active medium
[Sm(k?) < 0], the uniqueness of the solution is guaranteed if we consider
only time harmonic solutions, namely, two solutions will be identical if they
have the same boundary conditions for ¢ and 7 - V¢ on 5.1

When S — o0 or V — 00, the number of resonance frequencies of V' be-
comes denser. In fact, when S — o0, the resonance frequencies of V become a

13 “Homogeneous solutions” is a mathematical parlance for solutions to (1) without the
source term.

14 The nonuniqueness associated with the resonance solution for a lossless medium can be

eliminated if we consider time domain solutions. In the time domain, we can set up an
initial value problem in time, e.g., by requiring all fields be zero for ¢ < 0; thus, the
nonuniqueness problem can be removed via the causality requirement. The resonance
solution, being time harmonic, is noncausal.
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continuum implying that any real frequency could be the resonant frequency
of V. Hence, if the medium is lossless, the uniqueness of the solution is not
guaranteed at any frequency, even appropriate boundary conditions on S at
infinity, as a result of the presence of the continuum of resonance frequen-
cies. One remedy then is to introduce a small loss. With this small loss
[Sm(k) > 0], the solution is either exponentially small when r — oo (if a
solution corresponds to an outgoing wave, e**7), or exponentially large when
r — oo (if a solution corresponds to an incoming wave, e”*7). Now, if the
solution is exponentially small, namely, keeping only the outgoing wave solu-
tions, it is clear that the surface integral term in (4) vanishes when S — oo,
and the uniqueness of thie solution is guaranteed. This manner of imposing
the outgoing wave condition at infinity is also known as the Sommerfeld
radiation condition (Sommerfeld 1949, p. 188). This radiation condition
can be used in the limit of a vanishing loss for an unbounded medium to
guarantee uniqueness.

§81.5.2 Vector Wave Equation

Similar to the uniqueness conditions for the scalar wave equation, analo-
gous conditions for the vector wave equation can also be derived. First, as-
sume that there are two different solutions to a vector wave Equation (1.3.5),
lLe.,

Vxpa ' VxE|r)-we El)=S(r), (1.5.7a)
Vx ™'V x Eyfr) —w?e- Eyr) = S(r), (1.5.7b)
where S(r) = wJ(r) — V x @' - M(r) corresponds to a source of finite

extent. Similarly, 7z and € correspond to an inhomogeneity of finite extent.
Subtracting (7a) from (7b) then vields

Vxn ' Vx6E—-w?e - 6E =0, (1.5.8)

where 6E = E,; — E;. The solution is unique if and only if dE = 0. Next,
on multiplying the above by ¢E*. integrating over volume V, and using the
vector identity A-VxB=-V.(AxB)+B-V x A, we have

—/ﬁ-(&E‘xﬁ‘l~Vx&E)dS+/Vx5E‘-ﬁ‘l-Vx6EdV
J i’

~w2/5E'~€~5EdV:O.
v (1.5.9)

Since V x 6E = iw @ - §H, the above can be rewritten as

iw/ﬁ~(5E‘ ><5H)ds+w2/(5H*-ﬁ*-&H—&E*@-&E)dV:o.
5 v (1.5.10)
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Then, taking the imaginary part of (10) yields
SIm iw/fz - (6E* x 6H)dS

/[5}1* (' — 1) - 6H + 6E* - (€' — ) - 6E]dV = 0.
(1.5.11)

But if the medium is not lossless (either lossy or active), then ' # Jx
and € # € [see (1.1.2b)], and the second integral in (11) may not be zero.
Moreover, if

(i) nxéE=00ornaxéH=00nS, or

(ii) 7 x 6E = 0 on one part of S and 1 x §H = 0 on the rest of S,

the first integral in (11) vanishes. In this case,

2
o /[m* i@ =) - 6H + 6B -i(e' =€) 6E]dV = 0. (1.5.12)

In the above, i(fz' — Jz) and i(€' — €) are Hermitian matrices. Moreover,
the integrand will be positive definite if both 7z and € are lossy, and the
integrand will be negative definite if both 7z and € are active (see Subsection
1.1.5). Hence, the only way for (12) to be satisfied is for §E = 0 and éH = 0,
or that E, = E; and H; = H,, implying uniqueness.

Consequently, in order for uniqueness to be guaranteed, either
(i) axEy=nxEy,onSornxH,=nxHyonS, or

(i) 7 x E; = fn x Ey on a part of S while 72 x H; = 72 x H; on the rest
of S.

In other words, if two solutions satisfy the same boundary conditions for
tangential E or tangential H, or a mixture thereof on S, the two solutions
must be identical.

Again, the requirement for a nonlossless condition is to eliminate the real
resonance solutions which could otherwise be time harmonic, homogeneous
solutions to (7) satisfying the boundary conditions. For example, if the ap-
propriate boundary conditions for 6E and §H are imposed so that the first
term of (10) is zero, then

/(§H*-ﬁf-6H—5E*-z-éE)dvzo. (1.5.13)

14

The above does not imply that §E or 6H equals zero, because at resonances, a
perfect balance between the energy stored in the electric field and the energy
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stored in the magnetic field is maintained. As a result, the left-hand side of
the above could vanish without having 6E and §H be zero, which is necessary
for uniqueness. But away from the resonances of the volume V, the energy
stored in the electric field is not equal to that stored in the magnetic field.
Hence, in order for (13) to be satisfied, §E and éH have to be zero since
each term in (13) is positive definite for lossless media due to the Hermitian
nature of 7 and €.

When V — oc, as in the scalar wave equation case, some loss has to be
imposed to guarantee uniqueness. This is the same as requiring the wave to
be outgoing at infinity, namely, the radiation condition. Again, the radiation
condition can be imposed for an unbounded medium with vanishing loss to
guarantee uniqueness.

Exercises for Chapter 1

1.1 Show that Equations (1.1.12) to (1.1.15) can also be obtained from Equa-
tions (1.1.1) to (1.1.4) by Fourier transforms. In this case, we define a

field A(r.t) = [ dwe ™ A(r.w).

1.2 (a) The fundamental units in electromagnetics can be considered to be
meter, kilogram, second, and coulomb. Show that 1 volt, which is 1
watt/amp, has the dimension of (kilogram meter?)/(coulomb sec?).

(b) From Maxwell’s equations, show that ug has the dimension of (second
volt)/(meter amp), and hence, its dimension is (kilogram meter)/
(coulomb?) in the more fundamental units.

(¢) If we assign the value of 1 to be 47 instead of 47 x 10~7, what would
be the unit of coulomb in this new assignment compared to the old
unit? What would be the present value of 1 volt and 1 amp in this
new assignment?

1.3 Show that for two time harmonic functions,

(A(r,2), B(r.1)) = 3 Re[Ar) B"(r)],

where A(r) and B(r) are the phasors of A(r,t) and B(r,t).

1.4 By putting an electrostatic field next to a magnetostatic field, show that
E x H is not zero, but the quantity cannot possibly correspond to power
How.

1.5 Assume that a voltage is time harmonic, i.e., V() = Vycoswt, and that
a current [(t) = I;coswt + Ipsinwt, i.e., it consists of an in-phase and a
quadrature component.

(a) Find the instantaneous power due to this voltage and current, namely,
V(t)I(t).
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(b) Find the phasor representations of the voltage and current and the
complex power due to this voltage and current.

(c) Establish a relationship between the real part and reactive part of the
complex power to the instantaneous power.

(d) Show that the reactive power is due to the quadrature component of
the current, which is related to a time-varying part of the instanta-
neous power with zero-time average.

1.6 Show that the matrices i(zz' — Z) and i(€! — €) are either zero, positive,
or negative definite. Explain the physical interpretation of each case.

1.7 Find another set of replacement rules different from Equation (1.1.36)
that will leave Maxwell’s equations invariant.

1.8 (a) Derive Equation (1.2.5).

(b) In one dimension, a pressure gradient p(z) (force/unit area) is es-
tablished. Show that the force on an elemental sheet between z and
z+Az is [p(z)—p(z+Az)]A where A is the area of the elemental sheet.
Hence, show that the force per unit volume is [p(z) — p(z + Az)]/Ax,
implying that the force density F, = —dp/dz.

(c) Apply the same derivation to a cube and show that F = —Vp.

1.9 (a) In hydrodynamic problems, it is easier to formulate a concept if one
moves with the particles in a fluid. For example, if the density is
described by o(r,t), in the coordinate system which moves with a
fluid particle, then r(t) is a function of time as well. Consequently,
the total change in density in the neighborhood of the particle that
one observes is affected by r being a function of ¢ as well. This total
change of ¢ with respect to ¢ is usually denoted b’-’;g(r, t). Show that

D

b—tg(r,t) = Q—Q +v-VYp.

ot

(b) The pressure in a fluid is a function of both the density ¢ and entropy
S, i.e., p(o, S). If one follows a fluid particle’s motion, the entropy in
the vicinity of the fluid particle is constant. This can be denoted by

DS — (. From this, deduce that

Dt
Dp _0pDe  0pDS
Dt~ 8pDt 8S Dt
and then

Op Op
8t+ -Vp = a—[—+v Vg}

Hence, derive Equation (1.2.13).

1.10 Explain why Equation (1.2.20) is not equivalent to three scalar wave
equations if E is decomposed into three components not in the Cartesian
coordinates.
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1.11 Sketch the wavefront of Equation (1.2.33) in three dimensions and ex-
plain why it is called a conical wave.

1.12 Using Equations (1.2.28) and (1.2.40), establish the relationship in
Equation (1.2.40a).

1.13 Show that a recurrence relationship similar to (1.2.34) for the solutions
of (1.2.40) is

1
L g (k) = by (k) + %bn(kr).

b (k) = bu-slhr) =

1.14 For a scalar wave equation, V- p~ (r)Vé(r) + k?¢(r) = s(r):
(a) What is the boundary condition at an interface where p is discontin-

uous?

(b) Show that a reciprocal relationship (¢,(r), so(r)) = (¢2(r), s1(r)) ex-
ists.

1.15 By considering the case where k is pointing in the 2z direction, prove
that Equation (1.3.29) has only two nontrivial eigenvalues, and hence,
only two nontrivial eigenvectors. Find these eigenvalues and eigenvectors.

1.16 By letting B = VxA and E = —V¢+iwA, and starting from Maxwell’s
equations, derive an expression similar to (1.3.49).

1.17 (a) Define a Green’s function to be a solution of V- p~'(r)Vg(r,r') +
k*g(r,r') = —6(r — r’) and show that the solution to the equation
VpHr)Vy(r) + k29(r) = s(r) can be written as

Y(r) = — /dr'g(r,r')s(r').

(b) Using the result of Exercise 1.14, show that g(r,r') = g(r',r).

1.18 (a) In the manner of Equation (1.3.52), show that [{G(r,r')]* = G(r', 1)
for a dyadic Green’s function defined over a bounded region.

(b) Define a magnetic field dyadic Green’s function such that

H(r) = wwe /dr’ém(nr’) - M(r').
v
From the reciprocity requirement that (M, Hy) = —({J1, Ey), show
that [V x G.(r,r')]' = V' x G, (r', ).
1.19 For the lossless scalar wave equation in a homogeneous medium like
(1.5.1):

(a) Find the resonance solutions to a box of dimension a x b x d, with
homogeneous Neumann boundary condition (- V¢ = 0) on the sides
of the box.
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(b) Show that the resonance solutions satisfy (1.5.6).

(c) At resonance, show that the nontrivial difference between two solu-
tions is still a solution satisfying the boundary condition.

(d) Describe what happens to the resonance solutions when a, b, and
d — 0.
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CHAPTER 2

PLANARLY LAYERED MEDIA

Compared with other inhomogeneous media, waves in planarly layered
media have been studied most intensively because they are the simplest of
the inhomogeneous media. Electromagnetic waves propagating in a planarly
layered, isotropic medium can be reduced to the study of two uncoupled
scalar wave equations. These scalar wave equations can be reduced to one-
dimensional wave equations. Furthermore, their simple nature also allows for
the use of many mathematically elegant techniques for their solutions. For
example, the field resulting from a source excitation in a planarly layered
medium can be expressed in terms of Fourier-type integrals. Hence, asymp-
totic expansion methods can be used to simplify such integrals, providing
further insight into the problem.

Examined in this chapter are the solutions to waves in planarly layered
media and the associated analytic techniques often used in conjunction with
them. Many books have been written on this and related subjects (Sommer-
feld 1949; Brekhovskikh 1960; Banos 1966; Clemmow 1966; Tyras 1969; Wait
1970, 1971, 1982; Yeh and Liu 1972; Felsen and Marcuvitz 1973; Kong 1975,
1986; Yeh 1988). Many other works are listed in the further readings for this
chapter. The reader is assumed here to have the basic knowledge of complex
variables (e.g., Hildebrand 1976).

§2.1 One-Dimensional Planar Inhomogeneity

When the electromagnetic properties of an isotropic medium, y and €, are
varying only in one direction, e.g.. the z direction, the vector wave equations
need not be solved in their full forms. In fact, for the source-free case, the vec-
tor wave equations can be reduced to two scalar equations that are decoupled
from each other. Moreover, they characterize two types of waves, namely, the
transverse electric (TE) waves and the transverse magnetic (TM) waves.
More specifically, for the TE waves, the electric field is transverse to the z
direction, while for the TM waves. the magnetic field is transverse to the z
direction.

§82.1.1 Derivation of the Scalar Wave Equations

The electric field in the TE waves is directed in the zy plane. Assuming
that the electric field is linearly polarized so that it points only in a fixed
direction, then the coordinates can always be rotated about the z axis to
make the electric field point only. e.g., in the y direction. In this case, E = E,
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and the vector wave equation for the electric field in a source-free medium
becomes

pV x u”'V x E, — wue E, = 0. (2.1.1)
Since 5
V-¢E, = a—ye(z)Ey =0, (2.1.2)

this implies that /0yE, = 0. After extracting the y component of (1), we
consequently obtain

o2 0 _4, .0 2

57 + u(z)au (z)a +wpe| E, =0, (2.1.3)
which is the scalar wave equation describing linearly polarized TE waves in
planarly layered media.

Yet another way of characterizing a TE wave is to use the H, component
of the magnetic field, since for TE waves, H, # 0 while E, = 0. To derive the
corresponding equation for H,, we first note that the vector wave equation
for the magnetic field in an inhomogeneous medium is

eV x e 'V xH-wlueH=0. (2.1.4)

Then, assuming that u and € are functions of z only, we can extract the z
component of (4) to show that (see Exercise 2.1)

a? 0? a _,, .0 9

— + — —u — . =0. 2.1.5

am2+ay2+“(z)az“ (2)g; +w ne| uH (2.1.5)
If 8%/0y® = 0, however, which is the case for the TE wave considered in (3),
then Equations (3) and (5) are the same partial differential equations. The
reason is that E, and uH, describe the same physical phenomenon, namely,
the TE waves.

Similarly, from the duality principle, for TM waves, the governing equa-
tion for H, is

o2 0
0z 0z

32 + 6(z)-—e’1(z)-a— + w2ue} H,=0. (2.1.6)

Moreover, the TM waves can also be characterized by E,, which is governed
by
[ 0? o? 0

0
@"r 8—1/2"!'6(2)8—2'6—1(1)—'*'“)2“6] ¢E., =0. (217)

0z

Note that the TE and TM wave equations are decoupled from each other.
Hence, in a planar, one-dimensional inhomogeneity, the vector wave equations
reduce to two simpler scalar wave equations, describing TE and TM waves
separately.
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Because of the §?/0z? terms in (3) and (6), they must admit solutions of

the form
] = L] 1

for all z. As the medium is translationally invariant in the z direction, the
phase matching condition has to be satisfied in the z direction; namely, the
solution for all 2’s must have the same phase variation, e*™#:% in the z di-
rection. Alternatively, the form of (8) can be derived from (3) and (6) using
the separation of variables.

Under this assumption. (3) and (6) become ordinary differential equations

d d

{uauﬂla—z + W e — kz} ey, =0, (2.1.8a)
d d

{Gd_zé_la + wlpe ~ ki} h, =0, (2.1.8b)

which correspond to one-dimensional problems. Furthermore, when g and €
are arbitrary functions of z, many different methods may be used to solve
the above equations. For instance, they may be solved with a finite-difference
method.

Consider first the case in which p and € are piecewise constant functions
of z. In this case, (8) can be solved first in each piecewise constant region
and a unique solution is found later by matching boundary conditions across
the discontinuities at the interfaces. For example, the solution of (8), when
1 and € are constants, is a linear superposition of exp(*ik,z) where k, =
(W2pe — k2)H2.

The boundary conditions for e, across a discontinuity could be derived
from (8a). To do so, first note that the term involving the derivatives has
to be finite since all the other terms are finite in the equation. This is only
possible if (d/dz)u~'(d/dz)e, is a finite quantity at the interface of the two
regions, or that e, and u~!(d/dz)e, are continuous quantities at the interface.
Hence, at an interface between region 1 and region 2, the following boundary
conditions should hold, namely,

d d

1y = €y, Nl—l—-ely = p;l—egy. (2198.)
dz dz

Similarly, for h, the boundary conditions are

d d

e o' —hay. (2.1.9b)

hl :}LQ s 6‘1 h] =€
y Y+l y 2 dz

These boundary conditions can also be derived from the fundamental
boundary conditions of Maxwell’s equations, which require that 4 x E and
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Figure 2.1.1 Reflection and transmission of a plane wave at an in-
terface.

7t x H be continuous in a source free region. However, the above illustrates
that these boundary conditions are, in fact, buried in (8a) and (8b).

§§2.1.2 Reflection from a Half-Space

A half-space with two piecewise constant regions is the simplest example
of a planar, one-dimensional inhomogeneity. Consider first a TE wave inci-
dent on a half-space as shown in Figure 2.1.1; the problem can be reduced to a
one-dimensional problem by letting E, = e,(2)e*:% in both regions as in (8).
But in the upper half-space, both incident and reflected waves are present;
hence, the general expression in the upper half-space is a linear superposition
of exp(=ik;,2), which can be written as

e1y(2) = ege~ 2% + RTEgpeth1s, (2.1.10)

where RTF is the ratio of the amplitude of the reflected wave to the amplitude
of the incident wave. In the lower half-space, however, only a transmitted
wave is present; hence, the general expression is

eay(2) = TTEepe 22, (2.1.11)

where TTZ is the ratio of the amplitude of the transmitted wave to the
amplitude of the incident wave at z = 0. Note that in (10) and (11),
ki, = (k? — k2)V/2, where k? = w?p;e;.

On invoking boundary conditions (9a), at z = 0, we arrive at

1+ RTE = TTE (2.1.12a)

%Tz(l _RTE) = %TTE_ (2.1.12b)
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Solving the preceding two equations gives us the Fresnel reflection and
transmission coeffictents,

u2klz - UIkQZ

RTE —
U‘lez + /leQz

(2.1.13a)
2/“2](:1:
pokiz + pike,
These coefficients were first derived by Fresnel in 1823 in a slightly less general

form (see Born and Wolf 1980). Similarly, for the TM fields, the reflection
and transmission coefficients are

TTE = (2.1.13b)

y ki, — €1ka;
RTM o 20 T Qe 2.1.14
€2k1; + €1ko, ( a)

265k
TTM = T2 (2.1.14b)
€2k + €1ka,
Alternatively, the above can be derived from the duality principle. It is im-
portant to note that R7¥ and T7F are reflection and transmission coefficients
for the electric field, while RTM and T7M are the reflection and transmission

coefficients for the magnetic field.

If &y > ko, there exist values of k. such that k; > k, > k5, implying that
kg, = (k3 — k2)!/2 is purely imaginary, while k), = (k% — k2)!/2 is purely real.
In this case, the numerator of (13a) or (14a) is a complex number that is
the complex conjugate of the denominator. Hence, the magnitude of RTZ or
RTM equals 1. In other words, all the energy of the incident wave is reflected.
This phenomenon is known as total internal reflection.

For po/uy # 1 or €2/€; # 1, there exist vatues of k, such that RTF or RTM
equals zero. Then, the corresponding angle for which the reflection coefficient
equals zero is known as the Brewster angle (see Exercise 2.2), since it was
first noted by Brewster in 1815. Since most materials are nonmagnetic, i.e.,
to/ 1y = 1, the Brewster angle effect is more prevalent for TM waves than for
TE waves.

§82.1.3 Reflection and Transmission in a Multilayered Medium

A planar, inhomogeneous half-space with y and € varying as a function of
z only can be modeled by a finely layered medium, where the electromagnetic
property is piecewise constant in each region (see Figure 2.1.2). Before solving
the general problem, consider first the more specific problem of the reflection
of a TE wave from a three-layer medium (see Figure 2.1.3); the wave in region
1 can, as before, be written as

ey = Al[e—zklzz +f{12€2ik11d1+ik1zl]’ (2115)

where Ry, is a reflection coeflicient that is the ratio of the upgoing wave
amplitude and the downgoing wave amplitude at the first interface z = —d;.
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Reflection from an N-lLayer Medium
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Figure 2.1.2 Reflection and transmission in a multilayered medium.
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z =" d2
Region 3

Figure 2.1.3 Reflection from a three-layer medium

Note that the extra phase factor in the second term in (15) ensures that this
ratio is properly defined.

The wave in region 2 has a similar form,
€gy = A, [e—ikhz + R23€2ik22d2+ik2‘z], (2116)

where Rj3 is the Fresnel reflection coefficient for a downgoing wave in region 2
reflected by region 3, because region 3 extends to infinity in the —z direction.
The superscript TE for Ry3 is ignored here, since it is understood from the
context that TE waves are being discussed.

The wave in region 3 can be written as

e3y = Age”H%, (2.1.17)
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Since region 3 extends to infinity. there can only be a downgoing wave in this
region.

The unknowns A,, A,. Az, and Ry, are found by imposing constraint
conditions at the interfaces. First, by tracing the propagation of waves, note
that the downgoing wave in region 2 is a consequence of the transmission
of the downgoing wave in region 1 plus a reflection of the upgoing wave in
region 2; that is, at the top interface, z = —d,, the constraint condition is

A2eik2zd1 — ‘Aleiklzdlj’l2 + R21A2R23e2ik2‘d2‘-ik2zdl, (2118)

Observe that the first term is the transmission of the downgoing wave am-
plitude in region 1 at z = —d, i.e., A e*:%1 via the Fresnel transmission
coefficient T)y. Furthermore, the second term is the reflection of the upgo-
ing wave amplitude in region 2 at z = —d), i.e., AyRyge¥*u:d-kudi yig the
Fresnel coefficient Ry, .

Next, notice that the upgoing wave in region 1 is caused by the reflection
of the downgoing wave in region 1 plus a transmission of the upgoing wave

in region 2. Consequently, at the interface z = —d), we have the constraint
condition
A1R12€ik“dl = ]{12141t3ik12d1 + T21A2R23€2ik22d2_ikhdl. (2119)

From (18), A, can be solved for in terms of A, yielding

T\o A, etk —k2:)d1
Ay = 12 . (2.1.20)
1 - R21R23621k22(d2—d1)

Then, on substituting (20) into (19), we derive that

T2 Ro3Ta plik2:(da—d1)

Ry = Ry + 1 — Roy Roge2ik2:(da=d1)”

(2.1.21)

Here, Ry, is the generalized reflection coefficient for the three-layer medium
that relates the amplitude of the upgoing wave to the amplitude of the down-
going wave in region 1. It includes the effect of subsurface reflections as well
as the reflection from the first interface.

To elucidate the physics better. Equation (21) can be expanded in terms
of a series,

Riy = Ryy + TipRys Ty (274 4 Ty RY Ry Tyye¥has(=t)
(2.1.22)

The first term in the above is just the result of a single reflection off the
first interface. The n-th term above is the consequence of the n-th reflec-
tion from the three-layer medium (see Figure 2.1.4). Hence, the expansion
of (21) into (22) renders a lucid interpretation for the generalized reflection
coefficient. Consequently, the series in (22) can be thought of as a ray series
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Figure 2.1.4 Geometric series of multiple reflections in a three-layer
medium.

or a geometrical optics series. It is the consequence of multiple reflections
and transmissions in region 2 of the three-layer medium. It is also the con-
sequence of expanding the denominator of the second term in (21). Hence,
the denominator of the second term in (21) can be physically interpreted as
a consequence of multiple reflections within region 2.

Now, if an additional layer is added below region 3, we need only replace
Ry3 in Equation (21) by Ry3 (a generalized reflection coefficient that incor-
porates subsurface reflection), for in the previous derivation, F,3 is the ratio
between upgoing and downgoing waves in region 2. Therefore, if a subsur-
face layer is added in region 3, this ratio will just become Rps. In general,
for an N-layer medium, the generalized reflection coefficient at the interface
between region ¢ and region ¢ + 1, R;;.;, can be written as

- "y lf?/i Li 2T,+ly.62iki+l,z(di+l_di)
Rigpr = Ripp + e (2.1.23)
1= Ryip13 Ry pype¥hinnaldini=ds)
Furthermore, by using the facts that T;; = 14 R;; and R;; = —R;;, the above

can be mmphﬁed as (see Exercise 2.3)

> R’l’t+l + RL+1 i+2e2iki+l,z(di+1—di)

R = = - .
! 2iki1 2 (div1—d;
1 + Ri,i+1Ri+1,i+2e Ki41, ( i+1 1)

(2.1.24)

Notice that the above are recursive relations that express Ri,i+1 in terms of
Riy1440- Such recursive relations are attributed to Stokes (see Bellman and
Wing 1975).

The wave in the z-th region assumes the form

ey = A [e"zk“z + Ri,z-ﬂe”"“dz*“‘fﬂ] , (2.1.25)

which is the generalization of (15) and (16). Since Ry w41 = 0, Equation (23)
or (24) can be solved recursively for R;,;;; in all the regions.
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In the same manner as Equation (20), we can also write A; in terms of
A;_ of the adjacent layers as

Aieikzzdz—l —_

: . thioy odiy
Tz—l,zAz—le 4 i — A leiki_l"di_ls» .
? 'k ¢ b t—1,2
1-— R7‘~I"1R1‘.,i+16‘2”‘”(117 di—y) (2126)
where
T
1 - Rl.i—]Ri"i+162ikiz(di—d,“1)

Sic1i = (2.1.26a)

Here, S;_ ; is known for all the regions since R; ;. is known for all the regions.
Since A, is known in region 1, we can derive A; for all the regions as

Aielkudi-x — Alelk”d‘Slgelk?:(dr(ll)Szg - 6Zkl—l,z(dz—l—dz—Z)Si‘l’i
i—1
— Alezk‘udl H elkﬂ(dJ_df_I)Sj.]_*_l, (2127)

J=1
where we assume dy = d;. Once 4; and Ri,i+l are known in all the regions,
the field everywhere can be derived easily via Equation (25).

A generalized transmission coefficient for a layered slab can be defined as

N-1
TIN — H eik”(dj_d]"”Sj,j_*_l, (2128)

i=1

where we have assumed dy = d;. In this manner,

Anetrneady-t = TlNAleik“d]y (2.1.29)
that is, the downgoing wave amplitude in region N at z = —dy_; is just
Ty times the downgoing wave amplitude in region 1 at z = —d;. Moreover,

reciprocal property can be derived for T)y (see Exercise 2.4).

A general inhomogeneous profile can be replaced by many fine layers of
piecewise constant regions and the field obtained everywhere via the above
method. The rule of thumb is then to approximate the layers such that they
are much thinner than the wavelength of the wave in the medium.

Notice that in the above example, TE waves have been assumed. There-
fore, all the reflection and transmission coefficients are of the TE type. But
the same analysis holds true for TM waves, where the reflection and trans-
mission coefficients would just be of the TM type.

§82.1.4 Ricatti Equation for Reflection Coefficients

Equation (23) is the formula for the generalized reflection coefficient that
relates the upgoing wave to the downgoing wave at z = —d;. In the limit
when the inhomogeneous medium is very finely layered, Equation (23) is
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reducible to an ordinary differential equation. To see this, consider the case
of a finely layered medium where the thickness of each layer is A. Then, by
expressing the reflection coeflicient and the generalized reflection coefficient at
the boundary z = —d; as R(z) and R(z) respectively, and k; ., as k(2 — A),
Equation (24) can be written as

R(z) + R(z — A)e?k:(:-2)8

M) = T RORG - Ao (2.1.30)
where from (13) and (14),
R < Rel2)/(2) = ksl = 8)/p(z = &) 21502

k:(2)/p(2) + k.(z — &) [p(z = &)’

and p(z) = u(z) for TE waves while p(z) = €(z) for TM waves. In the limit
when A — 0 to recover a continuous profile, we have

R(z) ~ ;C(Iip/ T e2ik:(2-8)8 o~ ] 4 A2ik,(2),
and
R(z— A) ~ R(2) - AR(2), (2.1.31)

where the prime denotes the derivative with respect to the z variable., Then,
in this limit, (30) becomes

R(z) ~ R(z) — AR'(z) + A2ik,(2)R(z) + A 26/ ;’ j A Q?k/ Zz)}zz( ()2 L)

Next, by equating the first order terms, we conclude that

R'(z) = 2ik.(2)R(z) + ;/ 7 [1- R%(2)]. (2.1.33)
The above is now an ordinary differential equation for R(z). Because of the
R?(z) term, it is a nonlinear differential equation known as the Ricatti equa-
tion. It can be solved, for example, by the Runge-Kutta method (Hildebrand
1976) as an initial value problem with R(z = z,,) = 0 where z,, is the lower
boundary of the inhomogeneous slab (see Figure 2.1.5).

In the above, R(2) is the generalized reflection coefficient at 2" assuming
that u(z) and €(z) are constants for z > 2’ and that the constants are the
values u(2’) and €(2') (see Figure 2.1.5). However, it is sometimes desirable
to derive an ordinary differential equation for Ro(2'), a generalized reflection
coefficient which assumes that p(z) = po and €(z) = ¢ for 2 > 2’. In other
words, free-space is present for z > 2’ (see Figure 2.1.5). Moreover, given
R(z), one can find Ry(z) easily via the relationship

Rol2) + R(z) (2.1.34)

B = T Ry R(2)
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Figure 2.1.5 (a) Construction of R(z) in Equation (33) assumes
that the p and € are constants u(z’), €(z') to the right of 2'. (b)
Construction of Ry(z) in Equation (36) assumes that p and € are g
and €g to the right of 2.

wher
o Roe) = Felm = k(2)/p(2)
" Kool + k() [p(2)

and ko, and pg are the values of k, and p in free-space. In view of (30), (34)
is arrived at by adding a slab of zero thickness that has properties of u(z),
¢(2). Obviously, Equation (34) can be inverted, yielding

5 v _ —Ro(z) + Ro(2)

R(z) = —= IXEIXEL (2.1.35)

(2.1.34a)

Next, by substituting (35) into (33), we arrive at (see Exercise 2.5)
- 2ik,( - ~
Ri(e) = (s [fole) = Rof)] [1 - o ufe)] . (21.36)

The above is another Ricatti equation for Ry(z). It can also be solved as an
initial value problem using the Runge-Kutta method (see Exercise 2.6). It
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has the advantage of not involving derivatives of (k,/p). An equation similar
to (36) was derived by Barrar and Redheffer (1955) using transmission line
theory.

882.1.5 Specific Inhomogeneous Profiles

When the inhomogeneous, planar profile is analytic and continuous, the
ordinary differential equations in (8a) and (8b) may have closed-form solu-
tions in terms of special functions. This is especially true for the TE case
where the medium may be assumed to be nonmagnetic, that is, p = g is a
constant. Various forms of €(z) in (8a) that admit closed-form solutions have
been tabulated in the literature (Tyras 1969).

Consider the case of a linear profile as an example. In this case, assume
that

e(z) =a+ bz (2.1.37)
Equation (8a) for a nonmagnetic material then becomes
d2
[;i? +A+ Bz] e, =0, (2.1.38)

where A = w?ua — k2 and B = w?pb. The above can be simplified with a
change of variable by letting

; A
= B3 —).
n=B3(z+ %)
Then, (38) will become

d2
[W + T]:I €y = 0. (2139)

The above differential equation is known as the Airy equation, and the
corresponding solutions are Airy functions Ai¢(—n) and Bi(—n) (see Abramo-
witz and Stegun 1965; Olver 1974). Hence,

e, = C1Ai(—n) + CyBi(=n), (2.1.40)

where Ai(—n) and Bi(—n) are Airy functions of the first and second type.!
Moreover, when the arguments of the Airy functions are large, they have
asymptotic expansions of the form

Ai(z) ~ %ﬂ"%x‘%e‘%’”%, T — 00, (2.1.41a)
Ai(—z) ~ 73z sin (%x% + %) , T — 00, (2.1.41b)
Bi(z) ~ ﬂ"%x'%egzg, T — 00, (2.1.41¢)
Bi(—z) ~ 7%z cos (%x% + %) , T — 00. (2.1.41d)

1 Airy functions can also be related to Bessel functions of fractional order.
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Figure 2.1.6 A linear profile.

33 kil

Here, “~” means “asymptotic to”. Notice that n as a function of 2z is as
shown in Figure 2.1.6; hence,  — —o00 when z — —o0, and n — +00 when
2z — +00. Therefore, when z — —oc, we have

3
Ai(=n) ~ Lr-3(—n)"ie 30T p o —oo, (2.1.42a)
3
Bi(—n) ~ 171 (—n) 130N o o (2.1.42b)

In other words, Ai(—n) corresponds to an exponentially decaying wave while
Bi(—n) corresponds to an exponentially growing wave. But if the wave source
is at z = 400, an exponentially growing solution is not expected when z —
—00. As a result, C, = 0 in Equation (40). Consequently, the solution is

€y = C,Ai(-n). (2.1.43)
Similarly, when z — +o00, n — 400, and we have
Ai(—-n) ~ 71'_%7]_% sin (%n% + %) , N — F00, (2.1.44)

which corresponds to a standing wave resulting from a superposition of inci-
dent and reflected waves on the far right.

The physical interpretation of the above observation is that when a wave
is incident from the right into the profile shown in Figure 2.1.6, the wave sees
an optically less and less dense medium. Consequently, the wave is slowly
refracted, and finally at 2 where n = 0, total internal reflection occurs, and
the wave is totally reflected. Therefore, this gives rise to a standing wave to
the right and an evanescent wave to the left.

§2.2 Spectral Representations of Sources

The previous section shows how the reflection of a plane wave from a
layered medium can be calculated. However, a plane wave is an idealization
that does not exist in the real world. In practice, waves are nonplanar in na-
ture as they are generated by finite sources, such as antennas and scatterers.
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Fortunately, these waves can be expanded in terms of plane waves. Once this
is done, then the study of non-plane-wave reflections from a layered medium
becomes routine. In the following, we show how waves resulting from a line
source or a point source can be expanded in terms of plane waves.

§62.2.1 A Line Source
Consider a scalar wave equation with a line source,

0? 0? 9
Because of the cylindrical symmetry of the problem, the above equation is
solved most conveniently in the cylindrical coordinates, i.e.,

2
s+ k2] 60) = =(p) (222)
where §(p) = 6(z)6(y).

Outside the source region, the right-hand side of (2) is zero, and we have
a Bessel equation of zeroth order. Therefore, in order to have an outgoing-
wave solution that satisfies the radiation condition, the Hankel function of
the first kind is chosen for ¢(p) with e~™* time dependence. In other words,

2 .
$(p) = CHP (kpp) ~ C | —— €%, kyp — o0, (2.2.3)
imk,p

The constant C may be found by matching the singularity of the Hankel
function at p = 0 to the line source.? Hence, it can be shown that

8(p) = THS" (k). (2.2.4)

In addition, Equation (1) can be solved by the Fourier transform tech-
nique. Hence, for a fixed y, assuming that the Fourier transform of ¢(z,y)
exists, then ¢(z,y) is expressible as a Fourier inverse transform integral such
that

A
¢(z,y) = o / dk, €24 (kz, y). (2.2.5)
Consequently, on substituting (5) into (1), and using the fact that
§(z) = = / dk, et*==, (2.2.6)

— 00

2 See Equation (1.3.41) on determining C [see also Exercise 2.8(a)].
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one obtains

00 . 9 i ] 00 '
L dk, e'*=® > + k2 k2 ok y) = —— / dk, e*=26(y).
27 oy? 7 27 (2.2.7)
Since (7) is satisfied for all z, we must have
d? o] -
s+ 2 bl = gl (228)

where k'§ = k2 — k2.

Outside the source for |y] > 0, the solution of (8) is the homogeneous
solution exp(%ik,y). The solution, however, must have discontinuous second
derivatives at y = 0 in order to yield the singularity on the right in (8).
Therefore, by matching the singularity at y = 0, the above yields the solution

) ieikulyl

(ks y) = T
Yy

(2.2.9)

if only the outgoing-wave solution is considered. This is necessary to satisfy
the radiation condition at infinity. Hence, (5) becomes

7 cikz:c-f—ikylyi
d(z.y) = — / dk, — . (2.2.10)
qn k,

—0oC

The above integral is undefined for the following reason: Since k, =
(k% — k2)'/2, there are branch-point singularities at k; = +k,. But the path
of integration of the Fourier inverse transform is on the real axis on the
complex k;-plane. So if k, is real. then the branch-point singularities are
on the real axis, rendering the integral in (10) undefined. To overcome this
ambiguity, loss is assumed in the medium so that k, = k, + 1k, has a small
positive imaginary part. In this case, (4) will correspond to an outgoing,
decaying wave. Furthermore, the branch-point singularities are now located
off the real axis (see Figure 2.2.1). and the Fourier inverse transform in (10)
becomes unambiguous.

By the uniqueness of the solution to the partial differential equation (1),
(10) must also be equal to (4) since both of them satisfy (1). Moreover,
with the introduction of a small loss, both are exponentially small at infinity,
satisfying the radiation condition. Hence, we arrive at the identity (see a
related formula in Watson 1944, p. 178)

gikzz+ikylyl

1 o0
H(g”(k,,m:; / dh; —— (2.2.11)
Yy

-G

3 See Chapter 1, Subsection 1.5.1.
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s Im[kX]

)

- - = Re[k,]
o ‘\\\

Fourier Inversion Contour

Figure 2.2.1 Fourier inversion contour for Equation (11).

The right-hand side of (11) could be interpreted as an integral summation
of plane waves propagating in different directions including evanescent waves.
Furthermore, these plane waves satisfy the dispersion relation k2 = k2 + k2.
Hence, Equation (11) is also the plane-wave expansion of a cylindrical wave.
Also, a similar expression can be derived for the Hankel function of the second
kind (Exercise 2.8).

A small loss is assumed in the derivation because the wave field (4) is
actually not absolutely integrable over all z if the medium is lossless, i.e.,

o0

[ dztole.nl = oo,

—oQ

This can be seen from (3) where the field decays only as 1/p*? when p —

oo. Hence, strictly speaking, the Fourier transform ¢(k,,y) may not exist,
which is further born out by the fact that ¢(k;,y) — oo when k, — k, (see
Papoulis 1962, p. 9). If we assume a small loss, however, the wave field
becomes absolutely integrable, and (5) is then well-defined. Despite this fact,
the identity (11) can still be used for a lossless medium provided that the
path of integration is stipulated as shown in Figure 2.2.2. With this path
of integration, the lossless solution can be thought of as the limiting case of
the lossy medium solution, and the integral in (11) is well-defined even for a
lossless medium.

Furthermore, since k, = (k2 — kZ)!/?, k, could be a complex number.
Hence, in order to satisfy radiation conditions of having only outgoing waves

4 Note that the real and imaginary parts of Hél)(lcpp) satisfy condition 2 on page 9 of
Papoulis (1962). Hence, a Cauchy principal value integral may be used to yield a unique
value for the singular integral.
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Figure 2.2.2 Path of integration for a lossless medium.

in the integrand, we have to ensure that Smlk,] > 0 and Re[k,] > 0 over this
path of integration. Observe that the introduction of a small loss ensures
that the radiation condition is satisfied. Because if a medium is lossy, any
incoming wave must be exponentially large at infinity. Such a wave cannot be
included in the Fourier representation (5) as it is not absolutely integrable.
Hence, the representation (5) excludes incoming waves, further ensuring the
radiation condition which is necessary for the uniqueness of the solution (see
also Chapter 1, Section 1.5).

In addition, other integral identities for Bessel functions are derivable
from (11). To do so, first assume that |y| = 0. Then, £ = p in the cylindrical
coordinates, and Equation (11) becomes

) 20
ikrp

1o 9 k.
Hy (kop) = ~ / dk, ©— = = / dk, =2, (2.2.11a)
u y

-0 0

The second equality just follows from folding the integral from —oo to oo to an
integral from 0 to co. Observe that the real part of the left-hand side is Jy(k,p)
when k, is pure-real, since H((,l)(:c) = Jo(z) + tNo(z), where Jo(z) (Bessel
function) and Ny(z) (Neumann function) are real-value functions when z is
real. It can be shown, however, that when |k.| > k,, the right-hand side is
pure-imaginary; hence, taking only the real part of the right-hand side, we
have
kp ko

1 tap 2 ks
Jo(k,p) = —/ dk, S = —/deC—OSk—e. (2.2.12)

T k, T, Y
~k, 0

Next, by letting k; = k,sinc, then k, = ‘/kz —k? sinfa = k,cos a, and
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dk; = k,cosada. Consequently, we have

x

1 b 2
Jo(k,p) = - / daekersine = -

da cosk,psin al. (2.2.13)

O\Mla

(e

Equation (13) is now an integral identity that is often used for Bessel func-
tions. Furthermore, it can be written as

1 T . .
Jo(kop) = —/ da etkersine, (2.2.14)
27
Since the integrand is a 27 periodic function and the integration is over 2m,

the starting point of the integral is unimportant as long as the interval of
integration is 27. Hence,

2n 27
1 I 1 .
Jalk - d ikppsine d 1kppcos(a——¢). 291
(ko) = 5= [ dae o [ dae (22.15)
0 0
Because efercosta=®) = eikop (where k, = £k,cosa + gk,sina, p =

Zpcosd + ypsing, and 0 < a < 2w), it is a plane wave propagating in
the direction k,. Consequently, the last integral has the pleasing physical
interpretation that a Bessel function, which represents a standing cylindrical
wave, is an integral linear superposition of plane waves propagating in all
directions.

Furthermore, using the property of the raising operator that (see Exercise
2.9)

—klp [(—% + ’a%] B, (k,p)e™ = By (k,p)e"1?, (2.2.16)

where B, (z) is a solution of the n-th order Bessel equation, we can show that
27

Ju(k,p)e™® = 2% / do eitorcosla=g)tina—ing (2.2.17)

0

which is also an integral summation of plane waves. The above is an impor-
tant integral identity for J,(z). Alternatively, via a change of variable, it can
be written as

27
Jn(kpp) = %/ da eikppcosa+ina—in%. (2218)
0

The above formula is also given by Whitaker and Watson (1927). In addition,
it is useful for deriving Hankel transforms from Fourier transforms (Exercise
2.10).
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§82.2.2 A Point Source

The spectral decomposition or the plane-wave expansion of the field due
to a point source could be derived in a manner similar to that of a line source.
A different approach will be taken here, however, in order to illustrate a new
technique.

First, notice that the scalar wave equation with a point source is
52 92 92

G taptaat ko| d(@,y,2) = ~6(2) 8(y) 8(2). (2.2.19)

The above equation could then be solved in the spherical coordinates, yielding
the solution (see Chapter 1. Subsection 1.3.4)

(,ikor

o(r) =

(2.2.20)

drr

Next, assuming that the Fourier transform of ¢(z,y, z) exists, we can write

o(z,y, 2 dkydkydk, ¢k, ky, k,)ereztimvribz (99 91)

Then, using the above, together with the Fourier representation of the delta
function, we convert (19) into

/// dk.dk,dk, [k& ~ k2~ kj - kf]cﬁ(kx, ky, k, )eikeatikyytikss

—_ /// dkzdkydk}z eik,z+ikuy+ik2z.
I (2.2.22)

Since the above is equal for all z. . and 2z, we must have

-1

b(ky ky k,) = : 2.2.23
Consequently, we have
zk:a:+ikyy+ikzz
d(z,y, 2) dk TR (2.2.24)
y z

In the above, if we examine the k, integral first, then the integrand has
poles at k, = (k2 — k? — k;)w. Moreover, for real kg, and real values of
k. and k,, these two poles lie on the real axis, rendering the integral in (24)
undefined. However, if a small loss is assumed in ky such that kg = kj + kg,
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lIm[kz]

\ > — Re [kz]

Fourier Inversion Contour
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VAT VR }

Figure 2.2.3 The integration along the real axis is equal to the inte-
gration along C plus the residue of the pole at (kg — k2 — k2)/2.

then the poles are off the real axis (see Figure 2.2.3), and the integrals in
(24) are well-defined. The reason is that ¢(z,y, z) is not strictly absolutely
integrable for a lossless medium, and hence, its Fourier transform may not
exist. But the introduction of a small loss also guarantees the radiation
condition and the uniqueness of the solution to (19) (see Section 1.5), and
therefore, the equality of (20) and (24), just as in the case of Equation (11).

Observe that in (24), when z > 0, the integrand is exponentially small
when Qm[k,] — oco. Therefore, by Jordan’s lemma, the integration for k,
over the contour C' as shown in Figure 2.2.3 vanishes. Then, by Cauchy’s
theorem, the integration over the Fourier inversion contour on the real axis is
the same as integrating over the pole singularity located at (k§ — k2 — k2)'/2,
yielding the residue of the pole (see Figure 2.2.3). Consequently, we have

i y eik,:+ikvy+ik’zz
_ emrTT 0, 2.2.25
Ho.5) = gy [ e, = 2> (22.25)

where &, = (k§ — k2 — k2)'/2. Similarly, for z < 0, the integral is equal to the
pole contribution at —(k% — kZ — k2)1/2. As such, the result for all z can be
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Figure 2.2.4 The k, and the p vector on the zy plane.

written as

7 o eik1z+ikyy+ik’l|z|
d(z,y,2) = 2o // dk,dk, —w all z. (2.2.26)

By the uniqueness of the solution to the partial differential equation (19)
satisfying radiation condition at infinity, we can equate (20) and (26), yielding

the identity
tkor : Y ther+tkyy+ik;|z]
e 1 e Y
= — dk.dk, ——— 2.2.27
o // R k, ’ ( )

T

where k2 + k2 + k2 = k§, or k. = (k§ — kZ — k2)'/2. The above is known as the
Weyl identity (Weyl 1919). To ensure the radiation condition, we require
that Smlk,] > 0 and Re[k,] > 0 over all values of k, and k, in the integration.
Furthermore, Equation (27) could be interpreted as an integral summation
of plane waves propagating in all directions, including evanescent waves. It
is the plane-wave expansion of a spherical wave.

In (27), we can write k, = 2k, cos a+gk,sina, p = £pcos ¢+gpsin ¢ (see
Figure 2.2.4), and dk,dk, = k,dk,da. Then, k,z+kyy = k,-p = k, cos(a—9),
and we have

[o0]

gtkor i 27 ez'kppcos(a—¢)+ikz|z|
= — 2.2.2
. / b, dk, A 4o , (2.2.28)

0

where k, = (k§ — k2 — k2)'/* = (k§ — k2)'/2. Then, using the integral identity
for Bessel functions given by (15), namely,

2r

1 b o cos
Jo(k,p) = 7 / doy etfopeosta=¢) (2.2.29)

&

0
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Figure 2.2.5 Sommerfeld integration path.

(28) becomes

o0

efor ko ks 2]
=1 dk, —Jo(k,p)e"="". (2.2.30)

T Lk,

0

The above is also known as the Sommerfeld identity (Sommerfeld 1909;
1949, p. 242). Its physical interpretation is that a spherical wave can be
expanded as an integral summation of conical waves or cylindrical waves in
the p direction, times a plane wave in the z direction over all wave numbers
k,. This wave is evanescent in the +z direction when k, > k.

By using the fact that Jo(k,p) = 1/2[H"(k,p) + H? (k,p)], and the re-

flection formula that Hé”(e“’:v) = ——Hé2)(z), a variation of the above identity
can be derived as

(o]

eikor i k ol

-0

Since H(()I)(x) has a logarithmic branch-point singularity at z = 0, and
k., = (k§ — k2)"/2 has algebraic branch-point singularities at k, = ko, the
integral in Equation (31) is undefined unless we stipulate also the path of
integration. Hence, a path of integration adopted by Sommerfeld, which is
even good for a lossless medium, is shown in Figure 2.2.5. Because of the
manner in which we have selected the reflection formula for Hankel functions,
ie., Hé”(e“’z) = —H(()2)(:v), the path of integration should be above the
logarithmic branch-point singularity at the origin.

§82.2.3 Riemann Sheets and Branch Cuts

The functions k, = (k? — k2)!/2 in (11) and k, = (k§ — £2)'/? in (31) are
double-value functions because, in taking the square root of a number, two
values are possible. In particular, &, is a double-value function of k., while k,
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Im [f] ‘Im[z]

Bottom Top 7y Re[f] =0
Riemann Rxemcy
Sheet Sheet
% LLL // Re [Z]
/////

Re [f] <0 Ref>0/
////// Branch Cut

Figure 2.2.6 The complex f and z planes where f = z!/2. The right-
half plane of the f plane is mapped onto the top Riemann sheet while
the left-half plane is mapped onto the bottom Riemann sheet. The
points A and B are mapped as shown.

is a double-value function of k,. Consequently, for every point on a complex
k, plane in Figure 2.2.5, there are two possible values of k,. Therefore, the
integral (31) is undefined unless we stipulate which of the two values of k, is
adopted in performing the integration.

A multivalue function is denoted on a complex plane with the help of
Riemann sheets. For instance, a double-value function such as k, is assigned
two Riemann sheets to a single complex plane. On one of these Riemann
sheets, &k, assumes a value just opposite in sign to the value on the other
Riemann sheet.

As an illustration, consider the function f(z) = z%, which is a double-
value function. By letting z = ce®. where ¢ and 0 are real, then f(z) = \/ce',
where ¢ and \/c are positive real constants. Hence, f(z) is a periodic function

of 6 with period 47. Note that for § = 37" and 6 = —7, which denote the

same point on the complex z plane, f(z) has two possible values of \/Eei:%r
and \/ce™'% respectively. For the sake of clarity, Riemann sheets are used
on the complex 2z plane to distinguish between these two values: the values
of f(z) associated with —m < § < 7 are assigned to the top Riemann sheet,
while the values of f(z) associated with m < 6 < 37 are assigned to the
bottom Riemann sheet on the complex z plane.

For —m < § < 7, the argument of f(z) varies between —7 and 7. Conse-
quently, the right-half plane of the complex f plane maps to the top Riemann
sheet. Similarly, the left half of the complex f plane maps to the bottom Rie-
mann sheet (see Figure 2.2.6). Since the points z = ce™™" and z = ce'", which
denote the same point on the complex 2z plane, are assigned two different



68 PLANARLY LAYERED MEDIA

values of f(z), as shown by the mappings of the points A and B, there is a
discontinuity in f(z) at z = ce**". Moreover, this discontinuity is denoted by
a branch cut. A branch cut always emanates from a branch point and ends
at infinity or another branch point. Since Re[f] = 0 on this branch cut, this
branch cut is also denoted as the Re[f] = 0 branch cut. Topologically, one
may think of the top Riemann sheet on the complex z plane a consequence of
stretching the right-half plane of the complex f plane, and sewing together
the Re[f] = 0 line, forming a seam as shown in Figure 2.2.6.

Despite the aforementioned discontinuity, f(z) can still be a continuous
function of # when # varies continuously from —oo to oo. For example,
imagine that one walks on the top Riemann sheet. When 6§ varies from 0
to #, the branch cut is then encountered at # = #. But to maintain the
continuity of f(z), one needs to switch from the top Riemann sheet when
§ = 7~ to the lower Riemann sheet when § = 7. Then, the values of f(z)
between these two points are now continuous. To maintain the continuity
of f(z) when 6 varies from 37~ to 37* (when 7 < # < 3=, one is in the
lower Riemann sheet), again, one switches to the top Riemann sheet from
the bottom Riemann sheet. Hence, for 37 < # < 57, the values of f(z) are
again the same as for —m < # < 7 since they are on the same Riemann sheet.
That is to say, the values of f(z) for every value of z do not assume more than
two values. On the other hand, for a multivalue function such as In z, which
can assume infinitely many values for one point on the complex z plane, an
infinite number of Riemann sheets is needed to define the function uniquely.

In the integral (31), the values of k, have to be such that Smik.] > 0 over
the path of integration in order to satisfy the radiation condition. Hence,
it is expedient to define a top Riemann sheet on the complex k, plane on
which Smlk,] > 0. The path of integration and the integrand are then
unambiguously defined over this Riemann sheet. The corresponding bottom
Riemann sheet is then defined by Sm[k,] < 0, and the branch cut that
separates these sheets is defined by Sm[k.| = 0. To find such a branch cut,
first assume that ko = ky + iky, k, = k, + ik, so that ko and k, are both
complex numbers. Then,

ke = (k2 — k2% = (ko2 — ki? + 2ikoky — k.7 + kL% — 20k, k)%
(2.2.32)
In order for k, to be real, or Sm[k.] = 0, the conditions are that
KK = koky, K2 — k< kgt - kg (2.2.33)
Consequently, the above equations define rectangular hyperbolas that

pass through the branch points +ko as shown in Figure 2.2.7. They define
the branch cuts as shown.

The upper-half plane where Sm[k,] > 0 on the complex k. plane maps
to the upper Riemann sheet on the complex k, plane. Furthermore, the real
axis of the complex k, plane defined by Sm[k.] = 0 maps to the branch cuts
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Figure 2.2.7 The definition of the mlk,] = 0 branch cuts.

on the complex k, plane, and the imaginary axis of the complex k, plane
maps to the loci defined by Re[k,] = 0 on the complex k, plane. Because
k, = (k& — k;‘:)%, there are two values of k,, namely, *+k,, that correspond
to each value of k,. Therefore, the real k, axis maps to two branch cuts
while the imaginary k, axis maps to two loci on the complex k, plane, as
shown in Figure 2.2.7.5 Moreover, the points A, B, and C on the complex k,
plane map to the top Riemann sheet on the complex k, plane as shown (see
Exercise 2.11).

With this mapping, the transformation from the upper-half complex k,-
plane to the top Riemann sheet of the complex k,-plane is clear—the first

® Another way of saying this is that since k, = (kg — kf)%, i.e., k, is a double-value
function of k,, there will be two values of k, for every value of k,. It is important to
note that we have the symmetric property that k, is a double-value function of k, while
k. is also a double-value function of k,,.
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Figure 2.2.8 The mapping of the first and second quadrant in the
upper-half complex k,-plane onto the complex k,-plane.

quadrant of the complex k,-plane maps to the white area as shown in Figure
2.2.8. The second quadrant of the complex k,-plane maps to the shaded area
as shown. Therefore, with this choice of the branch cut, the Sommerfeld
integration path is always in the first quadrant of the complex k,-plane.
Better still, in this quadrant, Re[k,] > 0, Sm[k,] > 0, and the radiation
condition is always ensured. This choice of the branch cut is sometimes
referred to as the Sommerfeld branch cut. Alternatively, a Re[k,] = 0 branch
cut can also be chosen for this type of problem if one so wishes (Exercise
2.12). Finally, note that for (31), there exists a logarithmic singularity at
the origin due to the Hankel function. The Sommerfeld integration path is
always on the principal branch of this logarithmic singularity (see Subsection
2.2.2).

Another useful integral identity similar to (31) is (see Exercise 2.13)

00

— = / dk, e*:* H{V (k,p). (2.2.34)

—00

eikor

The above is obtained by deforming the contour of integration from the Som-
merfeld integration path to wrap around the branch cut. Alternatively, it
can also be derived by Fourier transforming (19) in the z direction first, and
obtaining the identity in a manner similar to that in Subsection 2.2.1.

In addition to using Fourier transforms to obtain integral identities, Han-
kel transforms sometimes can be used directly (Exercise 2.14).

§2.3 A Source on Top of a Layered Medium

Section 2.1 indicates that plane waves reflecting from a layered medium
can be decomposed into TE-type plane waves, where E, = 0, H, # 0, and
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TM-type plane waves, where H, = 0, E, # 0. One also sees how the field
due to a point source can be expanded into plane waves in Section 2.2. In
view of the above observations, when a point source is on top of a layered
medium, it is then best to decompose its field in terms of waves of TE-type
and TM-type. Then, the nonzero component of E, characterizes TM waves,
while the nonzero component of H, characterizes TE waves. Hence, given a
field, its TM and TE components can be extracted readily. Furthermore, if
these TM and TE components are expanded in terms of plane waves, their
propagations in a layered medium can be studied easily.

The problem of a vertical electric dipole on top of a half space was first
solved by Sommerfeld (1909) using Hertzian potentials, which are related to
the 2z components of the electromagnetic field. The work is later generalized
to layered media, as discussed in the books listed at the beginning of the
chapter. Later, Kong (1972) suggested the use of the z components of the
electromagnetic field instead of the Hertzian potentials.

§62.3.1 Electric Dipole Fields

The E field in a homogeneous medium due to a point current source
directed in the & direction, J = &I/ §(r), is derivable via the vector potential
method or the dyadic Green’s function approach. Such a source is also known
as a Hertzian dipole. Then, using the dyadic Green’s function approach, the
field due to a Hertzian dipole is given by [see Equation (1.3.50)]

_ \VAV/ eikr
E(r) =1 I+ — - -alf , 2.3.1
(r) zwu<+k2>a pp (2.3.1)
where I¢ is the current moment and k = w,/i€, the wave number of the
homogeneous medium. Furthermore, from V x E = iwpH, the magnetic field
due to a Hertzian dipole is given by

ezkr

H(r) =V x aI¢ (2.3.2)

dmr
With the above fields, their TM and TE components can be derived easily.
(a) Vertical Electric Dipole (VED)

A vertical electric dipole shown in Figure 2.3.1 has & = Z; hence, the TM
component of the field is characterized by

. [/ 82 tkr
E, = WH <k2 + ) < (2.3.3a)

4nk? 922 ) r

and the TE component of the field is characterized by

H, =0, (2.3.3b)
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Region | — X
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Figure 2.3.1 A vertical electric dipole over a layered medium.

implying the absence of the TE field. Next, using the Sommerfeld identity
(2.2.31) in the above, and after exchanging the order of integration and dif-
ferentiation, we have®

-1t i kg (1) ikzlz|
Ez = m dkp k—HO (k:pp)e * s (234)

after noting that k2 + kZ = k2. Notice that now Equation (4) expands the 2
component of the electric field in terms of cylindrical waves in the p direction
and a plane wave in the z direction. Since cylindrical waves actually are
linear superpositions of plane waves [see Equation (2.2.11)], the integrand in
(4) in fact consists of a linear superposition of TM-type plane waves. The
above is also the primary field generated by the source.

Consequently, for a VED on top of a stratified medium as shown, the
downgoing plane wave from the point source will be reflected like TM waves
with the generalized reflection coefficient RT,Y. Hence, over a stratified
medium, the field in region 1 can be written as

-1t K . i _
Elz — Bﬂwel / dkpﬁH(()l)(ka) [ezkulzl + RT2Mezk1,z+2zklzd1] ’
-0

(2.3.5)

where k;, = (k¥ — kﬁ)%, and k? = w?u¢€;, the wave number in region 1.

The phase-matching condition dictates that the transverse variation of
the field in all the regions must be the same. Consequently, in the i-th

6 By using (2.2.31) in (3a), the 82/82? operating on €**:1?| produces a Dirac delta function
singularity. We will postpone the discussion of this singularity until the chapter on
dyadic Green’s function.
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region, the solution becomes

€.E = / dk,, k,, A, [emikis 4 Rllevl zkuz+2ikizd,].
8w o (2.3.6)

Notice that Equation (6) is now expressed in terms of ¢;E;, because ¢E;,
reflects and transmits like H;,, the transverse component of the magnetic
field or TM waves (see Section 2.1). Therefore, RITIAL can be calculated using
(2.1.24), and A; could be obtained using (2.1.26) (see Exercise 2.15).

This completes the derivation of the integral representation of the electric
field everywhere in the stratified imedium. These integrals are sometimes
known as Sommerfeld integrals. The case when the source is embedded in a
layered medium can be derived similarly (Exercise 2.16, Section 2.4).

(b) Horizontal Electric Dipole (HED)

For a horizontal electric dipole pointing in the z direction, & = Z; hence,
(1) and (2) give the TM and the TE components as

il 9% et
E, = , 3.
drwe 0z0x r (2.3.7a)
I 9 e

Then, with the Sommerfeld identity (2.2.31), we can expand the above as

E,

cosqS / dk, K2H (k,p)et=l, (2.3.8a)

H, —z—sm¢ / dk, "H”(k p)ettelel, (2.3.8b)

Now, Equation (8a) represents the wave expansion of the TM field, while (8b)
represents the wave expansion of the TE field. Observe that because E, is
odd about z = 0 in (8a), the downgoing wave has an opposite sign from the
upgoing wave. At this point, the above are just the primary field generated
by the source.

On top of a stratified medium. the downgoing wave is reflected accord-
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ingly, depending on its wave type. Consequently, we have

7 , . ,
E,, = 82 ¢ cos @ / dk, lc2 kop) [:i:e"”“z| - RT2M€1k11(2+2d1)] ;
TWe; (2.3.9a)
I/ p iki1,zl | DTE iki.(z+2d))
H,, = ———sm¢ dlcp T H (kpp) [6 ¥+ Ryyet l ] :
(2.3.9b)

Notice that the negative sign in front of fZTzM in (9a) follows because the
downgoing wave in the primary field has a negative sign.

§82.3.2 Magnetic Dipole Fields

For the sake of completeness, we shall also give the expressions due to
point magnetic dipoles. A point magnetic dipole can be simulated by a small
electric current loop antenna. Furthermore, the field it generates is dual to
that of a Hertzian dipole. The dual of an electric dipole with moment P is
ul A where I A is the magnetic moment of a loop of area A carrying a current
I. But for a Hertzian dipole, I¢{ = £dQ/dt = —iwQ¢ = —iwP. Hence, the
replacement of I¢ — —iwul A, and the consequent use of duality will yield
the magnetic dipole results.

(a) Vertical Magnetic Dipole (VMD)
A vertical magnetic dipole on top of a layered medium produces only a
TE field. Consequently, we have

H, = A dk, H(()l (k,p) eikualzl R{zEeik1,z+2ikx,d1 ,

8 * ki (2.3.10a)

- 00

E., =0, (2.3.10b)

where A is the area of the small electric current loop simulating a magnetic
dipole.

(b) Horizontal Magnetic Dipole (HMD)

For a horizontal magnetic dipole pointing in the z direction, the expres-
sions for the fields are

H,, = —IA cos¢ / dk, sz(l » [ieik“]zl _ RT2Eeik1,z+2ik1,d1] ’
(2.3.11a)

Elz _ leIA ¢ / dkp P Hil (]C ) [eiklz|2! + R’{‘zMeik“z+2ik“d1] )
ks (2.3.11b)

The field in each region for each of the above cases can be derived by a
method similar to (6). This follows from the fact that the propagation of the
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TE and TM waves through a layered medium are completely decoupled from
each other—they are only coupled at the source.

The above are field solutions written in cylindrical coordinates. When the
solutions in Cartesian coordinates are required, we need only use the Weyl
identity instead of the Sominerfeld identity in (1) and (2) (see Exercise 2.17).
Finally, given the field due to a point source, the field due to a sheet source
can be easily obtained by convolution (Exercises 2.17, 2.27).

§62.3.3 The Transverse Field Components

Given the integral representations of the z components of the electro-
magnetic field, the integral representation of the other components of the
electromagnetic fields can also be derived in each of the homogeneous layers
(Kong 1972). In general, the field in a homogeneous layer is of the form

oc

E(r) = / dk, E(k,,r), (2.3.12a)
H(r) = / dk, H(k,,r). (2.3.12b)

In the above, each spectral component, E(kp,r) or I:I(kp,r), is also a
solution of Maxwell’s equations. Consequently, by writing

E(k, t) = E,(k,,r) + 2E,(k,,1), (2.3.13a)

H(k,.r) = H,(k,,t) + 2H,(k,, 1), (2.3.13b)

and letting V = V, + 2%* where the subscript s indicates transverse to the
z components of the vector, Maxwell’s equations become

(vs + 23> x (E, + 2E,) = iwp (H, + 2H,),

0z (2.3.14a)
(vs + z*éa—> x (H, + 7H,) = —iwe (E, + 2E,),
z (2.3.14b)

where 4 and € are constants. Moreover, after equating the transverse com-
ponents in (14a) and (14b), we have

V, x 2B, + 832 x B, = iwu H,, (2.3.15a)
z
.y 0= =
Vsx z2H, + —z x H, = —iweE,. (2.3.15b)

0z



76 PLANARLY LAYERED MEDIA

Then, on taking %éx(ma) and eliminating Z%z? x H, from the resultant
equation with (15b), we obtain

~ 2 -~ - -~
5—2 xV,xzE, + 5——2—2 x 2 x E, =w?ueE, —iwpV, x :H,.
z z (2.3.16)

Since E, in general has e**:* dependence, 82/922 — —k? in the above. Con-
sequently, after simplifying the above with the appropriate vector identity,
we have

. 1 80E, . . -

E,(k, 1) = e R A\ 5, Wk x V,H,|. (2.3.17a)
Furthermore, from duality, it follows that

- 1 OH, . . _ |

H,(k, r) = oy Vv, o +iwez x V,E,|. (2.3.17b)

It is important to emphasize that the quantities in (17a) and (17b) are the
integrands of the integral representations of the field. Hence, the equations
are to be applied to each spectral component individually, but not to the
integral as a whole (see Exercise 2.15).

§2.4 A Source Embedded in a Layered Medium

From the above analysis, it is apparent that the problem of a source on
top of a layered medium is equivalent to a one-dimensional problem. This
is even the case when a source is embedded in a layered medium. Consider
first a point source radiating in an unbounded medium, the z variation of the
solution, as exemplified by (2.3.4) and (2.3.8), is of the form

F(z,7') = e*:la=1, (2.4.1)

If, instead, the source is now in region m as shown in Figure 2.4.1, then
the z variation of the solution in region m is augmented by an upgoing wave
plus a downgoing wave, namely,

F(z,2') = e*ml=#l L B e7thmz 4 D gihms2, (2.4.2)
The last two terms are due to reflected waves at the boundaries z = —d,,,—)
and z = —d,,,. To find B,, and D,,, constraint conditions can be derived for
the waves at z = —d,,_, and z = —d,,.

The downgoing wave for z > 2z’ is a consequence of the reflection of the
upgoing wave for z > 2/, at 2 = —d,,_). Mathematically, this relationship
can be expressed as

Bmeikmzdm_l — Rmvm_l [eikmzidm—l“’z l + Dme_lk”‘zd”’—l] . (2.43)
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_dl
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Figure 2.4.1 A source embedded in a multilayered medium.

Similarly, for z < 2/, a relationship can be written between the upgoing wave
and the downgoing wave at z = —d,,, namely,

Dme_ikmzdm — Rm,m+l [e’k7nz|d‘m+z/| __+_ Bmeikmzdm] . (244)

Then, solving for B,, and D,, from (3) and (4) yields

Betmstmt = R [ezk,nznzzml+:'1 + et (dm—dn ) Rm‘mﬂeikmmmu'l] M.,
(2.4.5a)
D, e~ midm _ Rm,m+1 {eikmzldm-m’l i ez’kmz(dm—dm_l)[{m’m~lez'kmzldm_1+z’|]A;Im,
(2.4.5b)
where M,, = [1 - Rm,mﬂf?/,n,mq(f")"'k"”(d’”'dm“)] 71.

After substituting (5) back into (2), and bringing all the terms under a
common denominator, we can show that (2) becomes (Exercise 2.18)

—tkma2 ; 2 R2d0)
F+(Z, Z/) — [6 hmzz 4 lemz( d ”)R'nmn+l}
23 otk (242 1) D Y
. {ez 152 g o s {22y ”Rm‘m,l} M, z>2, (24.6a)
k22! — ko {22 ) D
F_(Z,Z/> = [67 R oz {27+ 2k, 1)l%m,m—l]

: [e-“w + emm<:+2dm>zizm;,,m] Ma, z<2.  (2.4.6b)
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Note that F.(z,2') = F_(Z, z), implying the satisfaction of reciprocity.

Furthermore, if the field in region n < m is desired, the recursive method
of Subsection 2.1.3 can be used to find the field in region n. Hence, for region
n < m, the field could be written as

e [ 4 Ryt 047
Moreover, using the fact that
A _ Toi
+ —thidi _ A+ —tkip1,.di i+1.4
Ai e izli Ai+]e i 24 _ ™ (d'_d'
1 — R Ry e2kin(dimdizy)
_ A+ —ikit1,2di Q+

= Al eSS (2.4.8)

an equation derived similar to (2.1.26), we can recursively relate the upgoing
wave amplitude in region n to the upgoing wave amplitude in region m at

z = —d,,_1, which is obtained from (6a) as
A = [e‘“‘"“z' + eikm‘(z'+2dM)}~2m,m+1} M, (2.4.9)

Similarly, for region n > m, the field is

A7 [0 o R et (2.4.10)

n

A recursive relation similar to (8) is then

A7 kb = A7 ethimradii g (2.4.11)

-1,

where S; | , is the same as S;_,; defined in (2.1.26a), and A;" is the amplitude
of the downgoing wave in region ¢ > m. Consequently, using (11), this
downgoing wave amplitude can be recursively related to that in region m at

z = —d,, which, from (6b), is
ay = [ bt B (2412

Yet another method exists for finding A} or A; in region n using the gen-
eralized transmission coefficient 7}, defined in (2.1.28). For example, it can
be used to determine A} by imposing a constraint condition at z = —dp_1.
To do so, note that at z = —d,, A, is a consequence of the transmission of
the upgoing wave at region m at z = —d,,—; given by (9) plus a reflection of
the downgoing wave in region n, namely,

A:"e“lknzdn — TmnAjr'Le*'Lkmzdm—l + A:Rnyn+1Rn’n_le_27«knzdn—l+1knzdn.
(2.4.13)

Then, solving for A} in terms of A}, given by (9) yields

K Yl~ ~tKkmzdm— ~ik z, LKy ! m > Y
Ar_i_ — e1knzd € Kmedm—1 [6 k2 +ezknz(z +2d. )}?'rn,m+1:|A[mMn~

(2.4.14)
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Consequently, the field in region n at z due to a source in region m at 2’
is
' wikne (2420 1) T ! _
F+(Z,Z/) _ l:ezkmz +et 22 (242dy ”Rn}n—l} eﬂmzlenne thmzdm—1
—tkm a2 ko (2 +2dm) D y ~
et g et B | W

z Eregion n, 2z’ €regionm, n<m.

(2.4.15)

This form of the solution has the advantage of being more symmetrical than
those given in the literature (Kong 1986, p. 309).

In a similar manner, A, for n > m can be determined, yielding
F_(Z, Z/) — [e_zknzz + ezk111(2+2(171)R’1‘71+1] 6_2kuzdn-—l Tnnelkmzdrn

ik ~7 il S ~ ~ ~
et et 0 R

z Eregion n, 2’ € region m, n > m.
(2.4.16)
From the above, we can further show that £ F.(z,2') = [2F_(Z/, z) where
2 € Ry, z € Ry, and R; stands for region i (see Exercise 2.18).

Some sources generate a field that is odd-symmetric about 2’ in a homo-
geneous medium. So, instead of (1), the field is

F(z,7') = tet:l#=1 (2.4.17)

The solution for this case can be obtained from the above solution by differ-
entiating with respect to z’.

§2.5 Asymptotic Expansions of Integrals

Even though the solutions of a source over or embedded in a layered
medium have been expressed in terms of Fourier-type integrals, not much
physical insight into these integrals is gained other than that they are integral
summations of transmitted and reflected plane or cylindrical waves. These
integrals can, however, be subject to approximations, giving rise to simpler
expressions. These simpler expressions offer a better understanding of these
waves. They are the asymptotic approximations that can be derived via
mathematical techniques which we shall describe next.

A number of these mathematical techniques are also discussed by many
authors (Brekhovskikh 1960; Tyras 1969; Wait 1970, 1971; Yeh and Liu
1972; Kong 1975, 1986). Furthermore, many scientists have also used such
techniques to obtain better physical interpretation of such integrals. Some of
these works are listed in the refercnces.

§§2.5.1 Method of Stationary Phase

The method of stationary phase is useful in deriving the leading-order
approximation to an integral whose integrand is rapidly oscillating. Such
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(b) pRe[s O]

\/\[X/\[\[\f .
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Figure 2.5.1 A rapid oscillation of the integrand as a function of ¢
because A is large.

rapid oscillations render the numerical integration of the integral difficult.
In this case, an asymptotic approximation may be the best way to obtain
numerical values for the integral.

As an example, consider an integral

(o]

= / dt £(t) g0 ), (2.5.1)

—00

where g(A,t) can be integrated in closed form, but not f(t)g(A,t). Further-
more, if .
g(A,t) ~ e“\h(t)a A — 00, (2.5.2)

(“~” means “asymptotic to”) then when X is large, g(A,t) is a rapidly oscil-
lating function of h, and hence, of ¢, where h(t) may be a function of ¢ as
shown in Figure 2.5.1a. As a result, the real part of the function g(A,¢) will
look like that shown in Figure 2.5.1b. Also, the imaginary part of g(A,t) has
the same feature. If h(t) has a stationary point at ¢t = £, i.e.,

K (to) = 0, (2.5.3)

it varies least slowly as a function of t at t = to; hence, g(A,t) is least rapidly
oscillating at t = t;. Furthermore, we assume that when A — oo, f(t) is a
more slowly varying function compared to g(A,t).
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If the integrand is rapidly oscillating, the contribution to the integration
is small because of the cancellation of the positive and negative parts of the
integrand. However, this cancellation is least at ¢; where the integrand is least
rapidly oscillating. Therefore, most of the contribution to the integration
will come from the neighborhood of t3. Consequently, the integral can be
approximated as (see Chew 1988)

[o.¢]

I~ f(ty) / dtg(A,t), A — oo, (2.5.4)

—oC
because f(t) is approximately a constant in the neighborhood of ;. Moreover,
since g(A,t) has a closed-form solution, a simple algebraic approximation is
obtained for /. This approximation is asymptotic in the sense that it becomes
better when A becomes larger.

As an example, let us consider the asymptotic approximation of the in-
tegral (2.3.4) -
k3 ,
I= / dk, ’TpHél)(k,,p)ezk‘Izl. (2.5.5)
Note that the integrand resembles the integrand of the Sommerfeld identity.
Furthermore, when p and z — oo, the integrand becomes a rapidly oscillating
function of k,, because

(1) 2 il
Hy (k,p) ~ mek’) i, p— 00, (2.5.6)
and e*:Il are both rapidly oscillating functions of k,. Hence, the rapidly

oscillating part of the integrand becomes

i 2 L .
Hél)(kpp)ezszﬂ ~ _k__ e—z:+zkpp+zkz|zl, p, z — 00. (257)
V TRoP

The stationary-phase point, i.e., the point of least rapid oscillation, is
found from

d

—k,p+ k, = 0. 2.5.8
i lhop + bl (258
Then, using the fact that k, = (k* — kf))%, the stationary-phase point is found
at

kyy = k——L— - = ksin®, (2.5.9)

(p* +2%)2

and 6 = sin~(p/r), r = (p2+22)2. Note that 6 is the observation angle in the
spherical coordinates. Moreover, in (5), k3 ~ k2 k, around the stationary-
phase point, and it can be rewritten

> k . 2k?sin’ @ |
I~k / dk, ;”Hé"(kpp)e”“ﬂ = —k%l—e““, r— 0. (2.5.10)

The latter equality is a consequence of the Sommerfeld identity.
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In fact, Equation (2.3.4) has a closed-form expression given by (2.3.3a).
The above is only the leading-order approximation of (2.3.3a) when r — oo.
The method of stationary phase offers a quick way to obtain a leading-order
approximation of an integral. For example, it can be used to derive the
approximations for (2.3.9a) and (2.3.9b) (see Exercise 2.19). But to obtain
higher-order approximations, we use the method of steepest descent. The
method of stationary phase physically implies that only the spectra in the
vicinity of the stationary phase point interfere constructively to contribute
to the field at an observation point.

§82.5.2 Method of Steepest Descent

(a) Infinite Integrals

The method of steepest descent, or the saddle-point method, deals with
the asymptotic expansion of an integral of the kind (see also Erdelyi 1956;
Copson 1965)

— AR(1)
I /Ce F(t)dt, (2.5.11)

where C is an infinite contour on a complex plane. The stationary-phase point
in this case may be complex; hence, the intuitive argument of the stationary
phase method may not apply here.

If h(t) has a stationary point at ¢t = ¢y, implying h'(ty) = 0, then,

h'(t
WD)~ hto) = (¢ — 10?200
i.e., h(t) — h(tg) is quadratic around the stationary point. This then suggests
a change of variable to s such that

—s? = h(t) — h(to). (2.5.13)
Note that Equation (13) performs a mapping from the complex ¢ plane to
the complex s plane (see Figure 2.5.2). Moreover, the point ¢y is mapped to
s = 0 on the complex s plane, while the contour C on the ¢ plane maps to
the contour C’ on the complex s plane.

coe o g, (2.5.12)

On the real axis of s, the function h(t) — h(tg) is purely real and negative;
hence,
e () — o= As’+Ah(to) (2.5.14)

Notice that on this path, which corresponds to the path P on the complex
t plane, e**® has a constant phase. Hence, P is also called the constant-
phase path. Furthermore, e**®) has a maximum at s = 0, or t = tg, and is
exponentially small on the real axis away from s = 0, or away from t = ¢,
on the constant phase path P. But on the imaginary axis on the complex s
plane, e=** becomes exponentially large, and so does e*®. Therefore, the
function e**®), when A — 00, looks like a saddle at the point ¢ = ¢, on the
complex t plane and s = 0 on the complex s plane respectively. Hence, this
point is also known as the saddle point. The constant-phase path on which
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Figure 2.5.2 The mapping from the complex ¢ plane to the complex
s plane.

the function et descends steeply away from the saddle point is also known
as the steepest-descent path.

With the change of variable in (13), (11) becomes

I= e’\h(to’/e)““2F(s)ds, (2.5.15)
Cl
where
dt
F(s) = f(t)—. (2.5.16)
ds

The path of integration can be further deformed from C’ to the real axis
provided that the contributions to the integral over the paths A and B in
Figure 2.5.2 are vanishingly small at infinity by invoking Jordan’s lemma.
However, in deforming the contour, the contribution due to any singularity
enclosed between the paths C' and P’ needs to be included. Hence, (15)
becomes

I = Mhito) / e F(s)ds + I, (2.5.17)

where I, is the contribution from the singularities enclosed between the con-
tours C’ and P'.

More specifically, the saddle-point contribution to [ is
o
I, = et / e ' F(s)ds. (2.5.18)
As?

Observe that when A — oo, e™**" is exponentially small away from s = 0 on
the path of integration. This implies that most of the contribution to the
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integral is from around s = 0. Hence, F(s) can be expanded into a Taylor
series about the origin to obtain

I, ~ e*hito) / e’ ZS"F(n)(O)/’I’L! ds. (2.5.19)

n=0

The above is only an approximation because a Taylor series usually has a
finite radius of convergence, while the integration above is over an infinite
range.

Consequently, by integrating the above term by term, and applying the

formulas
0

/ e s =0, m=0,1,2, - (2.5.20a)
2m _ —\s? -
/ 5"e ™ ds = m' 22m/\m [ m=0,1,2,. (2.5.20b)

[which is obtainable by converting the above into a gamma function inte-
gral (Abramowitz and Stegun 1965; also see Exercise 2.20)], we obtain the
asymptotic expansion of [ as

" (iv)
I, ~ e’\h(t")\/§ [F(o) + F1(0) + £ (0) + - } , A — oo. (2.5.21)

4 32)2

Furthermore, from (12), (13), and (16), one can show that tls_O — hr% t-to _

/=2
to) and

-2

F(0) = f(¢ —. 2.5.22
(O) f( 0) h”(to) ( )
Hence, the leading-order approximation to (21) is
I, ~ i) £ (1) U o0, (2.5.23)
AR (tg)

which usually agrees with the approximation given by the stationary phase
method. The above method is also known as the saddle-point method.

(b) Semi-Infinite Integrals
For a semi-infinite integral,

I= /e”l(‘)f(t) dt, (2.5.24)

C
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Figure 2.5.3 The case for a semi-infinite integral. P, is the steepest-
descent path passing through a while P is the steepest-descent path
passing through the saddle point at ;.

where C is as shown in Figure 2.5.3, the complete path of integration may
not be deformed to pass through the saddle point. The path, however, may
be deformed through a constant-phase path that passes through a, ie., P,
plus a path P that passes through the saddle point at ¢3. Assuming that no
singularity is enclosed in the course of deforming the integration path, we
then have

I= /eW”f(t)dH/eW”f(t)dt. (2.5.25)

Py P

The second integral above, which is an infinite integral, can be evaluated
by the saddle-point method as described previously. To evaluate the first
integral, which is a semi-infinite integral, we perform the following transfor-
mation:

—s = h(t) - h(a). (2.5.26)

Unlike (13), a linear transformation is chosen because h(t)—h{a) =~ (t—a)h'(a)
when t — a; namely, h(t) — h(a) is linear around a. Then, the first integral
becomes

I, = M@ / e F(s) ds, (2.5.27)
H

where —1 < a < 1 and
dt

—. 2.5.28
- (2.5.28)

s"F(s) = f(1)

In (27), the possibility of a factorizable algebraic branch point at ¢t = a is
allowed, i.e., when t — a, we assume that f(¢) ~ (t — a)*B. In such a case,
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transformation (26) leads to an integrand of the form as shown. Moreover,
the positive real axis of the s plane maps onto the path P, on the complex ¢
plane since P, is the constant-phase path. On the real s axis, h(t) — h(a) is
purely real from (2b), and hence, e*® has only a constant phase.

When A — o0, most of the contributions to the integral would come from
around s = 0. Hence, one can Taylor series expand F(s) about s = 0, and
obtain a series expansion for I, as in (19), yielding

I, ~ (@ / e Z s**F™(0) /n! ds. (2.5.29)
0 n=0
Then, using the fact that
” T(n+1+a)
As nta _
/ € S * ds = —;l_-_{-_l-i-—a-’ (25.30)
0
where I'(z) is a gamma function, we have
1+ a) ['(2+a) '3+ a)
~ Ah(a) i Seliiheds / e r=; " AN H . N
I,~e [F(O) e + F'(0) 7va + F"(0) oxiTa + , A > 00,
(2.5.31)

which is an asymptotic expansion of I, when A — oo (see Exercise 2.21).
Since f(t) ~ (t —a)*B, when t — a, it can be shown that

Cad [N T A I
dsls=0 t=a s W(a)
which can be used to show that
-1 a+l
= | —— B .5.32
PO = ms] (2.5.32)

where B and a are derived from the fact that f(t) ~ (t — a)*B, when t — a.
The above can then be used to find the leading-order term in (31).

A point is in order on the convergence of the series (21) and (31). These
series are usually not convergent for the following reason. As mentioned
before, when F(s) is replaced by its Taylor series approximation, the Taylor
series of a function usually has a finite radius of convergence. Hence, the
Taylor series representation is only good over a finite domain in s. But
the paths of integration in both (19) and (29) are over infinite domains.
Therefore, the right-hand sides of (19) and (29) are not rigorously valid, and
these series, in general, diverge. Such a series, which is characteristic of an
asymptotic expansion, is also known as a semiconvergent series.

How would one know how many terms to include in the approximations?
To gain familiarity with this, one examines the integrand of the n-th term
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n (19). Note that in the n-th term of the integrand, she~*" peaks around
s = /3 . Therefore, as the higher order terms in the series are computed,
the contribution comes from points farther and farther away from the origin.
If the radius of convergence of the Taylor series is R, then in order for the
n-th term to be effective in the approximation, we require that

[n
— . 2.5.33
3 <R ( )

The radius of convergence of the Taylor series is given by the distance of
the nearest singularity to the origin. Hence, the criterion (33) could also be
written as

n

5 < syl (2.5.34)

where |s,| is the distance of the nearest singularity from the origin on the
complex s plane.

Similarly, for the n-th term in the series (31) to be effective, we require
that
(n+ «)

A

< syl (2.5.35)

It is clear now that if a singularity is close to the origin either in (18) or
(27), it may render the asymptotic expansion useless unless A is very large. In
such a case, it will be better to use a uniform asymptotic expansion method
to derive the asymptotic approximation of the integral. Uniform asymptotic
expansions are usually expressed in terms of special functions.

§82.5.3 Uniform Asymptotic Expansions

As observed previously, when a singularity moves close to a saddle point,
the asymptotic expansion obtained by the method of steepest descent is not
uniformly valid because the radius of convergence of the Taylor series di-
minishes in (19) or (29). Hence, to obtain an asymptotic expansion that is
uniformly valid for all distances between the singularity and the saddle point,
we resort to the uniform asymptotic expansion.

First, consider an integral of the form

I = /(t — )k f ()M, (2.5.36)

o

where k£ < 1 and C is an infinite contour. Notice that in the integrand, there
could be an algebraic branch-point singularity or a pole singularity at ¢ = t,.
For example, if £ = 1/2, then a square-root branch-point singularity exists
at t,. On the other hand, if £ = —1, then a simple pole singularity is at ¢,.
Furthermore, assume that a stationary-phase point exists at ¢t = ¢y such that
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h'(tp) = 0. Then, using the transformation —s? = h(t) — h(ty), we obtain, via
a change of variable,

I = Mt /(s — 5)"F(s)e " ds, (2.5.37)
Cl
where .
t—1 dt
F(s) = He. 5.
0= (=2) 105 (2.5.38)

Notice that the point s, is the image of t, on the complex s plane. The contour
C' is the image of C on the complex s plane. Because of the rational form
(t —ty)/(s — sp), F(s) does not have a singularity at s = s,. Furthermore,
the stationary-phase point at f; on the complex ¢ plane is now mapped to
the origin on the complex s plane.

There are now two critical points on the complex s plane, the saddle
point at s = 0, which is also the stationary-phase point, and the singularity
at s = s,. Both of these critical points are essential in affecting the value
of the integral. Then, using a method developed by Bleistein (1966),” we
approximate F'(s) with a polynomial that interpolates these critical points.
Consequently,

F(s) =7 +7(s — sb) + s(s — sp)Fi1($)- (2.5.39)

Notice that the last term vanishes at s = 0, the saddle point, and s = s,
the singularity, implying that the polynomial in the first two terms exactly
reproduces the value of F(s) at the critical points. Then, solving for v, and

1 gives

F(s,) — F(0
Yo="F(ss), m= Fls) —F(0) ")sb ©, (2.5.40)
Consequently, (37) becomes
I = M) /(s — ) [y +m(s — sb)]e“hzds
Cl
+ erhito) /(s - sb)k“sFl(s)e"“zds.
¢ (2.5.41)

Furthermore, using integration by parts, we can show that the second
integral is of the order 1/ smaller than the first integral. In particular, the

7 See also Bleistein and Handelsman (1975). Stickler (1976) also discussed a method to
yield a uniform approximation.
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second integral is

I, = eMito) /(s - sb)k“sFl(s)e_’\”st

Cl
- e’\;j\to) /(s — 50)¥[(s = s5)Fi(s) + (k + 1) Fy(s)]e™ " ds.
- (2.5.42)

Hence, I, is of the same form as the first integral in (41) except that it is
scaled down by 1/A. As a result, the leading-order approximation to I is

I [(s— )+ mls =)o ds, A=oo. (2543
Cl

Next, with the change of variable to u = V2A (s — s), we have

e’\[h(tﬂ)_sg] > ’Youk ’Yluk+l —(ﬁ+\/asbu)
- 2 du, X — oo
/——2/\ (2/\)k/2 (2,\)(k+1)/2

—cC

(2.5.44)

This change of variable shifts the location of the singularity to the origin.
Moreover, the saddle point is now located at u = —v/2X s, (see Figure 2.5.4).

In (44), the path of integration is above the origin if the original path
C’ in (43) is above the singularity; and it is below the origin if the original
path C’ in (43) is below the singularity.® Finally, the above integrals can be
evaluated in terms of W functions, namely,’

We(V2Xs,) = / wke (5 HV2) gy, (2.5.45)

-

The preceding function will have differing values depending on whether
the path of integration is above the origin or below the origin. In particular,
the W function is related to the parabolic cylinder function via

W, (\/ﬁ s,,) - \/2—7rei%k+’\§Dk (2\/2—/\ sb> , (2.5.46a)

if the integration path is above the origin, and

W, (\/2—/\3,,> - \/ﬁ%e-i%k“ﬁz}k (—i 03 s,,), (2.5.46b)

8 This assumes that ) is positive real.

9 Bleistein refers to this function as a Weber function. Since “Weber function” is the
name reserved for another function (see Abramowitz and Stegun 1965), we shall call
this the W function.
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(a) 4Im [u]
“+/ 2\ Sy, (Saddle Point)
[ ]

Integration Path,Imoge of C
N_’pe Complex u Plane

—Re [y

Singularity

(b) 4Im[u]
JV2X Sy (Soddle Point)

Singularity

» Re [u]

\——/”mion Path, Imoge

of C on the Complex
u Plane

Figure 2.5.4 Two possible cases of integration paths, which are the
images of C on the complex u plane. (a) Integration path is above
the singularity, and (b) integration path is below the singularity.

if the integration path is below the origin (Gradshteyn and Ryzhik 1965, p.
1064). Hence, the leading-order uniform asymptotic expansion to I is

Al(to)-s2]
c : Yo T

I~ \/57\. [(2/\)k/2Wk (\/2_/\55) + WWIC+I (\/ﬁsb)} , A — 0.
(2.5.47)

Since the effect of the singularity is taken into account in the above approxi-
mation, it is uniformly valid for all s;, the distance between the saddle point
and the branch point.

When \/ﬁsb > 1, or the distance between the saddle point and the sin-
gularity is large compared to 1/v/2X, Equation (47) can be simplified using
the large argument expansion of the parabolic cylinder function. However, a
parabolic cylinder function has different large argument expansions depend-
ing on the phase of its argument. Then, assuming that |z| > 1 and |z| > k
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(Gradshteyn and Ryzhik 1965, p. 1065),

2 3

Dy(2) ~e" T 2", larg z| < R (2.5.48a)
2 VIR e 5

Di(z) ~ e” Tk~ F(_T;C)e”"e‘fz“k‘l, g <arg z < Tﬂ, (2.5.48b)
2 Var ., 2 5

Di(z) ~e T 2F - F(_7];)e_””“eTz_k_l, —g > arg z > —Tﬁ. (2.5.48¢)

The phenomenon of different large argument behavior depending on the
phase of the argument is known as Stokes’ phenomenon (Olver 1974, p. 240).
Note that the second terms in (48b) and (48c) are similar except for a phase
of e?"* Hence, if k is an integer, corresponding to a pole type singularity in
(45), then (48b) and (48c) are identical. If k is fractional, however, implying
an algebraic branch-point singularity in (45), then (48b) and (48¢) would be
different. This difference is the result of a branch-cut integral because cases
(a) and (b) in Figure 2.5.4 differ by a branch-cut integral. Moreover, the
second term in (48b) and (48c) will only dominate if |arg z| > 2%; otherwise,
it would be exponentially small compared to the first term.

Now, assume that the path of integration is above the origin on the
complex u plane. Then, the W function is represented by (46a), and the
location of the saddle point, ©u = —v/2A s, is in the first quadrant on the
complex u plane (see Figure 2.5.4a), i.e., 7 > arg (—=V/2Xsp) > 0. Moreover,
the argument of the parabolic cylinder function in (46a) is in the fourth
quadrant. Consequently, a large argument approximation for the parabolic
cylinder function that is uniformly valid in the fourth quadrant is given by
(48a). As a result,

k
W, (\/2_,\3,,) ~ V2 % (—\/2_,\3,,) . (2.5.49)
Next, by substituting the above into (47), we have
eAhito) k k+1
I~ [10v/27 (=s0)* + 1 v2r (=) 1] (2.5.50)

Using the definitions of 9 and =, given in (40), the above becomes

I~ \/§6M(‘°)F(O)(—sb)k. (2.5.51)

On comparing (51) with the leading-order term in (21), we see that the
above is just the leading-order saddle-point approximation of the integral
in (37) (see Exercise 2.23). Hence, the leading-order uniform asymptotic
expansion reduces to the leading-order term in the asymptotic expansion de-
rived by the steepest-descent method when s, is large. Notice that there is
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only a saddle-point contribution because, in the method of steepest descent,
no singularity is enclosed in the course of deforming the original integration
path to the steepest-descent path, since the original path and the saddle point
are both above the origin.

On the other hand, if the original integration path is below the singular-
ity as show in Figure 2.5.4b, then (46b) would be used for the W function.
Furthermore, if the saddle point is in the first quadrant, then the argument
of the parabolic cylinder function in (46b) is in the second quadrant. Conse-
quently, a large argument expansion for the parabolic cylinder function which
is uniformly valid in the second quadrant is given by (48b). In this case,

k-1

Wk(\/ﬁsz,) ~ V2r e ("\/ﬁsb)k'*' %—% ("msb)_ , V2Xs, — oo
(2.5.52)

Finally, using the above in (47), we have

Ah(to 27l'7:’)’06—>‘s:
YoV 2m + V2 (=) +
TV [0 A T Yy T
27ri'yle“’\"2

b
+F( K 1)(2/\)k+2( 5 )k+2} ) \/ﬁsb — 00.
—_ — 2(—
b (2.5.53)
But when A — oo, the last term in the above can be neglected. Hence, using
the definition of 7y and =, and the fact that h(ty) — s? = h(t), we have
eventually

T eAh(ty) 27rz'
I~\/:e’\h(‘°)FO )+ F(sp), V2A s, — oo.
(2.5.54)

The first term is again the saddle-point contribution. Now, the second
term arises because when the original path of integration is deformed to the
steepest-descent path that passes through the saddle point, the contribution
from the singularity has to be included, since the original path of integration
is below the origin (see Exercise 2.23).

In the above, note that when s, is small, the uniform asymptotic expan-
sion does not treat the saddle-point and the singularity contributions sepa-
rately. In fact, they are indistinguishably buried in (47). However, when the
saddle point and the singularity are far apart, the large argument expansion
of the W function can be used to arrive at (51) or (54), where a saddle-point
contribution and a singularity contribution are identifiable in the context of
the steepest-descent method. Furthermore, whether a singularity will con-
tribute is accounted for by the definition of the W function for two different
cases in (46a) and (46b). Note further that the singularity contribution in
(54) is the leading-order contribution from the singularity; it can be an al-
gebraic branch-point singularity or a pole singularity depending on the value
of k.
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§2.6 Dipole Over Layered Media—Asymptotic Expansions

Having shown the theory behind asymptotic expansions of integrals, we
shall next show the use of the technique for the asymptotic expansions of
Sommerfeld integrals. Sommerfeld integrals in general contain branch-point
and pole singularities in addition to saddle points. Because of the presence
of branch-points on the complex plane, the analysis of Sommerfeld integrals
is often complicated by the presence of Riemann sheets. Hence, a good grasp
of the Riemann sheet concept in addition to the asymptotic expansion theory
is essential here.

We shall first illustrate the asymptotic expansions with an integral that
has only branch-point singularities. Next, integrals with pole singularities
in addition to branch-point singularities will be considered. Later, the case
where a singularity could be close to the saddle point, hence necessitating
the use of uniform asymptotic expansions, will be illustrated.

§8§2.6.1 Dipole Over Half-Space (VMD)

For a nonmagnetic medium where 4 = g is a constant, the asymptotic
expansion of the TE wave due to a point source is more benign than that
of the TM wave. Hence, let us consider a source that will generate only TE
waves, namely, a vertical magnetic dipole. Because of the TE nature of its
field, a VMD over a half-space has a field that can be characterized by H,
only. Consequently, we have [see (2.3.10a)],

le _ _%—_ d}Cp ‘k‘:iH(()l)(kpp) elk1z|2| + RT2E€lklzl+2zklZd1]’
m 1z (261)
IA
Hy, = - / dk, 7 k H()l) pP)TTEtE”’k“(ZM‘Hlk“dl (2.6.2)
12
where ki — k 2%
R _ M1z 7 R TTE lz 2.6.
ki. + k?z 12 klz + k22’ ( 3)

and k;, = (k} — k2)'/2,

Notice that the asymptotic expansion of the primary field in (1) gives rise
to a spherical wave as in (2.5.10). The reflected wave field in (1) is, however,
given by

IA [k
HI}E — _1’8_77- dkp kl H() ( /)p)RTE 1k122+21k1zd1 (264)

which is more complex than that for the primary field. There are two branch
points in this integrand. and the branch cuts associated with them are as
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Figure 2.6.1 Smlk;,] = 0 branch cuts, the steepest-descent paths
through the saddle point, the branch point, and the Sommerfeld in-
tegration path.

shown in Figure 2.6.1. Here, only the branch cuts in the first quadrant are
considered, as it will become evident that only they are the important ones.
Then, when p, z, and d, are large, a stationary-phase point, or a saddle point
is located at [analogous to (2.5.9)]

p
,02 + (Z + 2d1)2

kps = kl = kl sin 9[, (265)

where 6; = sin™!(£), and r; = [p* + (2 + 2d;)%'/2. Therefore, the stationary-
phase point is located at k,; < k;. The constant-phase path, or the steepest-
descent path that passes through the saddle point, is shown in Figure 2.6.1
as S) (see Exercise 2.24). Furthermore, the constant-phase path that passes
through the branch point &, is S,.

By virtue of Jordan’s lemma and Cauchy’s theorem, we can deform the
contour from the Sommerfeld integration path (SIP) to the paths S; and S,.
Notice that the region enclosed by Si, Sz, and SIP is analytic except for the
possible occurrence of pole singularities. But it can be proved that for the
integrand of (4), no poles are in this enclosed region. Hence, the integration
over the SIP is the same as the integration over S, and S;. Moreover, the
contribution from the two vertical paths vanishes by virtue of Jordan’s lemma
when they tend to infinity. Consequently, the contribution to HZ has two
parts, one from the saddle point, and the other from the branch point at ks,
given by

HE = HFS + HP. (2.6.5a)
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Wave (p,2)

Reflected Wave

Figure 2.6.2 Direct wave, reflected wave, and the image point for a
dipole over a half-space.

The leading-order saddle-point contribution is the same as that one would

have obtained using the method of stationary phase. Hence, by inspection of

the integral in (4), and comparison with the integral in (2.5.5), we have
eiklr,

—IA
HY ~ —47r_kf5in291R’{2E(kp ) —, (2.6.6)

rr

where k,, is given in (5) and 7 = [p? + (z + 2d,)?]"/2

In the above, RTF is evaluated with k, = k,, = k;siné;. Therefore,
expression (6) represents a spherical wave that emanates from a point at
(p,z) = (0,—2d,), which is the image point of the source at (p,2) = (0,0).
Moreover, the wave is attenuated by the Fresnel reflection coefficient for a
plane wave incident at angle §; on the half-space, as shown in Figure 2.6.2.

If ky/sinf@; < ko as shown in Figure 2.6.1, the branch-point contribution,
which manifests itself as a branch-cut integral, has to be included. This
branch-cut integral is deformed to integrate along S, as shown in the figure.
To calculate the branch-cut integral, note that the function ks, in RTE as-
sumes opposite signs on the parts of S, that are on different Riemann sheets.
Therefore, the integration on different Riemann sheets can be combined into
a single integral, yielding
_»LI*A dk kg H(l)(kpp>eik1,(z+2d1) [RIT2E+ _ R1T2E—] ’

P 0
R (2.6.7)

RB __
le -

where S, starts at k; and extends to infinity, and

RTE+ B RTE_ - klz - k?z _ klz + k?z - _4klzk2z — _4klzk2z.
2 Pkt ke k—ke KL -k K -K

(2.6.8)
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The superscripts + and — above indicate the values of RYF on the top and
the bottom Riemann sheets respectively.

But when p is large, the integrand in (7) can be replaced by

zIA‘/m /dlc k? tkpp+zkxz(z+zd1)k k2zk2’ p—
(2.6.9)

Moreover, the integral in (9) is a semi-infinite integral. Then, on comparing
(9) with the first integral in (2.5.25), we identify A with r;, and h(¢) with
ilk,p/rr + k(2 + 2dy) /1]

As a result, by letting —s = h(t) — h(a), or equivalently,

—As = ik,p + ik, (2 + 2d)) — tkop — i\ /kE — k2 (2 + 2d,), (2.6.10)
Equation (9) becomes
HRB IAG 3 1k2p—,/k2 k2(z+2d1) /oodse—Ass%F(s) (2611)
1z \/’2?— s .0.
0
where dk
sTF(s) = f(kp) =2, (2.6.12a)
and
2 k22
f(ky) =k 50 (2.6.12b)
ki — k3

Since ko, = ,/k% — k2, f(k,) has a branch-point singularity at k, = ko.
Moreover, from (12b), we note that

ik3v/2 (k, — kp)?
flky) ~ =2 k2(_”k2 2) , ky — ko (2.6.13)
1 2

Consequently, B in (2.5.32) is identified as
k32
(kf - k3)’
and @ = 1/2 in (2.5.32). Then, the ieading-order expansion of (11) using the
first term in (2.5.31) is (Exercise 2.25)

HﬁB IA iﬂ zlczp—\/lc2 k? (z+2d;) - i 2“(::23 5.
N pt+ s (z+2d1) | K K2 (96.14)

This branch point contributes to a wave that has a special physical in-
terpretation. Notice that this wave is exponentially decaying away from the
surface at z = —d,. Furthermore, in the p direction, it has the phase velocity
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Figure 2.6.3 Physical interpretation of the lateral wave.

of medium 2. Since it is only observed close to the surface, it is a surface
wave. If z and d;, are small but p is large so that both the source and the
observation points are close to the surface, then along the surface, the wave

has a form of
Pikzﬂ—\/kg—kf (z+2dy)
HEB ~ C-
1z 7 2 '
i)

indicating an algebraic decay of 1/p* in the p direction. This surface wave
is also known as the lateral wave or the head wave (see Brekhovskikh 1960;
Tyras 1969; Tamir 1972, 1973; Aki and Richards 1980).

Figure 2.6.3 illustrates the physical interpretation of such a wave. To
interprete the result, recall that a point source emanates a spectrum of cylin-
drical waves or plane waves, some of which are propagating, while some are
evanescent in the z direction. But the propagating part of the spectrum is
always transmitted at an angle smaller than the angle of incidence because
ko > k) (see Figure 2.6.3a). Hence, the largest transmitted angle due to
a propagating wave in medium 1 is at 8., the critical angle due to a wave
incident at grazing in region 1. If the wave is to be transmitted at an an-
gle greater than #., it has to come from an evanescent wave in region 1.
Therefore, the evanescent part of the spectrum is needed to excite a wave
propagating in the lateral direction parallel to the boundary, which is the
lateral wave (see Figure 2.6.3b). But this wave is propagating in medium 2;
hence, it has the phase velocity of medium 2. Moreover, it is evanescent in
medium 1; therefore, it is observed in medium 1, and excited by a source in
medium 1 if only both the source and the observation points are close to the
interface.

(2.6.15)



98 PLANARLY LAYERED MEDIA

Alternatively, the lateral wave could be thought of as a part of the spher-
ical wave in medium 2 that is propagating along the interface, and is being
refracted back as evanescent waves. It has an algebraic decay of p~2, which
is faster than the decay of a spherical wave, because of an interference effect
near the interface. As a result of the p~2 decay, the branch-point contribution
is of higher order compared to the saddle-point contribution.

The transmitted field given by (2) can be approximated in a comparable
manner (see Exercise 2.26; also see Subsection 2.6.4). Similarly, integral
representations of the Weyl type can also be approximated (Exercise 2.27).

§82.6.2 Dipole Over Half-Space (VED)

A VED produces TM waves rather than TE waves. In this case, the field
is characterized by F,, and we have

B = -I¢ dk —k—i-H(l)(k p) [eiklzlzl + RTMeik1zZ+2ik1zd1:|
1z 87“4)61 p k]z 0 P 12 ’

(2.6.16)

€2klz - 6lk2z

RTM _
12 = .
€2k1; + €1ka,

(2.6.17)

The asymptotic expansion of E|, above will be very similar to the asymp-

totic expansion of H;, except that now, RTM may have a pole. For instance,

RTM will be infinite if
Egklz = —Elkgz. (2618)

On squaring (18) and making use of the facts that k%, = k — k2 and that
k2, = k2 — ki, we can solve for k, to obtain

2k2 . 2k2
ky= 4|1 = Zke. (2.6.19)
2 1

Since the Brewster angle condition for which R = 0 is given by €k, =

€1ka,, (19) is also the condition for the zero of RTM. Therefore, the pole and
the zero of the function RTM are at the same location on the complex ,
plane. Because the integrand of (16) is a multivalued function with four
possible values for each value of k,, the pole and zero must be on different
Riemann sheets. Moreover, for p; = uq, the Brewster angle is given by

€2

kp = kisinfg = k; < k. (2620)

€ + €1

For such a case, the pole or zero is located at kp < k;. However, for the
pole to exist, the real parts and the imaginary parts of ki, and k3, have to
be opposite in signs if €; and €, are predominantly real. As a result, the pole
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Figure 2.6.4 Location of the Sommerfeld poles at k, = kp. This is
also the location of the zeroes but on different Riemann sheets.

cannot be concurrently on the top sheets of the Riemann sheets of k;, and
ky., or concurrently on the bottom sheets of the Riemann sheets of k;, and
ko,.

The locations of the pole and the zero are shown in Figure 2.6.4. The
pole is located on

(1) the top Riemann sheet of k;, and the bottom Riemann sheet of kj,;
and

(ii) the bottom Riemann sheet of ky, and the top Riemann sheet of k,,.
The zero is located on

(1) both the bottom Riemann sheets of &, and k,,; and

(ii) both the top Riemann sheets of ky, and k,,.

This pole is also sometimes known as the Sommerfeld pole, or the Zenneck
surface wave pole, because it could be associated with the Zenneck surface
wave.!® When the Sommerfeld integration path is deformed to the path Si,
the dashed part of S, to the left of k; is on the bottom sheets of both the
Riemann sheets of k;, and k,,. Hence, this pole does not contribute to the
asymptotic expansion of E,.

However, when ¢, < 0, which is possible in a plasma medium, this pole

12 An extensive discussion of this pole was given by Bafios (1966). Discussion of the
Zenneck wave was given by Tyras (1969), and Hill and Wait (1978).
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Figure 2.6.5 The surface plasmon case where €3 < 0. kp is now on
the top Riemann sheet.

corresponds to the surface plasmon mode that is observed in optical scattering
and absorption on metallic surfaces as discussed in Boardman (1982) and P.
Yeh (1988, p. 332). In this case, if |e;] > €, then kp > k1, and a careful study
shows that the pole can in fact be on the topmost Riemann sheet. Hence, it
may be enclosed in the course of deforming the contour of integration from
the real axis to the steepest-descent path as shown in Figure 2.6.5. In this
case, the asymptotic expansion of F;, consists of a saddle-point contribution
such as the spherical wave in (6) plus a residue of the pole contribution.
Hence, if the residue of the reflected wave term in (16) is taken, we have the
following term

wr_ It kS,

_ HD (ke tk1zp(2+2d1) ATM 2.6.21
8rwey kip ° (kre)e , ( )

where ky,p = (k¥ — k%)Y/? = ia,p is imaginary since kp > ki, and ATM —
2miRes [RTM (kp)], where “Res” stands for “residue of.”

In the limit when kpp is large, this wave becomes

ERP N —I¢ k?3p \/_2— eikpp—(l)P(Z+2dl)ATM' (2.6.22)
1z 8mwey kip V imkpp

Since the field decays exponentially away from the interface, it is a surface
wave. It is also evanescent in region 2 since €3 < 0. Furthermore, if the media
are lossless, this wave decays only algebraically in the p direction just like a
cylindrical wave, because it is actually guided by the interface and does not
radiate. Hence, the only decay in the p direction is from the algebraic spread-
ing of the cylindrical wave which gives rise to a 1/,/p decay. As mentioned
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Figure 2.6.6 A vertical magnetic dipole (VMD) over a three-layer
medium.

previously, this wave is also known as the surface plasmon mode. It is again
excited by the evanescent part of the source spectrum. Hence, it will not be
excited if d; is large or if the source is far away from the interface. It is a
good example of an electromagnetic wave guidance by one interface alone.

From the above analysis, we observe that the Zenneck surface wave is
difficult to excite since it is not on the appropiiate Riemann sheet on the
complex k, plane. However, the proximity of the Zenneck surface wave pole
(Sommerfeld pole) to the saddle point can affect the nature of the direct wave
and reflected wave in Figure 2.6.2.

§§2.6.3 Dipole Over a Slab

Consider the case of a vertical magnetic dipole over a slab as shown in
Figure 2.6.6. In this case, the field in the upper half-space is given by

TA [ &
™ 1z

where ,

R1T2E + R%"SEemk?z(dz—dl)
TE RTE ,2iky,(dz—dy)

1 — R stelz(z 1)

RIE = (2.6.24)
Now, RTQE is a function of k3, as well as k;, and k,,. However, RITQE can be
shown to be an even function of k,, despite the complicated appearance of
(24).1! Hence, (24) can only be a function of k%,. Consequently, RT.F is not
a double-value function of k,, but is only a double-value function of k,, and
a double-value function of k3,. As a result, the multivalue function RLF can
be properly defined with only branch cuts for k;, and k3, (considering only
the first quadrant) and four Riemann sheets.

(a) Normal Mode Expansion
Next, the pole singularities of the integrand as a consequence of (24) have

11 This point is discussed further in Subsection 2.7.1. See also Exercise 2.28.
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Figure 2.6.7 The locations of poles of a slab for guided modes, k,;,
and leaky modes, ki, and the saddle point, k,,, on the complex k,
plane.

to be identified in order to find the asymptotic expansion of Hy,. The poles
of (24) are given by the equation

1— R;IER;;EBZZ"CZ’z(d?_dI) =0. (2.625)

Physically, the above implies that a wave, after reflecting from the top and
the bottom interfaces, together with a phase shift through the slab, should
become in phase with itself again. This is precisely the guidance condi-
tion (sometimes referred to as the transverse resonance condition) for guided
modes in a dielectric slab. Therefore, these poles on the complex k, plane
are actually related to the guided modes of a dielectric slab. Moreover, since
ki, = (k? — k2)'/2, Equation (25) is just a function of k,. Hence, the roots of
(25) can be solved for numerically on the complex k, plane.

If ky > k) > k3, however, the roots of (25) corresponding to guided modes
at k, = k,; have to be such that k; < ky < ks, because a guided mode in
medium 2 is evanescent both in media 1 and 3. In other words, k;, and ks,
are pure imaginary and total internal reflections occur at both the top and
bottom interfaces. The locations of these poles are shown in Figure 2.6.7
with k3 < k; < ko {see also Exercise 2.27(f))].

The number of guided-mode poles of a slab depends on the frequency
and the thickness of the slab. For instance, there are a large number of
guided-mode poles at high frequencies and a fewer number of poles at low
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Figure 2.6.8 The physical picture of a leaky mmode. The radiation
damping on the mode gives it an apparent exponential growth in the
z direction. The mode gets weaker as it propagates in the p direction
due to radiation damping.

frequencies. Moreover, the thicker the slab, the more guided-mode poles
there are. Hence, if a number of guided-mode poles exist between k; and
ko, this number must be smaller when the frequency is lowered. Therefore,
as the frequency gradually lowers, some of the poles must disappear from
the k; < k, < k, region in Figure 2.6.7. This is impossible unless the poles
migrate to the left. As a pole migrates gradually to the left, it reaches a
point when the pole is at k; < k. In such a circumstance, k;, is no longer
pure-imaginary, and total internal reflection disappears at the top interface.
Furthermore, the mode can no longer be guided, as it must radiate into
medium 1. Consequently, the corresponding mode decays in the p direction
due to radiation damping. Therefore, k; must have a positive imaginary part
indicating a decaying mode. Such a mode is then known as a leaky mode,
since it leaks energy into medium 1 (see Hessel 1969; Tamir 1969). Because it
attenuates when it propagates, the “rays” that it radiates gradually become
weaker, as shown in Figure 2.6.8. As a result, if we fix p to observe the field
behavior in the z direction, an exponential growth is seen in the z direction.
This is only possible if Sm[k;,] < 0 for this mode. Therefore, it has to be at
the bottom Riemann sheet of &, while it could still be on the top Riemann
sheet of k3,. The proper location of the leaky mode k; is shown in Figure
2.6.7.

When the integration path is deformed from the original path of inte-
gration to the steepest-descent path passing through the saddle point at
k, = kysinf; [the saddle point is the same as given by Equation (5)], a
k3 branch-point contribution will be included if k;siné; > k3. Furthermore,
by noting the point where the steepest-descent path crosses the real axis, the
guided-mode contribution will be included if k;/sin@; < kg, the location of
the i-th guided mode. On the other hand, the leaky mode will be included if
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8 =sin”! ky/k,

SISV

Lateral Wave

Figure 2.6.9 The lateral wave and its association with 8., the critical
angle.

kysin@; > k;; where ki; is the location of the leaky mode.!? Hence, the leaky
mode is only observed for §; greater than or approximately equal to 8; where

k.
6, = sin™! (k—l:) .

The angle 8; is shown approximately in Figure 2.6.8 since to be strictly
correct, it is a complex number. Consequently, even though the leaky mode
is exponentially growing in the z direction for a fixed p, it is not observed for
all z. (It should be noted here that if the saddle point is close to a singularity,
the uniform asymptotic expansion of the integral needs to be used in deriving
the asymptotic approximations.)

The k3 branch point in Figure 2.6.7 gives rise to a lateral wave that
propagates in medium 3 parallel to the interface and refracts back to medium
1 as shown in Figure 2.6.9. But it is only observed when

k
6 > sin™! (k—j) =40,

The expansion of the field in terms of the guided mode of the slab is known
as the normal-mode approach (see, e.g., Pierce 1965; Wait 1970; Tsang and
Kong 1973).

(b) Geometrical Optics Series

When d; — d, is very large, or the frequency is high, there are many
guided modes inside the slab. Consequently, the expansion of the field in

12 The imaginary part of ky; is assumed to be small so that the inequality is still meaningful.
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terms of the guided modes becomes laborious as it is necessary to search for
the locations of these modes. In this case, it is more expedient to expand (24)
in terms of a geometrical optics series in the manner of (2.1.22) and evaluate
the integral term by term. By doing so, the reflected field becomes

A [ K
B2 gk
87T . klz

—oC

Hﬁ _ P l)(kpp)eik“(z+2d1)R12

81
m=1

zIA =
Z / dk/)kp HO (kp ) tk1,{z+2d1)

R TIQR%RQ'}—ITQIezimkzz(d”d”.
(2.6.26)

The first term in the above is just the same as the reflected wave from a
half-space whose asymptotic expansion has been found previously. The other
terms are the consequence of multiple reflections.

To find the asymptotic expansions of the multiply reflected field in (26),
the stationary-phase point or the saddle point of the integrand is required.
Observe that if both the source point and the observation point are close
to the top interface, so that z and d; are small, then the rapidly oscillating
part of the integrand comes from HS"(k,p) and e?™mk2:(d2=d1)  Then, using
the large argument expansion of the Hankel function, the saddle point for the
integrand of the m-th term of the series is at [analogous to (2.5.9)]

N 4m§(d = = kg}ﬂ = kysinf,, (2.6.27)
2 — U] m

6, = sin™! <£> ,
7"TT).
= /p? +4m?(d; — d,)?.

Consequently, the leading-order saddle-point contribution for the m-th term
is

kpsm = k2

where

k2 le eikQTm

HRSm ~
Pk
12

_i4 { (2.6.28)

— T2 Ry Ry ITQI]

p=Kpsm Tm

Physically, the saddle-point contribution of the m-th term in the series
can be thought of as the contribution from a spherical wave with wave number
ks emanating from the m-th image point of the source as shown in Figure
2.6.10. Here, r,, is the distance from the image point to the observation point.
Moreover, the m-th image is due to m-th subsurface reflection of the spherical
wave generated by the source. Note that all the reflection and transmission
coefficients are evaluated at k, = ks, = kpsinf,, for the m-th image.
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Figure 2.6.10 Physical interpretation of the geometric ray series.

In addition to the above contribution, there are branch-point contribu-
tions from k; and k3 for each of the multiple reflection terms in (26), corre-
sponding to lateral waves. [For an N-layer medium, there are branch-point
contributions from only k; and ky (see Subsection 2.7.1 for further discus-
sions).]

Expanding the field in terms of images or rays is known as the geometrical
optics or ray optics approach (Wait 1970). In contrast, the normal-mode
approach is good when the wavelength is long compared to the slab thickness.
But the geometrical optics approach is good for short wavelengths. When the
wavelength is neither long nor short, a combination of the normal mode and
geometrical optics approaches could be used and this is known as the hybrid
ray-mode approach (Felsen 1981).

For a vertical electric dipole that excites TM waves, the corresponding R,
and R,z in (26) contain the Zenneck surface wave pole. Moreover, the order
of the pole increases with increasing m. Even though the pole is not enclosed
when the path of integration is deformed to the steepest-descent path, it
influences the saddle-point contribution. In this case, uniform asymptotic
expansions have to be used in deriving the approximation of the field [Chew
and Kong (1981, 1982)].

§82.6.4 Example of Uniform Asymptotic Expansion
—Transmitted Wave in a Half-Space

In the previous examples, the steepest-descent or the stationary-phase
method has been used to find the leading-order asymptotic expansion of the
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Figure 2.6.11 The steepest-descent path (SDP) through the saddle
point at k, = kosinf. When k;sinf ~ k;, we would have to use the
uniform asymptotic expansion for the integral.

field. In many cases, however, these leading-order approximations may not
be valid if a singularity is close to the saddle point [see (2.5.34) and (2.5.35)].
For example, when the dipole is over a slab, as can be seen from Figure
2.6.7, a leaky pole or the branch point k3 may be close to the saddle point.
Another example is the expression given by (28), which may not be uniformly
valid due to the presence of singularities in the vicinity of the saddle point.
In these cases, uniform asymptotic expansions are needed to derive uniform
approximations for the integrals.

Consider first the integral given by Equation (2). Assuming that d; =~ 0,
or small, so that the source is close to the interface, then the dominant rapid
oscillations in the integrand are coming from Hél)(kpp)e‘ik?‘z. Next, using
the large argument approximation of the Hankel function, one can show that
the saddle point is given by k, = k,, = kosinf, where 6 = sin™'(p/r) and
r = (p® 4+ 2%)/?. Moreover, there are branch-point singularities at k; and k,.
The steepest-descent path through the saddle point together with the branch
points are shown in Figure 2.6.11, where it is assumed that k; < k,. Note
that if ksiné > k,, then the k; branch-point contribution has to be included
similarly as in the case of the k3 branch-point contribution in Figure 2.6.7.
The fact is when kg sinf =~ k), l.e.. the saddle point is in the vicinity of the
branch-point singularity, the steepest-descent method breaks down. Hence,
when 0 ~ 0, = sin"! (k) /k2), a uniform asymptotic approximation is needed.

Now, assuming that p — oc, one can use the large argument approxima-
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tion for the Hankel function in (2) to arrive at

% k5/2 ) .
N——\/ ’ / i, (2.6.29)

where it is assumed that d, = 0, or that the source is right at the interface.
Next, we multiply the numerator and the denominator of the integrand by
k1, — ko, to arrive at

oo

IA [2i 1 o
/ dk, K3/ (kr, — kpo)eoe %22 (2.6.30)

Hyy ~ —
2 ar \| 7p K2 - K2~ k2

In the above, the term involving k;, has a branch-point singularity at &,
and a saddle point at ks sinf which can be close together. Hence, to arrive
at an approximation valid for all #, a uniform asymptotic approximation is
required. Consequently, the integral involving only k,, is expressible as

I = / dk, k32 (ky — kp) /2 (ky + k)12 ethorthazz, (2.6.31)

—00

Next, by comparing (31) with (2.5.36), k, is identified with ¢, A with r =
VP? + 2%, h(t) with ik,(p/r) — ike.(z/7), t, with k;, k with 1/2, and f(t)
with ik *(k; + k,)/2. Furthermore, in (2.5.37), we identify —As? = Ah(ty) —
Ah(to) = ikip — i/ k% — k? z — ikpr. Then, the uniform asymptotic approxi-
mation to [ is given by (2.5.19):

eiklp—i k2-k2z [ -
I~ W! Vorsy) + W Vors ] .
Vor (2r)V/4 ( ”) (2r)3/4 7 2 ( ”) (2.6.32)

In the above, because the original path of integration, the SIP in Figure
2.6.11, is below the singularity, (2.5.46b) is used for the definition of the W
functions above.

When /2r s, is large, (2.5.48) will be used to obtain the approximation
to Equation (32). Depending on whether the saddle point k;sin§ is larger or
smaller than k,, s, will have different phases. The different phases imply that
different large argument approximations are needed from Equation (2.5.48).
Consequently, a branch-cut contribution will surface in the large argument
approximation when k; sin 6 > k;. From the second term of (2.5.54), however,
it is seen that the branch-point contribution is of the form

ehirmiVki—ki:  amiF(sy)

@7 (D) (2.6:33)

I, ~
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Figure 2.6.12 The behavior of waves generated by a point source
placed on top of a half-space, where k; < ks.

Notice that the above is a conical wave. It is observed only for 8 > 8, =
Sin—.l(kl/kg).

The other term in Equation (30) does not have a branch point close to the
saddle point. A subsequent steepest-descent analysis of this term then yields
a spherical wave exp(ik,7)/r analogous to (2.5.10) or (6) [see also Exercise
2.26(c)].

Hence, with the information from (2.5.10), (6), and the above, we see
that when a dipole is at the interface of a half-space, it will generate waves,
which are sketched approximately in Figure 2.6.12. The source will generate
spherical waves, which are due to saddle-point contributions, both in medium
1 and medium 2. Since k; > k, the wavelength of the wave will be smaller
in medium 2. Hence, at the interface, the phases of the spherical waves do
not match with each other. To compensate for this, lateral waves, which are
due to the branch-point contributions, are generated in each region. Conse-
quently, the lateral wave observed in medium 1 travels in the p direction with
the phase velocity of medium 2, and hence is evanescent in region 1, since
ko > k). It is also known as the inhomogeneous surface wave. In medium 2,
the lateral wave travels with the phase velocity of medium 1 in the p direc-
tion. Since k; > k), however, it is also propagating in the z direction. Hence,
the lateral wave forms a conical wave in medium 2. The fact is that a lateral
wave in a half-space is induced by the spherical wave in the other half-space.
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In medium 2, the lateral wave is observed only for # > 6., because only
then the branch-point contribution at k) in Figure 2.6.11 needs to be included.
Consequently, there is a boundary which delineates the existence and absence
of the lateral wave. This is known as the shadow boundary. It is when the
observation angle is at the shadow boundary, i.e., § = 6., that the saddle
point coincides with the branch point k;. Therefore, in this vicinity, a uni-
form asymptotic approximation to the field is required. Moreover, it is well
known that geometrical optics or ray optics theory breaks down at shadow
boundaries. Hence, the simple stationary-phase method or steepest-descent
method only reproduces geometrical optics theory. Note further that at the
shadow boundaries, i.e., § = 6., the lateral waves are “phase-matched” to the
spherical waves.

Another place where uniform asymptotic approximation is useful is in the
approximations of Equations (23) and (26) (see Exercise 2.29 and 2.30; also
see Chew and Kong 1981, 1982; Chew and Gianzero 1981).

§82.6.5 Angular Spectrum Representation

This section shall not be complete without mentioning the angular spec-
trum representation (Born and Wolf 1980, p. 562). Notice that if a large
argument approximation to the Hankel function is used, Equation (4) for a
VMD becomes

o0 5
HR ~ __gé i / dk kp RTE lkpp+lk1z(l+2d1) (2634)
12 8 27l'p s klz

By letting k, = ki sina, then ki, = (k¥ — k2)'/2 = k) cosa. Furthermore, by
letting p = r;sinfy, (z + 2d;) = r; cos 91, we convert (34) into

I [ 2
Z A /da kl sma RTE thy7y cos(f;— a) (2635)
’L7I'

The above is an integration over all possible angles of o that correspond
to —oo < k, < co. Here, « is the angle the vector ky = pk; sina + Zk; cosa
makes with the z axis. Hence, when —k, < k, < k;, a ranges between —3 to
2. But when |k,| > k;, a becomes complex. Consequently, the path I is as
shown in Figure 2.6.13. Moreover, it is easy to show that the saddle point of
the integrand is at o = 8;; the steepest-descent path that passes through the
saddle point is shown in Figure 2.6.13.

Notice that in the angular spectrum representation, ki, = k; cosa is no
longer a double-value function, implying that the branch point at k, = k; is
now removed. But the branch point at k, = k, is transformed to

k
o= Sin—lic_? = -g - i0p,
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Figure 2.6.13 The steepest-descent path (SDP) on the complex «
plane in angular spectrum representation.

k
65 = cosh™! <ﬁ> .

Figure 2.6.13 shows the Re[k;,] = 0 branch cut. Hence, when the original
path of integration is deformed to the steepest-descent path, the k; branch-
point contribution has to be included if ko sin8; > k.

where

The result derived using the angular spectrum representation is the same
as that from k, representation (see Exercise 2.31). The advantage of the
angular spectrum representation is that the exponential term in the integrand
of (35) is simpler.

§2.7 Singularities of the Sommerfeld Integrals

The integrands of the Sommerfeld integrals have singularities on the com-
plex k, planc. As has been shown, these singularities affect the results of
asymptotic expansions and uniform asymptotic expansions. They also af-
fect the definition of the integration paths if the Sommerfeld integrals are to
be evaluated numerically. Therefore, it is worthwhile to discuss the general
properties of these singularities.

There are two basic types of singularities—the pole singularities and the
branch-point singularities. The pole singularities correspond to guided modes
in the layered medium. The branch points, as will be shown in Chapter 6,
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Figure 2.7.1 There could only be branch points associated with k;,
and ky, in an N-layer medium.

correspond to radiation modes. These radiation modes form a continuum of
modes.

In addition, for the layered medium, the branch points are only associ-
ated with the outermost regions, as will be shown in the next subsection.
Subsequently, we shall show bounds on the locations of the pole singularities
of the integrand. This knowledge is useful when one wishes to numerically
integrate the Sommerfeld integrals, or even when the asymptotic expansion
of the integral is desired.

§62.7.1 Absence of Branch Points

In a three-layer problem, the reflection coeflicient is an even function of
k2., and hence, is only a multivalue function due to k;, and k;,, which are
double-value functions of k,.* Therefore, branch points only exist at k, = k;
and k, = k3 (see Exercise 2.28). It turns out that even for an N-layer medium
as shown in Figure 2.7.1, the generalized reflection coefficient Ry, is still only
a multivalue function due to ki, and ky,, although from Equation (2.1.23),
it appears to be a double-value function due to all k;,, as k;, = (k2 — Icf,)l/2
is a double-value function.

To prove that Ry is not a double-value function due to k., it has to be
shown that the value of R;; is unaffected when the sign gf k;. changes. This
can be seen from the following argument. In solving for R;,, for instance, we

13 Results in this subsection can also be proved using integral equations. Since integral
equation will be introduced later, we provide an alternative proof here. Proof by direct
algebraic manipulation is also given by Felsen and Marcuvitz (1973).
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write down the general field expression in the i-th region as
€; = Aif}iik”z + Bieikiﬂ. (271)

Then, A; and B; are determined by matching boundary conditions at each
interface, which in turn determine R;;. Now, if the problem were solved over
again by switching the sign of k;, in region ¢, where ¢ # 1 and 7 # N, then
the field in the i-th region is still represented by a superposition of upgoing
and downgoing waves as in (1). Hence, if the solution of the problem is again
solved for using the same set of boundary conditions. By the uniqueness
principle, there could only be one unique solution, since the field in the i-th
region is still represented by a complete set of waves, namely, upgoing and
downgoing waves. Therefore, the value of Ry, found will be unchanged, and
it will not depend on the sign of k;; where 7 # 1 and 7 # N. In other words,
R, is indeed not a double-value function due to k;,, where i # 1 and 7 # N,
even though k;; is a double-value function of k,.

In region N, however, the field expression is
ey = Aye ez, (2.7.2)

Hence, if the sign of ky, were switched, an upgoing wave in region N would
ensue. Therefore, a completely different boundary value problem is being
solved in this case. Consequently, the value of R,; obtained would be dif-
ferent. Hence, R); is a double-value function of ky, since its value changes
when ky, switches sign.

Similarly, if the sign of k;, in region 1 is switched, the roles of the upgoing
and the downgoing waves would be reversed. Hence, Rj2(—k,) # Ria(ki.).
In particular, since the roles of upgoing and downgoing waves are swapped,

1

Ria(—ky,) = ———.
ET Rk

(2.7.3)
By the same token, if the sign of k;, is switched, the roles of 4; and B; in (1)

are reversed; therefore,
Ai(—k:i.) = Bi(ki). (2.7.4)

Even for the case when the source is embedded in a layered medium
(Exercises 2.15, 2.28), it follows from the uniqueness principle that the branch
points are always associated with the outermost layers for the integrands of
the Sommerfeld integrals.

The fact that branch points are only associated with the outermost layers
also has a physical significance. It was seen previously that branch points are
physically associated with lateral waves; hence, it implies that a lateral wave
propagates only at the outermost boundaries because it is actually the part
of a spherical wave close to the interface of a half-space. Therefore, a lateral
wave cannot exist if a spherical wave cannot exist. Since a spherical wave
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exists only in an unbounded region, a lateral wave is always associated with
an unbounded region 1 or N. Here is an example for which the results of
mathematics and physics are in perfect harmony with each other!

As a final note, the above proof is also adaptable to cylindrically layered
media (Chew 1983).

§62.7.2 Bounds on the Locations of Singularities

In performing the asymptotic expansion and numerical integration of a
Sommerfeld integral, it is imperative to know the locations of the singularities
of the integrand on the complex k, plane. Subsection 2.7.1 shows how the
branch-point singularities are easily identified since they are related to the
outermost, unbounded regions in a layered medium. The pole locations are
more elusive. Their domain, however, can be ascertained via an energy con-
servation argument in a manner similar to that used in quantum scattering
(Newton 1966, p. 367).

The poles of the integrand of a Sommerfeld integral correspond to guided
modes of a layered medium. Furthermore, the integrand of a Sommerfeld
integral satisfies (2.1.8a) or (2.1.8b) (depending on whether it is a TE or TM
wave) with k, replacing k.. For example,

d d
[E;e"l(z)a—z + k% (2)e Mz) — lcf,e"l(z)] #(z) =0, (2.7.5)
where ¢(z) represents the integrand of a TM wave as in (2.3.6). Then, on
multiplying (5) by ¢*(z) and integrating from —oo to +o0, and assuming ¢(z)
to be the field of a guided mode and k, its corresponding wavenumber, we
have

o0 2 o0 o0
— | dze! dé + dz k*e Y ¢)? - k2 dze Yg|* =0, (2.7.6)
dz ’

-0 —00 -0

where integration by parts has been used to simplify the first term in (6).
These integrals converge because ¢(z) represents a guided mode whose field
vanishes as |z| — oo.

Next, after taking the real part of (6), we have

/dzERe e)]¢?] = /dzéne g2 ~ /dzéRe( -1y d¢ .
o e . A A
Since Re(e~!) > 0, then

/dz%e(kge'l)|¢|2< /dz?Re(kQG"l)ItzS]?. (2.7.8)

—oc ~oc
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But - o
/dz?Re(kf,e‘l)]qS\?Z min Re(k2e ™) / dz|¢l?, (2.7.9a)
and - -
/dz%e(kze“l)ifb}zg max Re(k*e™ ) / dz||?, (2.7.9b)

where min or max f(z) is the minimum or maximum of f(z) respectively for
—00 < z < 0o. Therefore, (8) implies that

min Re(k2e ') < max Re(k*e ™). (2.7.10)
Because Re(kZe™) = Re(kZ)Re(e ') — Sm(k2)Im(e™"), we have
min Re(k2e ') > Re(k?) min Re(e ') — Sm(k?) max Sm(e™),
(2.7.11)
if Re(k2) and Im(k?2) are positive. In arriving at the above, we have used
min [a(z) + b(z)] > min a(z) + min b(z),

and that
A min b(z), if A >0,

in [Ab(2)] =
min [Ab(z)] {A max b(z), if A <O0.
As Sm(e™!) < 0 for a passive medium, we have
min Re(k2e') > Re(k2) min Re(e™'), if Sm(k) >0 (2.7.12)

and (10) becomes

(2.7.11a)

Re(k2) min Re(e™!) < max Re(k*e™?), (2.7.13)

defining an upper bound for Re(k?) as shown in Figure 2.7.2(a) if k) is a
solution of (5). A tighter bound than the above is arrived at if Re(k3) < 0
but it is encompassed by the above bound.

Similarly, by taking the imaginary part of (6), we have

oo oC

2

i d
/dz%m(kze‘l)MQ: /dz%m(kze“l)|¢f2— / dz Sm(e™) E"f
z
) ) (2.7.14)
Equation (14) implies that
max %m(kﬁe‘l) / dz|¢|* > min Sm(k%™") / dz ¢l

~ 1d
— max Sm(e™!) / dz a0
dz

-0 (2.7.15)

2
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The preceding inequality also implies that
max %m(kie_l) > min Sm(k%e™!) — max Sm(e V)7, (2.7.16)
where

n= dz|¢|* (2.7.16a)

Since Sm(kZe™!) = Sm(k2)Re(e ') + §Re(k2)\sm( =1}, therefore,

max Sm(k2e™') < Sm(k?) max Re(e™) + Re(k?) max Sm(e™'),

(2.7.17)
if \sm(kf,) and Re(kZ) are positive. In arriving at the above, we have used
max [a(z) +b(z)] < max a(z)+ max b(z). Consequently, from (16) and (17),

Sm(k?) max Re(e™') > min Sm(k*™') — max Sm(e™")[n + Re(k2)].
(2.7.18)

If Re(k2) > 0, the right-hand side of the above is positive because Sm(e~!) <
0 for a passive medium. Hence, m(k2) is bounded from below by a positive
number.

From (5) and (16a), note that k2 — —|k,[> ~ —7 when |k,| — co. Hence,
the above bound is invalid when |k,| — oo because Re(k?) < 0. But when
Re(k2) and Sm(k?) are negative, using the equivalence of (11a) for “max”,
the equivalence of (18) is

Sm(k2) min Re(e™') > min Sm(k* ') — max Sm(e” ')y
— min Sm(e ")Re(k2).  (2.7.19)
Since k2 — —n when [k,| — oo, the last two terms in the above become
n[min Sm(e™!) — max Sm(e™!)], |k, — oo.
Moreover, since 7 is a large number, the inequality (19) is approximately
Sm(k2) min Re(e™!) > 7 [min Sm(e™!) — max Sm(e™")], |k, — 0(02 720)

Equations (18) and (20) together give us a lower bound locus as shown in
Figure 2.7.2(a), since  ~ —k2, when |k,| — oo.

From (14), in a manner similar to deriving (16), we can further deduce
that

min Sm(kle™') < max Sm(k*e™') — min Sm(e™')n (2.7.21)
Similar to (17), we have

min i‘fm(kze_l) > %m(kz) min Re(e ") + Re(k?) min Sm(e™),
(2.7.22)
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2
Upper Bound Im[kp]
for Im[kg] Possible Pole Locations
;‘/Upper Bound

for Re[kﬁ]

Lower Bound

for Im[kg]

Possible Pole LLocations

Figure 2.7.2 Possible pole locations on the complex k;‘; and k, planes.

if 3m(k2) and Re(k?) are positive. Equation (21) together with (22) yields

Sm(k2) min Re(e™") < max Sm(k*™') — min Sm(e™!)[n + Re(k))].
(2.7.23)

When Re(k2) < 0, similar to (19) and (20), we have approximately
Sm(k2) min Re(e™") < n[max Sm(e™') — min Sm(e™h)). (2.7.24)

Equations (24) and (23) together define a upper bound locus for Sm(k?) as
shown in Figure 2.7.2(a).

The possible region of pole locations is then defined as shown in Figure
2.7.2(a). Since a straight line on kf, plane maps into a hyperbola on a k, plane,
the possible pole locations on the complex k, plane are as shown in Figure
2.7.2(b) (see Exercise 2.32). (These bounds simplify for TE waves in the case
of nonmagnetic material as shown in Exercise 2.32.) If the Sm(e™!) = 0 but
Im(k?) # 0, then the bounds given by (16) and (21) simplify since the second
terms on the right-hand sides equal zero. Consequently, the upper and lower
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bound loci for 3m(k/2)) reduce to straight lines. As a result, the possible pole
locations are as those shown in Figure 2.7.4.

Notice that the bounds for Sm(k?) become looser when Re(k2) — —oo,
as shown in Figure 2.7.2(a). However, since k2 — —n when |k,| — oo, tighter
bounds should exist for Sm(k2) when |k,| — oo.

§82.7.3 Numerical Integration of Sommerfeld Integrals

Even though asymptotic methods greatly accelerate the process of field
calculation, they have the weakness of being problem specific. For instance,
asymptotic expansions often have to be rederived for different geometries.
One way of computing the field in a robust manner so that the computer
program works under a wide variety of conditions is by the numerical inte-
gration of Sommerfeld integrals.

To save computation time, Sommerfeld integrals are often folded to range
from 0 to co. For example, Equation (2.3.5) can be folded by the reverse
process of going from (2.2.30) to (2.2.31). Then it becomes

El - _ Ie \fdk' -IEZ—JO(]C p) [eiklllz' + RTWleikuz-{-zik]zd}]
‘ 471'&161 ¢ k:lz ’ 12 '

0 (2.7.25)

The integrand has branch points and poles which could be right on the
real axis if the medium is lossless. But the error of an integration routine,
e.g., the Simpson’s rule (Hildebrand 1974), is proportional to the derivatives
of the integrand. Therefore, at the singularities, the error of integration
is intolerable. One way of defining a robust numerical integration path is
shown in Figure 2.7.3. By Cauchy’s theorem, the integral value is unchanged
along this new integration path. Adaptive Simpson’s rule or Romberg’s rule
(Hildebrand 1974) whereby the discretization of the integration step is chosen
to adapt to the oscillations in the integral can be used to integrate such
integrals.

Note that when z = 0, the first term of the integrand in (25) is nonconver-
gent; and hence, numerical integration is impossible. This term is the direct
field term which has a closed-form expression because it is the response of a
point source in a homogeneous medium. The reason for its nonconvergence
is similar to that given after Equation (2.2.11). In other words, the z = 0
plane contains the source-point singularity rendering the Fourier transform
of the field nonabsolutely integrable.

When the observation point is far from the source point, however, the
integrand becomes a rapidly oscillating function of k,, which is the motivation
behind the stationary phase method. Numerically, such a rapidly oscillating
integrand can be integrated with Filon quadrature (Hildebrand 1974). One
way of avoiding this oscillation is to integrate the Sommerfeld integral along
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Figure 2.7.3 A robust way of defining a numerical integration path
for the Sommerfeld integrals.

the steepest-descent path. For example, we can rewrite (2.6.4) as

oo
TA kS . . A ,
Hlﬂ; = ._?'_87 dkp klp H(()l)(kpp)R’{QE6Zk"p+1k12z+2lk“dl, (2726)

where Hél)(k,,p) = Hél)(kpp)e‘“‘ﬂp. In the manner of (2.5.13), by letting

ik,p + ki (2 + 2d;) = —As® + ikyry, (2.7.27)
where r; = [p? + (2 + 2d1)2]1/2, (27) becomes, via a change of variable,
R A ikyrg dkp kf; Fr(l) TE _—As?
H{, = 5 ¢ ds d—SH—HO (kop)Rig"e™ ™. (2.7.28)

C

Moreover, k, can be found in closed form in terms of s via (27) and the
integral in (28) is well defined. C is the mapping of the real axis on the
complex k, plane to the complex s plane. If (28) is now deformed to integrate
along the real axis on the s plane, it would be equivalent to integrating along
the steepest-descent path as shown in Figure 2.6.11 on the k, plane. We
must, however, include contributions from singularities encountered when
deforming the integration path.

By integrating along the steepest-descent path, a certain amount of book-
keeping is still necessary because the contributing-pole locations need to be
found. An alternative method is to deform the integration path to a path
that asymptotically approaches the steepest-descent path when |k,| — oo,
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Figure 2.7.4 A fast convergent integration path where pole tracking
is unnecessary.

but no singularities need to be enclosed in the course of deformation.!* As
shown in the previous subsection and Exercise 2.32, the poles can only be
in the shaded region as shown in Figure 2.7.2(b). Hence, by deforming the
integration path to one shown in Figure 2.7.4, where the end points of the
integration are asymptotic to the steepest-descent path, we can avoid exces-
sive bookkeeping of having to keep track of the poles on the complex &, plane
and, at the same time, obtain good convergence in the integral.

Another way of numerically integrating the Sommerfeld integral is to
integrate along the branch cuts (which requires pole tracking). This avoids
the slow convergence of the integral when 2 and 2’ are equal or are close to
an interface. Yet another method is to subtract out the slowly convergent
part of the integral and integrate it in closed form. Sometimes, a pole close
to an integration path gives rise to poor numerical convergence, but it can
be subtracted from the integrand to be evaluated in closed form to accelerate
convergence (see Exercise 2.33).

The integral (26) resembles a Fourier transform with the kernel e#*.
Hence, if the field values at numerous p are required, the fast Fourier trans-

14 This path was first proposed by G. Minerbo.
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form (FFT, see Oppenheim and Schafer 1975) can be used to evaluate the
integral (Lee et al. 1986; Franke and Swenson 1989). Moreover, when p is
large, e'*+? is rapidly oscillating, requiring a high sampling rate to reduce the
aliasing effect. Since the factor multiplying e**# is costly to evaluate in the
event of a high sampling rate, interpolations of the factor for high sampling
rate can reduce the cost.

§2.8 WKB Method

The WKB method!® is named after Wentzel, Kramers, and Brillouin even
though others before them have used similar ideas. It is a high-frequency
method of obtaining approximate solutions to an equation of the form

d*¢ 9

825+kz(z)¢:0, (281)
where k2(z) = k%(2) — k? = k?(2) cos? 6(z) if we let k, = k(z)sinf(z). Notice
that for a TE wave propagating in a nonmagnetic, one-dimensional inhomo-
geneity, the equation is already in the form of (1). For TM waves, however,
the equation is

e—e ' + k3(2)| ¥ = 0. (2.8.2)

The above could be cast into a form similar to (1) via the transformation
¢ = e_%z[). Then, one can show that

d? d?
wd’ =

i

EZ—Q‘G_ +2(—i,_z_£€_%+€_i(_i;§ . (283)

Furthermore, we deduce from (2) that

d*y
— = —k? — . 8.4
03 S +e . (2.8.4)

On substituting into (3), we have

o+ [kg _6%_6—%} é = 0. (2.8.5)

1
€2 ——¢ 2
dz?
term. This term appears only in TM waves because, unlike TE waves, TM
waves have a z component of the electric field which gives rise to polariza-
tion charges due to the variation in €(z). When the frequency is very high,

5 This topic is discussed in books on layered media and quantum mechanics.
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however, k, = £ cosf — oo, and the third term in (5) could be neglected if
€(z) is sufficiently smooth, or

[

2 dl
;D€ prEk (2.8.6)

In this case, both TE and TM waves may be described by Equation (1).

§62.8.1 Derivation of the WKB Solution

Equation (1) is a one-dimensional wave equation. The solutions are waves
with exponential dependence. Hence, consider first a solution of the form

#(z) = Ae“™?), (2.8.7)
Then, it follows that
¢"(2) = {iwr"(2) = [wr'(2)]"} A, (2.8.8)
and (1) becomes
iwt"(2) — [wr'(2))? + k2(2) = 0. (2.8.9)

The above problem can be solved via the use of a perturbation series by
letting

7(z) = 10(2) + 57’1(2) +..., W= 00. (2.8.10)

Note that
iwty(2) € ki(2), w— oo, (2.8.11)

because k? is proportional to w?®. Therefore, after substituting (10) into (9),
collecting leading-order terms when w — oo, we have

[wrp(2)]? = k2(2) = w?si(2), (2.8.12)

where s, = k,/w, which is independent of frequency. Also, s, is sometimes
known as the slowness of a wave. Consequently, on solving (12), one arrives
at

7o(z) = :t/ dz's,(Z') + Co. (2.8.13)

By collecting terms of first order in (9), we have
Wty (2) — 2wry(2)71(2) = 0. (2.8.14)

This gives . .
n(z) = %mf(;(z) +C = %m $.(z) + Chs. (2.8.15)
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Finally, using (13) and (15) in (10) results in
7(z) = :t/ dz's,(2') + 2L Ins,(z) + Cy, (2.8.16)
w

or that the general leading-order or the first-order approximation to (7) is of
the form

A+ . /Z ’ ’ A— . / ' '
exp |1w [ s,(2")d2"| + exp —'Lw/sz(z )dz
V2 V2

20 20

¢(z) ~

(2817)

The integration constants Cy in (16) can be absorbed by A,.

The first term in (17) corresponds to a right-going wave because its phase
is increasing with distance. Similarly, the second term in (17) corresponds to
a left-going wave. Moreover, the integral in the exponents implies that the
phase gained by a wave going from zy to z is proportional to

2z

iw/ s.(2")d2’, (2.8.18)
20

which is an integral summation of all the phases gained locally at z' over
the range from 25 to 2. This physical picture is true only if the multiple
reflections of the wave can be neglected as it is propagating. Furthermore,
Equation (11) shows that this physical picture, which corresponds to the
leading-order solution, is only valid if

ws(z) € wkst(z), (2.8.19)

or
d 2w
— Ink, <k, = —. 2.8.20
k(o) <k = 5 (2.8.20)
Hence, this physical picture breaks down if the frequency is not high or if
s, ~ 0.
The factor 1/,/s, is essential for energy conservation. For instance, in

the normal incidence case, where s, = s = \/ue(z), the forward-going wave
solution becomes

r4

exp iw/s(z')dz’ : (2.8.21)

20

Ay
(ne)3

¢i(z) ~

Moreover, if this is a TE wave, and ¢, (z) represents E,, for example, then
the power flow in this wave is

1 Je 1
5= 5\/t 6417 = —]A. %, (2.8.22)
7 2p
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Figure 2.8.1 WKB solutions exist in regions I and IIl, but not in
region II. However, a solution can be found by asymptotic matching.

which is a constant, since 4 is a constant as nonmagnetic material is assumed.
The above implies energy conservation, which is a consequence of including
the 1/,/s, term in the solution.

Note that when s, = 0, the solution becomes infinite because the inequal-
ity (19), the criterion for the validity of the WKB solution, is violated. This
case corresponds to the @ = m/2 case implying the onset of critical reflections.
Hence, the WKB solution cannot be used at a place where critical reflection
occurs.

Because of their physical interpretations, Equation (12) is also known as
the eikonal equation as in ray optics, and Equation (14) is also known as the
transport equation, which is essential for energy conservation. These equa-
tions can be generalized to higher dimensions albeit with more complexity
(Exercise 2.34; also see Kline and Kay 1965; Bremmer and Lee 1984).

§82.8.2 Asymptotic Matching

Consider a profile with k?(z) as shown in Figure 2.8.1, with an obliquely
incident wave (k, > 0) from the right. In this case, k%(z) = k?(z) — k2.
Here, k; has to be a constant for all z due to the phase matching condition.
Moreover, assuming that the wave satisfies Equation (1), then the WKB
solution can be derived for the above problem. But for k2 > k2, k, = 0 at
z = (, and the condition (11) or (19) is violated. In such a case, the WKB
solution can only be written down in region I to the right of { , and in region
III to the left, but not in region II; in region II, the WKB solution breaks
down. Nevertheless, region II can be approximated very well by a linear
profile region whose solution is expressible in terms of Airy functions. Then,
the concept of asymptotic matching!® can be used to patch the solutions in
all the three regions together.

16 The idea of asymptotic matching is embodied in the idea of matched asymptotic expan-
sions (Van Dyke 1975; Bender and Orzag 1978).
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Consequently, the WKB solution in region I is

z Fe

' A_
exp | iw / s.(2)dz"| + \/_—Szexp —iw/sz(z')dz'

< ¢

Ay

/5

(251(2) ~ .
(2.8.23)

Since zp in (17) is arbitrary, it is chosen so that z; = ¢ in (23). In region III,
since k2 > k?, s, = ia, is pure-imaginary; however, the inequalities (19) and
(20) can still be met. As such, we can write the WKB solution in region III
as

z

exp w/az(z’)dz’ . (2.8.24)
¢

B_

Grrr(z) ~

In the above, only the solution that is exponentially decaying in the —z
direction is included. Here, the exponentially growing solution in the —z
direction is eliminated since there is no source at z — —oc.

In the vicinity of ¢, k? is approaching zero linearly, and hence,
ki Q(z—C), 2— (. (2.8.25)

Because k? is proportional to w?, {1 is also proportional to w?. Subsequently,
around ¢, Equation (1) becomes

d2
Next, by letting 7 = 3 (2 — (). (26) becomes
d‘Z

which is the Airy equation we have already encountered in Subsection 2.1.5.
Therefore, the solution in the vicinity of {, or region II, is

¢1i(z) ~ CAi(-n). (2.8.28)

The Bi(—n) solution is eliminated because it is exponentially growing when
n — —oc, and hence, is unphysical due to the absence of a source at z — —o0.
The unknowns Ay, B_, and C in (23), (24), and (28) can be related to each
other through asymptotic matching.

Since the profile tends to k; when z — 400, the field to the far right is
of the form

¢1(z) ~ goe M=+ Repe™ =, 2 — 400, (2.8.29)

where ki, = /k? — k2. Here, R, a reflection coefficient that relates the
amplitude of the reflected wave to the incident wave at z = 0, is the unknown
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to be sought. Moreover, R and ¢¢ can be related to A; in (23) via the
following observation.

The integrals in the exponents in ¢; can be rewritten as
w/sz(z’)dz' = klz/ dz' + /[wsz(z') — k) d2'. (2.8.30)
e

¢ ¢

Note that the second integral tends to be a constant when z — oo, because
ws, — k1, — 0, when z — 0o. Hence, (30) becomes

z

w / s,(2')d2 ~ky,z+a, z— oo, (2.8.31)
e
where -
a= / [ws.(Z') — ki,]dz’ — k1,€ (2.8.32)
e

is a constant independent of z. Therefore, for large z, (23) becomes

61(z) ~ ,/ki A ekisetia ,/ki A_e~thuzmie 5 o (2.8.33)
1z 1z

On comparing (29) and (33), which are both valid in the overlapping regime
of z — oo, we conclude that

[w — [w } AL o
= [ A_eta = = la = —e“, 2.8.34
do Py A_e ™, Ry P A.e, R i ( )

Notice that A_ is known since it can be related to ¢g, the incident wave
amplitude. However, A, is still an unknown at this point. To find R or A,
the solution in region I needs to be matched to the solution in region II. To
do this, a region where both the solutions ¢; and ¢;; are valid is sought. Such
a region exists when w — oc.

From (19), it is seen that the WKB method is valid when ws,(2) «
w?s2(z). But when w — oo, the region over which this condition is violated
is very narrow. Hence, region II shrinks when w — co. Moreover, the WKB
solutions for regions I and III are valid even very close to z = {. Furthermore,
the approximation of a linear profile in (25) is valid outside region II. In this
case, the solution ¢;; is valid outside region II as well. As a result, there is an
overlapping region where both ¢; and ¢;; are valid. Similarly, an overlapping
region exists for ¢;; and ¢yy;.

As a consequence of this, one can examine the form of the solution ¢;;
to the right of z = (. Note that when w — o0, since 2 is proportional to
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wihn = Q%(z — () > 1 to the right of  even though 2 — ( need not be
large. Therefore, the large argument approximation of the Airy function can
be used to get [see (2.1.41b)]

91 - 2y 5 3 _.x
¢ ginbe-obng | -itabe-giog

(2.8.35)

Equation (35) is next compared with ¢; in the neighborhood of region II.
For high frequencies, regioan becor}nes very small, and in its neighborhood,
the approximation ws, ~ Qz(z — ()2 yields

4

2 1
w/sz(z') dz' o 2% (z - Oz, 2~ (2.8.36)
¢
As a consequence, ¢; becomes

i i

b1~ ——IAWZ ,e%“%(bog + ———EA‘M ~i303 (=02 (2.8.37)

SHENSE Qi
Then, by comparing (35) and (37), we deduce that

Ay

i R = —ie®e, (2.8.38)

Therefore, both A, and A_ are now known in region 1. Furthermore, on
comparing (35) and (37), C is found in terms of A,, ie.,

C =24, wirieiQ7s. (2.8.39)

Similarly, B_ can be found by matching ¢;; and ¢;;; to the left of z = (.
Hence, when —7n > 1, using the asymptotic expansion of the Airy function
for negative 7 gives a ¢;; which is [see (2.1.42a)]

C —205 (-1 1
b11(z) ~ — e 3T O3(¢ — 2) > 1. 2.8.40
11( ) 27‘(7911_2((—2)% (C ) ( )
Next, on using (36) for z < ¢, ¢;;; becomes
Bow? sk
br11(z) ~ e I ax (2.8.41)
Q¢ - 2)}

Consequently, on comparing (40) and (41), we conclude that

C =2B_miwiQs, (2.8.42)
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Figure 2.8.2 Propagation and refraction of waves through an inho-
mogeneous profile in Figure 2.8.1.

giving B_ in terms of C.

Therefore, given the amplitude of the incident wave ¢y, we can find the
amplitude of the field everywhere via Equations (34), (38), (39), and (42).
This solution is asymptotic in the sense that it becomes increasingly good
when w — 0o, because region II shrinks in size, and the matching regions or
overlapping regions exist for the solutions ¢;, ¢;1, and ¢;;.

The propagation of the wave through the profile in Figure 2.8.1 is depicted
in Figure 2.8.2, which shows an obliquely incident wave. Since the medium
becomes optically less and less dense when the wave propagates downward,
the ray is refracted to be more horizontal as it propagates. Finally, it is
critically reflected at z = (, where s, = 0. Furthermore, the wave becomes
evanescent below (, and it turns around (totally reflected) at z = (. The
point 2z = ( is also known as the turning point. It is also a caustic since the
rays that one would draw will bunch together at (. A caustic is often the
place where geometrical optics rays bunch together. At a simple caustic, a
ray undergoes a 90° phase shift as indicated by Equation (38). It is at this
turning point or caustic that the WKB approximation breaks down.

The WKB method, together with asymptotic matching, has been used to
analyze propagation of modes in optical waveguides (see Exercise 2.35; also
see Yamada et al. 1978).

§2.9 Propagator Matrix

A matrix method is sometimes used in solving the one-dimensional inho-
mogeneous profile problem. Such a matrix method is also known varyingly
as a propagation matrix, transition matrix, transfer matrix, chain matrix,
or scattering matrix methods. The multiplicity of names exists because this
method is used for electromagnetic waves, elastic waves, and Schrodinger
waves. Moreover, the matrix method also allows for an easy extension to the
numerical method. This method is attributed to Abelés (1950), Thomson
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(1950), and Haskell (1953). Furthermore, variation of this method is also
given by Born and Wolf (1980), Yeh and Liu (1972), Kong (1975, 1986), and
Aki and Richards (1980). We shall illustrate it in the following subsections.

§82.9.1 Derivation of the State Equation

Without loss of generality, consider first the differential equation that
governs the propagation of TM waves, namely,

d ,d
Bl B = 0. 9.
e o +ki(z)|¢=0 (2.9.1)
(The TE wave equation is of the same form as the above and need not be
reconsidered.) This equation can be converted into a first-order differential

equation so that a simple stepping procedure can be used to solve the equa-
tion. As shall be shown, this can be done via the state-variable approach.

To this end, we define a new function

1 d
= — 0, 2.9.2
v iwe dz¢' ( )
Then, Equation (1) becomes
d k?
Tv=——0. (2.9.3)
2 iwe

Consequently, Equations (2) and (3) could be written in a matrix form as

d —
v=HV, (2.9.4)
dz
where V' = [¢ 1] is the state vector describing the state of the system,
and the matrix 0
ﬁ = {ik‘z wOJE:l . (295)

§§2.9.2 Solution of the State Equation

Consider the case where (4) has a closed-form solution, e.g., when ¢ and
k, are constants. In this case, let

V =MV, (2.9.6)
Equation (4) then becomes
(H—-AI)- Vg =0. (2.9.7)

For nontrivial Vg, the determinant of H — AT has to be zero, giving A = +ik,.
Hence, A ‘
V(z) = Ae**a, + A_e %:%a_, (2.9.8)
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where a, are eigenvectors corresponding to the eigenvalues *ik,.

Since H is not symmetric or Hermitian, these eigenvectors need not be
orthogonal. But the eigenvectors a; could be normalized if necessary. Also,
(8) is expressible in a matrix form as

V(z) =a- e . A, (2.9.9)
where
At=[A, A_], (2.9.10a)
oK _ [e"(’;" e_gw] , (2.9.10b)
a=[a, a_]. (2.9.10c)

1

Next, using the fact @' - @ = I, we rewrite (9) as

V() = a. K. 571 53. oK . A =5 K6 571,y (7)),

(2.9.11)
Furthermore, if we define
P(z,7) =a- K=", (2.9.12)
then (11) becomes .
V(z) = P(z,2") - V(2). (2.9.13)

The matrix P is also known as the propagator matrix or the transition matrix.
It relates the state vectors that describe the fields at two different locations
z and 2.

§§2.9.3 Reflection from a Three-Layer Medium

We shall now show that the propagator matrix can be used to solve a
three-layer problem as shown in Figure 2.9.1. First, the state vector in region
1 has been derived as

Vl(z) = Al_e_iklzzal_ + RAl_eik“zaH =a- ei-izlz . {If] Al_.
(2.9.14)

In order to render the definition of R unique, it is appropriate to normalize
a4 here. Because of the definitions of ¢ and 1, they are continuous quantities
across a discontinuity. Therefore, V,(0) = V3(0), and V3(—d) = Vy(-d).
Moreover, the P matrix can be used to find Vy(—d) in terms of V4(0). Con-
sequently,

V3(—d) = Fz(—d,O) . VI(O) = FQ(_d,O) . 51 ‘ ’:Iij Al_. (2915)
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z

Region |
z2=0

Region 2
z2=-d

Region 3

Figure 2.9.1 A three-layer problem.

Since region 3 should only have a transmitted wave, V;(z) has to be of
the form

Vi(2) = TA_e %5:(+da, =g, . (Kslztd), {0} Ai_. (2.9.16)

Consequently, from (15) and (16), we conclude that
a, ' - Py(—d,0) a - [ﬂ = {,H (2.9.17)

There are two scalar equations with two scalar unknowns R and T in (17).
By rearranging the equations, R and T can be solved for readily. A simi-
lar approach can be used to find reflection and transmission at a half-space
(Exercise 2.36).

§82.9.4 Reflection from an Inhomogeneous Slab

If region 2 is now an inhomogeneous region, the above method of finding
R and T via Equation (17) will still apply if the P matrix can be found for the
inhomogeneous layer. One way would just be to find it numerically. To do
this, the inhomogeneous layer is divided into many fine, homogeneous layers
as shown in Figure 2.9.2, and the P matrix for the total layer would just be
the product of the P matrix of each of the layers, because

Vi(z2=—d) = F(—ZN, —2n-1) - Va(—2n-1)
P —

(—zn,—2zn_1) - Pl=zn_1, —2n_2) - Va(—2n_2)

P(—2, —z_1)| - V2(0)

I
R
I -
=

= P(~d,0) - V,(0), (2.9.18)
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Figure 2.9.2 Inhomogeneous layer case.

where P(—~d,0) = H::N P(~z,—z_;). Hence, P(—d,0) can be found via
this numerical approximation.

Alternatively, the P matrix could be solved numerically and directly from
Equation (4). A finite difference approximation of d/dz yields

Ay V() = Viz)]

P A , (2.9.19)
where A = z; — z;_;. Consequently, Equation (4) becomes
V(Z]) - V(Zj..]) = Aﬁ(Zj._l) . V(zj—l)) (2920)
which can be rearranged to give
V(z;) = [T+ AH(zj-1)] - V(zj-1)- (2.9.21)
Therefore,
1
V(ZN) = {H [I + AH(Z]_l)]} . V(Zo) = P(ZN,Z()) . V(Zo).
j=N (2.9.22)

Hence, the numerical approximation of the propagator matrix between
two points zy and 2z can be found. This P matrix could then be used in
(17) to find R and T for an inhomogeneous layer. Other more sophisticated
differencing schemes could also be used to solve (4). The rule of thumb is
that the step size must be much smaller than the smallest wavelength in the
inhomogeneous layer.

If the medium is lossy, or if the wave is evanescent, Equation (10b) implies
that the P matrix may have exponentially large terms as well as exponentially
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small terms. The existence of these exponentially large terms could make the
method unstable. In this case, it is preferable to use the method outlined
in Section 2.1. Alternatively, Equation (1) can be solved as a two-point
boundary value problem.

§2.10 Waves in Anisotropic, Layered Media

In Chapter 1, we explain that in a homogeneous, anisotropic medium,
there exist two types of waves. These two types of waves are, in general,
decoupled in a homogeneous medium. In the presence of a planar interface,
however, they will be coupled to each other at the interface—in other words,
a type I wave may generate transmitted and reflected waves of type I and
type II. Therefore, this is unlike a homogeneous and isotropic medium where
the two types of waves, TE and TM, are still decoupled at the interface.
Hence, the problem of waves in anisotropic, layered media cannot be treated
as a scalar problem—it has to be regarded as a vector field problem.

Previously, it was shown in the state-variable approach for the homoge-
neous, isotropic medium that the problem could be reduced to two coupled
first-order differential equations with a state vector that had two components.
Similarly, the state variable approach can be used in solving for the waves in
anisotropic, layered media. Because of the vector nature of the problem, a
state vector with at least four components is required.

Works on anisotropically layered media were performed by Teitler and
Henvis (1970); Berremen (1972); Barkovskii and Borzdov (1976, 1978); Dam-
askos et al. (1982); Graglia and Uslenghi (1984); and Morgan et al. (1987).
Moreover, this topic is also discussed in books by Budden (1961); Wait (1968,
1970); and Yeh and Liu (1972).

§§2.10.1 Derivation of the State Equation

In order to facilitate the matching of boundary conditions at the interface
of a layered medium, it is more expedient to work with the transverse to z
components of the electric and magnetic fields, namely, E; and H,.

Consequently, starting with Maxwell’s equations for source-free, anisotro-
pic media, we have

V x E = iwji - H, (2.10.1)
V x H = —iwe - E, (2.10.2)

Next, we can decompose V = V, + 25‘9—2, E=E,+E, H=H,+H,, and the
tensors 1z and € can be partitioned as

' —/j ﬁ = € Esz
= I, e=|_" 1. 2.10.3
u {l‘l’zs I"l‘zz} { z8 22} ( )

In the above, the subscript s denotes quantities transverse to z. Moreover,
[, 1s a 2 x 2 tensor, fi,, is a 2 x 1 matrix, fI,, is a 1 x 2 matrix, and f,, is a
1 x 1 matrix. Similar decomposition holds for €.
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After substituting the decomposition into (1), and equating the transverse
and longitudinal components, we have

0

6—2 xE,=wp, Hy+wh,, - H, -V, xE,,
z (2.10.4a)
Ve xE, =iwn,,  Hy + twu,, H,. (2.10.4b)

In addition, by duality, or from (2), we have

aié xH, = —iwe,-E;, —iwe,,-E, — V, x H,,
z (2.10.5a)
V, x H, = —iw€,, - E, — iwe,,E,. (2.10.5b)

Then, using (4b) and (5b), we can remove E, and H, from (4a) and (5a)
by expressing them in terms of E, and H,, that is,

1
Ez = —;‘E'{szs X Hs - ’{zzgzs ) Ess (21063‘)
1
H,= Z‘—szvs x B, — Veallyg * H,, (2'10'6b)
w

where k., = €.}, v,, = p;}. Equations (6a) and (6b) can be used in (4a) to
yield

g, - — o
‘a_zz X Es =W, Hs + Hy, - szvs X Es W g, Mg szHs

1
+,—w—V3 x K., Ve x Hy +V, X K,,€,, - E,. (2.10.7a)
1

By duality, we then have
0

_8—;2 x H3 = _iwzs ' Es + €, - ’{zzvs X Hs +iw €57 €5 '{zzEs

1
_EV’ Xxv,,Vy xE, +V, xv,,11,, - H,. (2.10.7b)

Moreover, by assuming that the fields E, and H, have e’=™s dependence
in the transverse direction for all z’s (phase matching), (7a) and (7b), after
crossing with —Z, can be written as

_d_Es = [(—iwz‘ X ﬁs') +iwz x Bogy Py Vzp — (z x kg x ’{zzksx>] H,
dz v
+[(_Z£ X ﬁsz ' szksx) -1z X k3 X K"E”.]E"
(2.10.8a)
——Hs - [('Lwé x E,') —lwiz X gsz 'Ezs “ Kz + (E X ks X szksx)] Es
dz v
+[(_12 X €y ° ’{zzksx) -2 x ks X sz"—"zs']H-”
(2.10.8b)
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where V, has been replaced by ik,, and we assume that 1z and € are functions
of z only. Consequently, the preceding equations can be written in a matrix
form as a state equation

d Es ﬁ]l ﬁl? Es
—— = - g M 3 2-10.9
dz {Hq} {Hm Ho H; ( )

where H,; are 2 x 2 matrices derivable from (8a) and (8b) (Exercise 2.37).
The above state equation then becomes (see Morgan et al. 1987)

d —
—V =H-V, (2.10.10)
dz

where V! = (E,, H,) is a four-component row vector and H is a 4 x 4 matrix.

§82.10.2 Solution of the State Equation

For a homogeneous medium, the eigensolutions of (10) can be found by
letting

V = Vye?. (2.10.11)
The subsequent use of (11} in (10) then yields
(H—-AI)-V,=0, (2.10.12)

which is an eigenequation for the eigenvalue . Since H is a 4 x4 matrix, there
will be four eigenvalues and four eigenvectors from the above equation because
the equation det (H — AI) = 0 yields a quartic equation for A. Therefore, the
general solution to (11) is of the form

V(z) = Aja1e?” + Ajane’™” + Azaze™* + a0, (2.10.13)

where a; is the eigenvector corresponding to the i-th eigenvalue. Note that the
a;’s are not orthogonal because, in general, H is not symmetric or Hermitian.
Furthermore, these four solutions correspond to type I and type II waves
going in the positive and negative z directions.

Equation (13) is also more compactly written as

V(z)=a- e . A, (2.10.14)
where @ is a 4 x 4 matrix containing the eigenvectors a;’s, i.e.,
a= [al ;dg, a3, 84],

and A is a column vector containing A;'s. Furthermore, Bis a diagonal
matrix where the i-th diagonal element corresponds to the i-th eigenvalue.
Moreover, from the definition of the exponentiation of a matrix,

elﬂ] 2

= iz
eP? = e (2.10.15)

e—lﬂgz
e—iﬁu



136 PLANARLY LAYERED MEDIA

Figure 2.10.1 The k vectors of incident, reflected, and transmitted
waves at an interface of two anisotropic media.

In addition these eigenvalues and the eigenvectors are ordered such that the
first two elements of (15) correspond to an upgoing wave while the last two
elements correspond to downgoing waves.

As a result, Equation (14) can be rewritten as

V(z)=1a- eBl=2)  g-1.5.¢B7 . A
=P(z,2) - V(¢), (2.10.16)

where . _
P(z,2) =a- Pt .31 (2.10.16a)

is a propagator matrix of the field from 2’ to z, analogous to (2.9.12).

§82.10.3 Reflection from an Interface of Anisotropic Half-Spaces

We shall demonstrate how the above conclusions can be used to derive the
reflection from an interface between two anisotropic media. In an anisotropic
medium, the lengths of the k vector for type I and type II waves are different.
In order for the phase-matching condition to be met, the components of these
k vectors transverse to the z direction must be the same. In other words,
k, in (8) is a constant independent of z. Hence, a picture of the incident,
reflected, and transmitted k vectors is as shown in Figure 2.10.1.

In region 1, the state vector can be expressed as

Vi(z) =7, - P17 A, (2.10.17)
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Equation (17) is similar to Equation (14) except for the subscripts 1 used
to denote that (17) is for the solution in region 1. In the above, A} =
[A11, Aoy, A3y, Ag) where Ay and Ay are the amplitudes of the downgoing
type I and type I waves, while A}, and A, are the amplitudes of the upgoing
type I and type II waves. A reflection matrix can be defined that relates
upgoing waves to downgoing waves in region 1 as

All n A3l
=Ry, . 2.10.18

Here, A3 and Ay, the downgoing or incident wave amplitudes, are assumed
to be known. Hence, 4, and A, or Ry,, are the unknowns to be sought in
this problem.

As a result of this, (17) can be rewritten as

= iByz R— A
VI(Z) = aq) 'CG1 . [ 112} ‘ [AZ?} . (21019)

To render the definition of Ry, unique, it is appropriate to normalize the
eigenvectors a;’s.

In region 2, only downgoing waves exist. Similarly, a transmission matrix
is defined to express the state vector in region 2 as

% 0 A
Vo(z) =ay e 1 2 | 2.10.20

2(2) e {Tn} [Au ( )
Since Vi(z) and Vy(z) are the state vectors related to the tangential com-
ponents of the electric and magnetic fields at the interface, the boundary
conditions require that V(0) = V5(0), leading to

a - [ET”J =7, [TOIJ . (2.10.21)

The ibove constiggtes two__matrix equations with two matrix unknowns, R,
and T;,. Hence, R2 and T)5 can be found easily.

If a medium is isotropic instead, the type I and type II waves reduce to
TE and TM waves. In this case, the lengths of their k vectors are the same
(Exercise 2.38).

§62.10.4 Reflection from a Slab

The reflection of a wave from an anisotropic slab as shown in Figure
2.10.2 can be found in a manner parallel to Subsections 2.9.3 and 2.9.4. In
this case, tlie equation in place of (21) is similar to (2.9.17), that is,

a; ' - Py(~d.0) a - [_Il-i} = [%} . (2.10.22)
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Figure 2.10.2 A three-layer medium where all the layers are aniso-
tropic.

In the case of a homogeneous slab, the propagator matrix, Py(z, 2'), is
given by (16a). But when the slab is inhomogeneous, it could be modeled as
consisting of many fine layers, each of which is homogeneous. Then, the prop-
agator matrix for an inhomogeneous, anisotropic slab is given by an equation
similar to (2.9.18). Similarly, Equation (10) can be solved numerically to
obtain an approximation of the propagator matrix in an inhomogeneous slab
as in Equation (2.9.22).

§8§2.10.5 Geometrical Optics Series

In the previous method, the propagator matrix may contain exponentially
large terms when a lossy medium is involved or when we have an evanescent
wave. In this case, the propagator matrix in (22) may become exponentially
large. Such a problem can be overcome by proper bookkeeping; alternatively,
a geometric optics series can be used to find the reflection matrix for a slab
similar to Equation (2.1.21).

Suppose that the reflection and transmission matrices for a single interface
are derived as in Subsection 2.10.3. Then, for a three-layer medium, the state
vector in region 1 is

VI(Z) = a“e’ﬂ“zAu + azleiﬁ“zAm + 331€~iﬁ312A31 + a4le“iﬂ“”A41.
(2.10.23)

The above can be written as
Vi(z) =@, Pt Ay, +8_ e Pt A, (2.10.24)

where @y, = [a)1, a], 8- = [ag, aq], A}, = [A1, 4], Al = [As, Aal,
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and Bl + is a diagonal matrix containing 3;; and f;; on the diagonal, while
B,_ is a diagonal matrix containing (s, and (4 on the diagonal. Next, by

defining A1, = Ry2 - A;_, we can write the previous equation as

Vi(z) =3, P+ Ry A +8,_ e P2 A (2.10.25)
Similarly, in region 2, the field becomes
V2(Z) = §2+ . Ci52+(z+d2) '§23 . AQ- +ag_ - €—i52"(z+d2) . A2_. (21026)

But the upgoing wave in region 1 is a consequence of a reflection of the
downgoing wave in region 1 plus a transmission of an upgoing wave in region
2. Hence,

Elg A= ﬁlg AL+ Tgl : €i52+d2 'Egg . (21027)
Similarly, the downgoing wave in region 2 is a consequence of the transmission
of the downgoing wave in region 1 plus a reflection of the upgoing wave in
region 2, or

€—i[_j2‘d2 : A2_ = ﬁzl : 6152*42 : ﬁzg . A2_ + Tlg : Al—~ (21028)

Equation (28) can be solved for A,_ to give
_ — — — — -1 — __
AQ_. = [I - €7ﬂ2'd2 . R21 ' 6152+d2 : Rgg} . Czﬁz_d2 . T12 ' Al-—~ (21029)
Equation (29) used in (27) will then yield

= — — = o - —= — = — 11 = —
Ri2 = Ryp+ Ty -2+ % - Rys- [I — Pade Ry, - et R23] P2t Ty
(2.10.30)

The above is an equation for finding the generalized reflection matrix, R,
that incorporates subsurface reflections for a three-layer medium (Exercise
2.39). It is very similar to (2.1.21) in its physical interpretation.

Now, if another layer is added below region 3, only R,; needs to be

changed to Ryj to get the correct R,,. Hence, a general expression analogous
to (2.1.23) is

W s Bivr stivs . Ty
Riir1 =Riipr + Tipry - €705 Ry g

- - ~ -1
T B _tiv1 T By, Lt 5}
. {I — Wittt R'i+l,z' ceirn bl R'i+1,i+2]

B -t 'Ti,i+1>

(2.10.31)
where ¢4, = d;41 — d;, the thickness of the 7 + 1 region. The above allows
one to find the generalized reflection matrix for all regions in an N-layer,

anisotropic medium. Similarly, (29) can be generalized to

— = — = = -1
A= [I — et Rit1,- eBirirtivy, R'i+li+2]

. czﬁwl,—tiﬂ 'Ti,i+l . Ai,~
= §i+1,1 . Ai*. (21032)
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Equation (32) can be used recursively to give the wave amplitudes in all
regions in an N-layer medium.

Now, in Equations (31) and (32), exponentially large terms are not en-
countered. Hence, the method is more stable.

Exercises for Chapter 2

2.1 For a one-dimensional profile where € and p are isotropic and are func-
tions of z only, extract the z components of the vector wave equations for
the E field and H field and show that

d d
VzEZ + é—ze_laeEz + wzpeEz =0,

0 0
ViH, + 5;#_15;#112 + wiueH, = 0.

From these two equations, derive the boundary conditions for £, and H,
for a step discontinuity in px and e.

2.2 Derive the conditions under which the Fresnel reflection coeflicient for
TM waves, i.e., R™™ would vanish, and when it would have unit ampli-
tude.

2.3 Derive Equation (2.1.24) from (2.1.23) by using the fact that T;; = 1 +
R'ij’ and B/L']' = "Rjz’-
2.4 (a) Show that

[1 _ R21ﬁ2362ik22(d2—d1)] [1 _ 332R3462ik3‘(d3_d2)]

equals

[1 _ R21R2362ik22(d2—d1)] [1 — R32R34e2ik31(d3—d2)] ‘

(b) Using the above idea, i.e., the tilde can be moved from Ry3 to Rs,
and the expression remains unchanged, show that for TE waves

where Tij is defined in (2.1.28). The above is important for establish-
ing the reciprocal nature of the generalized transmission coefficients.

2.5 Making use of (2.1.35), derive (2.1.36) from (2.1.33).

2.6 Using the Runge-Kutta method, write a first order approximate solu-
tion to Equation (2.1.36) which models a piecewise linear profile. If one
chooses instead to model an inhomogeneous slab with a finely layered
medium, Equation (2.1.24) would be used recursively to find the reflection
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coefficient. Count the number of multiplications and additions required
in both cases, and estimate which algorithm will be more efficient.

Note: Now, computers take about the same time to perform a multiplica-
tion or a division compared to an addition; hence, the number of floating
point additions and subtractions cannot be ignored.

2.7 An inhomogeneous profile is described by €(2) = €y for 2 < 0, and €¢(z) =
€0+az for z > 0 and p = g (see figure). For a normally incident (k, = 0)
wave from the left-hand side (2 < 0), find the reflection coefficient for the
electric field at 2z = 0.

2€(2)

€,+ QZ

> 2
Figure for Exercise 2.7

Hint: With the introduction of some loss, make sure that the wave is
exponentially small when 2z — oo.

2.8 The Hankel function of the first kind is obtained for (2.2.4) because we
have made use of exp(—iwt) dependence.

(a) Show that if exp(jwt) dependence is used, the solution to (2.2.2) will
be a Hankel function of the second kind. Obtain the constant C in
this case by matching the singularity at the origin.

(b) Going through similar derivations as in (2.2.5) to (2.2.11), and intro-
ducing a small loss in the medium, derive a plane-wave expansion of
the Hankel function of the second kind. Stipulate appropriately the
path of integration of the Fourier inverse transform in the complex
plane.

2.9 (a) By making use of the recurrence relations of Bessel functions [see
Chapter 1, Equation (1.2.34)], prove the property of the raising op-
erator in (2.2.16).

(b) Hence, prove the identity (2.2.17).
(¢) Can you design a lowering operator?

2.10 The two-dimensional Fourier transform pair is given as

Flka k) = [ [ dedye=toriogay),
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1 > ) )
F@n) = gy [ dbdhy €SP ks ).

(a) By writing the above in cylindrical coordinates, i.e., let £ = pcos ¢,
y = psin¢g, k; = k,cosa, ky, = k,sina, show that the above becomes

&) 27

(=]

(b) By letting

F(kya) = Y Fa(k,)e™,
1 & e
flo,9) = o~ Y falp)e™?t T,

and using the integral representation of Bessel function, show that

Fn(k/’) =/dppfn(p)Jn(kpp)v
0

o) = [ by kool (k).
0

The above is known as the Hankel transform pair.

(¢) From the Hankel transform pair, deduce that

8(k, — k,)

p

0

‘5(—”;—3—) = / dk, ko (k,p)Jn(kp').
0

2.11 The mapping k, = (ki — kﬁ)l/2 maps from the complex k, plane to

the complex k, plane. By letting k, = ko + 6e?, where & is a small
real number, and kg = |kolei®, show that for the Sommerfeld branch cut
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(Figure 2.2.7), the right seam of the branch cut maps to the negative real
k., axis, and the left shore of the branch cut maps to the positive real k,
axis of the complex k, plane.

2.12 Define a Re(k,) = 0 branch cut with the upper Riemann sheet as
Re(k,) > 0.

Show where the real and imaginary axes on the complex k, plane are
mapped to on the complex k, plane.

2.13 (a) First, write the solution to (2.2.19) as

o0

1 - .
(b(fl?,y,l) = / dkz ¢(zay7kz)ezkzz‘
2m

-0

By substituting the above into (2.2.19), derive an expression for

¢(z’ y’ kZ))

and hence, the identity (2.2.34).

(b) Alternatively, derive (2.2.34) from (2.2.31) by contour deformation
and a change of variable of integration.

2.14 When we have a current loop as a source, i.e., J = —¢J 8(p—p')b6(z—2"):
(a) Show that the electric field in cylindrical coordinates has only a ¢
component, and that it satisfies

L9 o ] / ’
[pa_p;(?_p + 3,2 + kﬂ pEy = wulpé(p—p')6(z —2');

(b) By using Hankel transform (Exercise 2.10), show that the solution is

¢

wplp k , Eileez!
E, = “2’)/dk,,k—”Jl(kpp)Jl(kpp)ekz' ;

0

(c) What would the solution be if we have a current disk instead, i.e.,
J=0¢J(p)b(z—2")7
2.15 Assume that a VED is over a three-layer medium:

(a) Write down the solution (2.3.6) for region 2, i.e., the slab region. Give
explicitly the expression for A,.

(b) Derive the electric and magnetic field components transverse to z in
region 2.



144 PLANARLY LAYERED MEDIA

2.16 (a) Assume that a VED is embedded in region 2 of a three-layer medi-
um (see Figure 2.1.3). Then, the field in region 2 can be written
as

dk [ikg,lz-—z’l —tkg,2 B ikg,z}
87rw62/ plc kyp) le + Ase + Bsge ,

where the extra terms to the source term are due to multiple reflec-
tions of the waves from the top and the bottom boundaries. Find the
coefficients A, and Bs.

(b) What is the expression when region 1 and region 3 are perfect con-
ductors?

2.17 For certain problems, Cartesian coordinates may be more pertinent.

(a) Using the Weyl identity [Equation (2.2.27)], show that for an HED,
where J = zI{6(z — 2')6(y — ¢')6(2), E, is given as

E, =%+ / / dk.dk, k, gtk (@=a)Fiky (y—y') +ikalzl
87r2we

(b) A current sheet source J = £6(z)Js(z,y). Using the idea of convolu-
tion, show that F, produced by the current sheet is

/ / dkgdk, Iczjs(kz’ ky) eikzz+ikyy+ikzlz|,

E, =+
8mwe

where J,(k;, k,) is the two-dimensional Fourier transform of Jy(z,y).
Remember that convolutions in real space are the same as multipli-
cations in Fourier space.

2.18 (a) Derive (2.4.6a) and (2.4.6b).
(b) Derive (2.4.15) and (2.4.16).
(c) Show that for TE waves

,f;&(z,z') = kﬁn";F_(z',z),

where 2’ € R,,,, 2 € R, and R; stands for region i.

2.19 Assuming that d; = 0, i.e., the dipole is right at the interface, derive the
leading-order asymptotic expansion to the integrals (2.3.9a) and (2.3.9b)
using the method of stationary phase.

Hint: Write Hl(l)(lcpp) = [Hl(l)(lcpp)/Hél)(k,,p)] Hél)(lc,,p). The ratio of
Hankel functions can be treated as slowly varying, and hence, factored
outside the integral.
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2.20 (a) Derive (2.5.20) using the integral identity for gamma function or
the identity that

oC

/e**“dsz /A

(b) Hence, derive the expressions (2.5.21) and (2.5.23).

2.21 Derive the integral identity (2.5.30), and the expressions (2.5.31) and
(2.5.32).

2.22 Show that s~ in (2.5.19) peaks at s = 1/n/2X, and s"*®e™>* in
(2.5.29) peaks at (n + a)/), and hence, derive the conditions (2.5.34) and
(2.5.35).

2.23 (a) Show that (2.5.51) is the leading-order saddle-point contribution of
(2.5.37).

(b) Show that (2.5.54) is a consequence of the leading-order saddle-point
contribution of (2.5.37), plus a leading-order contribution of the sin-
gularity. Show it for the case when k£ = 1/2 so that the singularity is
an algebraic branch point, and when £k = —1 so that the singularity
is a pole.

2.24 The governing equation for the steepest-descent path that passes throu-
gh a saddle point is given by (2.5.13) when s is real.

(a) Show that for (2.6.1), when d, = 0, and z > 0, the steepest-descent
path is given by the equation

tk,p + iky,z — ikyir = -8,

where r = (p? + 22)V/2

(b) Show that the steepest-descent path intercepts the real axis at k, sin
and k,/sinf where 6 = sin™!(p/r), and that it intercepts the imagi-
nary axis at k; tan .

(c) Show that the asymptotes of the steepest-descent path are

by~ a2 P2
p

7 s — o0,

and hence, sketch the steepest-descent path on the complex k, plane.
2.25 (a) Derive the branch-cut contribution given by (2.6.14).
(b) Give a physical interpretation of this branch-point contribution.

2.26 Find the asymptotic expansion of the transmitted field in (2.6.2) when
d1 =0.

(a) Using the large argument expansion of the Hankel function, show that
the stationary point or the saddle point of the integrand is given by

- p = kocingd = kP =/
kps ~k2(—p2—;‘z2—)1/3 = kQSlng—kz;, where r = ,02+Z2.
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(b)

The constant-phase path that passes through the saddle point is gov-
erned by Equation {2.5.13) when s is real. Show that for (2.6.2), the
constant-phase path is governed by the equation

1kpp — thp,z — thyr = —\s?, z<0.

Solve this equation when k, — +o00, or s — o0, and show that

QP F 2
r2

k, ~ As ) s — too.

Therefore, the steepest-descent path has similar but not identical
asymptotes as those shown in Figure 2.6.1. Sketch the steepest-
descent path and the branch cuts for this problem.

Find the leading-order expansion of {2.6.2) using the method of sta-
tionary phase (which is equal to the leading-order saddle-point con-
tribution). Show that this is a spherical wave with exp(ik,r)/r de-
pendence.

(Optional) By deforming the contour from SIP to the steepest-descent
paths or constant-phase paths through the saddle point and the branch
point, show that there is a branch-point contribution when k;sin @
> k;, and find this branch-point contribution. Give a physical inter-
pretation to this branch-point contribution. Can you identify another
name with the above inequality?

2.27 It was shown in Exercise 2.17 that for a current sheet J = £6(2)J(z, ),
its E;, field could be derived.

(a) Derive Hy, for the same current sheet.

(b)

Show that when we place the current sheet over a dielectric slab of
thickness ¢, backed by a perfect electric conductor (ground plane at
the bottom), as in microwave integrated circuits (see figure), the field
in region 1 is

Jx(x,y) 6‘
€2>€'
777777777 77777777777777/7777
O-+o

Figure for Exercise 2.27
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1 A - -
= dk kg Jo(ky, ky)e™ ™ (1 — RTM
2L 8miwe; // To(kz, kyJe ( R )’

1

Z:—
82

H, // dk, :ijx(/cx, ky)e™ ™ (14 RTE)
. 1z

where k; -1 = k2 + kyy + k2.
(c) What should RTF and RT™ be in this case?

(d) Find the far-field approximation of E;, and H;, using the method of
stationary phase and the identity (2.2.27), assuming that ¢ is small.

Hint: To find the far-field approximation, first find the stationary
phase point where %kl -r =0 and %kl -r = 0. Then, pull out the
slowly varying part of the integrand and evaluate it at the stationary-
phase point, leaving behind an integral such as (2.2.27) that can be

evaluated in closed form.

(e) From Ey, and H,., find Fyy and Hyg, and hence, Ey4 and Hyy. (These
are useful for plotting the radiation patterns of an antenna.) Find the
Poynting vector in the far field.

Hint. Use the plane-wave approximation.

(f) (Optional) Show that there is a T'M, mode with no cut-off frequency
for the ground plane backed substrate above. Hence, RT™ always has
a pole. Assuming that the pole is contributing (when z = 0), find
this pole contribution.

Hint: The answer will be in terms of an integral.

2.28 Show that when a VED, located at z = 0, is placed between two parallel
metallic plates, located at z = d; and z = —dj,, the solution is

~I€ * k:B (1) ko, lz —1 z ko, z
E,, = Sres / dk, E:—ZHO (k,p) [e klel 4 A,e7% 4 Boe ‘"22“] .

-
where

1 + e?ikgzdl
1 — e2tk2:(dy +dy)

1 + e?ik‘gl da

— 2iko,do
1 — e2tk2:{di+d2) ’

A2 29k dy " 32 —

(a) Show that the integrand has no branch point at &, = k. Hence, the
only singularities of the integrand are poles.

(b) Identify the locations of the poles (which are the guided modes of
the parallel-plate waveguide) on the complex k, plane. Discuss what
happens to the poles when d; + dy — 0.
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(c) Show that by deforming the SIP contour to infinity, the field E,, could
alternatively be expanded in terms of the modes of the waveguide.

2.29 The reflected field when a VMD is placed over a slab is given by the
second term in (2.6.23), i.e.,

A [ K | _
Hﬁ = _Z_A dk,,—pHél)(lc,,p)e”‘“(”zd‘)RTZE.
8 k:lz

—00

The above integrand could have a leaky pole near the saddle point (see
Figure 2.6.7). Derive a leading-order uniform asymptotic expansion for
the integral by including the effect of a leaky pole.

2.30 The m-th image term in (2.6.26) is

o0

iIA K3 ‘

o | ko TR HS (k) T R R Ty
1z

Rm __
le -

where we have assumed that 2 = d; = 0.

(a) Show that the location of the saddle point can be close to the branch
point at k, = k;.

(b) Derive a uniform asymptotic approximation for the above integral by
including the effect of the branch point on the saddle-point contribu-
tion.

2.31 Using the steepest-descent method, derive the leading-order saddle-
point approximation to (2.6.35).

2.32 A guided TE mode of an inhomogeneous slab satisfies the equation

d _,4d
,UE;,U la-ibk‘z—k‘l?, #(z) = 0.

(a) Assuming that p is lossless but € is lossy, deduce the region on the
complex kf, plane where the poles of the integrand of the Sommerfeld
integral for a TE wave can be located.

(b) Show that Sm[k?] = constant and Re[k?] = constant map into hyper-
bolas on the complex k, plane. Hence, ascertain the region of pole
locations on the complex k, plane.

2.33 Given an integral of the form
¢ = /dk,, k,Jo(kop)G (k)
0

and that G(k,) has a pole at k, = kp, i.e., G(k,) ~ k,,—fE_;’ k, — kp:



EXERCISES FOR CHAPTER 2 149

(a) Show that the expression

2Akp J()(kpa)
k2~ k2 Jo(kpa)

F(k,) = G(k,) -

has no pole at k, = kp. Hence, ¢ can be written as

7 2Ak T kydolkop)dolk
6= / dk, kyJo(k,p) F (K, P / a, "GN )
0 0

k2

(b) The first integral now does not have a pole at k, = kp. The sec-
ond integral can be evaluated in closed form. By letting Jy(k,p) =

%[Hél)(kpp) +Hé2)(k,,p)] and unfolding the integral to range from —oo
to +o0, use the contour integration technique to evaluate the second
integral.

2.34 For a scalar wave equation in three dimensions, i.e.,

VEi(r) + k*(r)¢(r) = 0,

we can make high-frequency approximations similar to the WKB approx-
imations.

{(a) Derive the corresponding eikonal equation and the transport equation
for this wave equation in three dimensions.

(b) (Optional) Describe how you would solve these derived equations.

2.35 A profile is described by ¢(z) = 612(7 tanh(kz)+ 222 2 , €1 > €9, for z < d.

For z > d, € = ¢g (see figure). Assume further that u = g is a constant:

z2=0 z=d

Figure for Exercise 2.35
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(a) Using asymptotic matching and WKB method, find the reflection
coefficient of a wave which is obliquely incident on this profile from
z = 400, assuming that €2 < €g. Assume «kd > 1.

(b) Such a profile could approximate a profile obtained by doping a semi-
conductor material and could be used for integrated optics applica-
tions. Assuming that d > A, derive a guidance condition for an
optical wave propagating in this waveguide.

2.36 Using a state variable approach and derive the reflected wave for a half-
space similar to what has been done in Subsection 2.9.3 for a three-layer
medium. Normalize your eigenvectors such that af -a = 1. Give the
expression for the reflection coefficient explicitly.

2.37 Derive explicit expressions for the matrices H;; in (2.10.9).

2.38 Assume that two half-spaces are homogeneous and isotropic. In this
case, the type I and type II waves are the TE and TM waves. Assume
further that the k vector for the incident field is in the xz plane.

(a) Use the formulation of Subsection 2.10.3 to derive the reflection and
transmission matrices

(b) Show that the reflection and transmission matrices are diagonal.
(c) How are they related to the Fresnel reflection coefficient?

2.39 Expand Equation (2.10.30) as a series and give physical interpretations
to each term of the series.
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CHAPTER 3

CYLINDRICALLY AND SPHERICALLY LAYERED MEDIA

Information obtained from the study of waves in circular cylindrically, and
spherically layered media can be applied to fiber optics, geophysical probing,
radar cross-section studies, microstrip antennas, and other technologies. For
example, in optical fibers, the doping of the fiber may have a gradual transi-
tion rather than a step transition. Such a gradual transition may be modeled
with many thin layers of piecewise homogeneous layers.

In the geophysical exploration of the subsurface earth, a borehole drilled
deep into the earth is often employed. Such boreholes are usually filled with
fluid. The subsequent invasion of borehole fluid into the rock formation gives
rise to an altered zone whose electromagnetic property varies radially away
from the borehole. Such a zone may be modeled by a cylindrically layered
medium.

Curved layers are also useful in modeling the scattering by curved sur-
faces, which are coated with dielectric materials in order to reduce their radar
scattering cross sections. This has applications in reducing the radar cross
sections of aircrafts, for example. Also, for an understanding of microstrip an-
tennas mounted on curved surfaces, and dielectric coated circular waveguides,
a knowledge of waves in cylindrically layered media is often necessary.

Works in this area are usually related to wave propagation on curved
surfaces, scattering by cylindrical structures (for a review, see Pearson 1987),
borehole geophysics (for a review, see Lovell and Chew 1987a), and dielectric
optical waveguides (for a review, see Gronthoud and Blok 1978; and Yariv
1985).

§3.1 Cylindrically Layered Media—Single Interface Case

In a cylindrical geometry of circular symmetry, a wave can be broken
down into cylindrical harmonics with different e*® dependence. In principle,
only two of the six electromagnetic field components are needed to charac-
terize the wave. Moreover, due to the preferred z direction of the medium,
the electromagnetic field can be decomposed into TM to 2 and TE to 2
type waves. As a result, E, and H, components of the field can be used
to characterize the TM and TE waves respectively. Unlike planar bound-
aries, however, both TM and TE waves are needed (in general) to match the
boundary conditions at an interface between two cylindrical layers. The only
exceptions are axially symmetric (n = 0) and z-invariant (8/90z = 0) TM
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and TE waves, whose boundary conditions can be satisfied independently
of each other. Consequently, for nonaxially symmetric waves, both TM and
TE waves must coexist in a circular, cylindrically layered medium. Such a
wave is also known as a hybrid wave. In this presentation, we shall use the
formulation of Chew (1984) and Lovell and Chew (1987a, 1987b).

§83.1.1 Vector Wave Equation in Cylindrical Coordinates

The vector wave equations in a homogeneous, isotropic, source-free me-
dium are

VxVxE-kE=0, (3.1.1a)
VxVxH-kH=0. (3.1.1b)

In cylindrical coordinates, it is most expedient to extract the 2 components
of the above equations to yield (see Exercise 3.1)

(V2 +kY)E, =0, (3.1.2a)
(V2 +Kk*)H, = 0. (3.1.2b)

Then, the general solutions to the above equations are

[g] [Anda(kp) + BLHO (k,p)]e+in?, (3.1.3)

where k2 + k2 = k2. Notice that the above can also be replaced by any other
linear superposmon of two linearly independent solutions of Bessel’s equation
(Exercise 3.2).

Furthermore, given the 2z components of the fields, the transverse com-
ponents of the fields in cylindrical coordinates can be determined from the
following equations’

E, = %[ikzstz —Wwp Z X VSHZ]v (3.1.4a)
p

H, = %{ik,VSH, tiwes x V,Ey], (3.1.4b)

where V, = pap + ¢’pa¢ = pap d)"‘ Note that the above equations are only
valid in a homogeneous region. Hence, with the above method of using E,
and H, only, all six components of the electromagnetic field can be derived
in cylindrical coordinates. In particular, E, characterizes a wave TM to z,
while H, characterizes a wave TE to z.

! The derivation of these equations is similar to (2.3.17a) and (2.3.17b).
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Figure 3.1.1 Reflection and transmission of an outgoing wave.

In general, at a cylindrical interface, TE waves and TM waves are coupled
together. In other words, E, and H, have to be considered simultaneously.
Hence, at least two components of the field are required, implying that the
problem is vector in nature. Consequently, when studying reflections from
a cylindrical boundary, we need to define 2 x 2 reflection and transmission
matrices rather than reflection and transmission coefficients.

The reflection and transmission of waves at a cylindrical interface can be
categorized into two cases:

(i) an outgoing wave incident on a cylindrical boundary, and
(ii) a standing wave incident on a cylindrical boundary.
We shall first consider the outgoing-wave case, followed by the standing-wave

case.

§83.1.2 Reflection and Transmission of an Outgoing Wave

First, assume that an outgoing (+p direction) cylindrical wave (e.g., gen-
erated by a line source) is in region 1 as shown in Figure 3.1.1. Then, the
outgoing wave for the n-th harmonic with ¢ dependence is

Ey. ..
[Hﬂ = H. (ki) {hi] = H(ky,p) ay, (3.1.5)

where k), = \/k? — k2. Here, the field has been assumed to have e**:* depen-
dence in all regions due to the translational invariance of the problem in the
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z direction (phase matching; see Exercise 3.3). Moreover, both the ¢ and z
dependences are suppressed in (5).

In general, the wave in region 1 will have an incoming wave (—p direction)
as well. But because of the closed nature of a cylindrical geometry, the
incoming wave, which is represented by a Hankel function of the second kind,
is always perfectly reflected at the origin, resulting in a standing wave. Hence,
the reflected wave in region 1 always becomes a standing wave. Consequently,
the total field in region 1 can be expressed as

E,, 53
{Hi } = HV(kyp)ar + Ju(kip) Riz - ay. (3.1.6)

The field in region 2, however, consists of a transmitted outgoing wave.
This wave has to be an outgoing wave in order to satisfy the radiation con-
dition. Therefore, it is

E,, =
[sz} = H{V(kypp) T12 - ay, (3.1.7)

where ko, = \/k% — k2. At this point, R,; and T, are 2 x 2 matrices yet to
be determined. To find them, boundary conditions are imposed for the field
at p = a. The requisite boundary conditions here are that the 2 component
and the ¢ component of the field must be continuous at p = a.

Next, Equations (4a) and (4b) can be used in each of the homogeneous
regions 1 and 2 to yield the ¢ components of the fields as (see Exercise 3.4)

[gii} - ﬁ’(‘l)(kl”p) rap+ jn(klpp) ‘Rz - ay, (3.1.8a)
[H?tﬁ] zﬁ_’gl)(kzpp)‘i{w.alv (318b)
Ey

where

- 1 [iwek;,pB. (kiyp) —nk,Bn(k;,p)
B.(ki,p) = G A . /P . 3.1.9
(kiob) = 12 [ —nk,Bu(kip)  —iwpikippB, (kipp) (3.1.9)
Here, B, is either HY or Jr, depending on whether we are defining the ﬁ,(ll)
matrix or the J, matrix. Moreover, B,, is diagonal when n = 0.

Then, the boundary conditions at p = a, which require the continuity of
the tangential components of the electromagnetic field, yield

[HO (ky,a) + Jo(kya)Ris) - a1 = HY (kpa) Tiz - a1,
(3.1.10a)

[ﬁ,(ll)(kl,,a) +jn(k1pa) . _R—IZ:l ca) = H,(ll)(kg,,a) . Tlg - ay.
(3.1.10b)
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Since a,; is nonzero and arbitrary at this point, it can be cancelled from both
sides of the preceding equations and the resulting matrix equations solved for
R, and Ti5. As a result. they are

ﬁl? =D - [Hﬁl)(klpa)ﬁil)(bpa) - Hr(ll)(k2pa)ﬁr€l)(klpa):| )

(3.1.11a)
Tio =D+ [HO (k1) Talkrg0) ~ Julki,0) By (y,0)]
(3.1.11b)
where
D = [Tu(ky,) B (k) ~ FL (hay)Jn (e (3.1.11¢)

Furthermore, the Wronskian for Hankel functions (see Exercise 3.5; also see
Abramowitz and Stegun 1965), which is

' 21
HT(II)(‘T)J:L(‘I) - Jn(m)H,(ll) (.’E) = ——_Z_’
T
can be used to simplify T}, to
T W =-1 teg 0
Te="Tm20 : 1.12
12 Wk?pa [ 0 —ul} (3 1 )

Note that Ry, and T, are both functions of n.

§83.1.3 Reflection and Transmission of a Standing Wave

First, consider the geometry shown in Figure 3.1.2 but with region 1
the same as region 2. Then, an incoming wave, denoted by H,(lz)(kgpp), is
always totally reflected at the origin resulting in a standing wave, which can
be denoted by J,(ks,p). Hence, in the absence of region 1, only a standing
wave exists in region 2. Now, if region 1 is inserted around the origin, it will
disturb the standing wave, resulting in an outgoing wave in region 2 denoted
by H,(ll)(kgpp). Furthermore, in region 1, a different standing wave, denoted
by J.(k1,p), ensues.

At this point the amplitudes of the standing wave in region 1, J,(k1,p),

and the outgoing wave in region 2, H,(zl)(kgpp), are unknowns yet to be found.
Furthermore, they can be regarded as the disturbance of the original standing
wave in region 2, J,(k,,p). Mathematically, this is the same as the reflection
of a standing wave into an outgoing wave in region 2 and the transmission
of a standing wave from region 2 to region 1. As a consequence, one can
think of the original standing wave as an “incoming” wave even though it is
actually a standing wave. Now, if an “incoming” standing wave is in region
2, then the field in region 2 for the n-th harmonic becomes

E,, =
{Hz } = H{V(koop) Ry - @y + Ju(kspp) - 3. (3.1.13)



166 CYLINDRICALLY AND SPHERICALLY LAYERED MEDIA

K1 € Kosr€2

Region | Region 2

Figure 3.1.2 Reflection and transmission of a standing wave.

Moreover, the field in region 1 will consist of a standing wave, which is
E,, =
[Hllz} = Jn(klpp) T21 - as. (3114)

Similar to the previous case, the ¢ components of the fields are derived
from (13) and (14) via the use of (4a) and (4b), giving

H == (1) = =
[Ezﬂ = H, "(k2,p) - Ro1 - a3 + Jn(kopp) - a2,

(3.1.15a)
Bl _3. p)- Ty -a (3.1.15b)
Elzﬁ niNlp 21 2- -4
Then, the boundary conditions at p = a can be used to give
[Hr(ll)(kZpa) r:i21 + Jn(kZpa)i] caz = Jn(klpa) TZI - ag,
(3.1.16a)
[ﬁil)(kzpa) 'ﬁ2l + jn(kZpa)] Tay = jn(klpa) 'T2l - as.
(3.1.16b)
Consequently, the solution of the above yields
K21 = ﬁ—l . [Jn(klpa)jn(kZpa) - Jn(k2pa) jn(klpa)] )
(3.1.17a)
— W —-1 €9 0
= — . . 117
Ta wk%’paD [0 —#2} (3.1.17b)
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In the above, D is as defined in (11c¢). Moreover, Ry and T, are both
functions of n.

The reflection and transmission matrices at an interface for outgoing and
standing waves are now derived. The diagonal terms of R,; and T;; denote
the self-coupling of the wave, that is, TM to TM, or TE to TE coupling. But
the off-diagonal terms of ﬁij and Tij denote the coupling from the TE to TM
and the TM to TE waves. Note that when n = 0 (axially symmetric case), or
when k, = 0 (8/0z = 0), H,(z) and J,(z) are diagonal; hence, D is diagonal.
Consequently, D' s also diagonal. Therefore, when n = 0 or k, = 0, _R—ij
and _’fij given by (11) and (17) are diagonal, implying that the TM and TE
waves are decoupled. In this case, they can be treated independently of each
other, implying a scalar problem. Furthermore, since B_,(z) = (=1)"B,(z),
one can show that when n — —n, only the diagonal elements of Rj3, Ry,
T, and Ty, change sign. This fact could be used to fold the summation
over n, which ranges from —oc to 0o, to range from 0 to oo when summing
over all n harmonics (see Lovell and Chew 1987b).

The above are the canonical problems which illustrate the ongoing phys-
ical processes at an interface of cylindrical layers. Consequently, the solution
for more complex cylindrical layers can be built upon these canonical solu-
tions. This shall be shown in the next section.

§3.2 Cylindrically Layered Media—Maulti-interface Case

Given the reflection and transmission matrices for a single interface, it is
possible to derive reflection and transmission matrices for multicylindrically
layered media. The reason being that the reflection and transmission of
waves through a multilayered medium are a result of multiple single-interface
reflections and transmissions.

§83.2.1 The Outgoing-Wave Case

Consider first a three-layer medium as shown in Figure 3.2.1, where an
outgoing wave exists in region 1. Upon impinging on the multilayer medium,
this wave is reflected in region 1. Then, in region 2, there are both standing
and outgoing waves. And in region 3, there is only an outgoing wave. Hence,
the field in region 1 is

£, - =
[Hll ] = [Hr(),l)(klpp)l + Ju(k1op) R12] - ay, (3.2.1)

where R, is a generalized reflection matrix yet to be derived that relates
standing wave to outgoing wave. Moreover, the field in region 2 can be
written as
E - —
[Hz:l = [HT(LI)(kJQpp)I + Jn(kgpp) R23] - asg, (322)
where R; is the local reflection matrix between regions 2 and 3 derived in
the previous section. The absence of source or standing wave in region 3
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Figure 3.2.1 Reflection and transmission through a three-layer cylin-
drical medium—the outgoing-wave case.

dictates that the standing and outgoing waves in region 2 be related by such
a “ratio.” Finally, in region 3, we have

Es,
[H‘;} = H{Y(ks,p) a3. (3.2.3)

In the above, R, a,, and a3 are unknowns yet to be determined. Since an
outgoing wave in region 2 is a consequence of the transmission of an outgoing
wave in region 1 plus the reflection of a standing wave in region 2, we have

ap = —T_lg -a) + ﬁgl . ﬁgg - as. (324)

Furthermore, the standing wave in region 1 is a result of the reflection of an
outgoing wave in region 1 plus the transmission of a standing wave in region
2. Therefore, we have

Ri;-a =Rjz-a;+ Ta Ry - as. (3.2.5)

Solving (4) yields
_ —_ —— __l J—
ag = (I - R21 . R23) : T12 -ay. (326)
Then, (6) can be used in (5) to give

Riz =Ri2+ Ta -Ras- (i - Ry 'ﬁzs)_l Tz (3.2.7)

Equation (7) expresses R, in terms of Rg; and the reflection and trans-
mission matrices between regions 1 and 2. The fact is that it includes the
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Figure 3.2.2 Reflection and transmission through an N-layer cylin-
drical medium.

physics of the multiple reflections in region 2. Now, if another layer beyond
region 3 is added, only Ry, a local reflection matrix, needs to be altered to

Ry, a generalized reflection matrix. Consequently, Equation (7) is express-
ible as a general recursive relation,

= — — = o = = -1
Ricoi = R+ Tini Riviine (- R Risnine)  Tinne (3:28)

Equation (8) can be used to find the generalized reflection matrices for an
N-layer medium as shown in Figure 3.2.2. In general, the field in region ¢
can be written as

Eiz T R
[H~ ] = [H,(ll)(kipﬂ)l + Ju(kipp) Ri,i+l] " &y, (3.2.9)

where Ry nvy1 = 0, if 1 = N, since no reflection exists beyond region N.

Hence, one can use (8) recursively to find R, ,,, for all the regions. But in
order to know the solutions for all the regions, a; is needed for all i as well.
Then, from Equation (6). one can deduce that in general,

S =~ -1 __ —
A4l = (I - Ry Ri+1<i+2) “Tiie-a; = 84441 - @, (3.2.10)

where

— - e ) -1 __
Siiv1 = (I -Rie Ri+1,i+2) Tyt (3.2.10a)

Since a; is known, (10) can be used recursively to find a; for all 7. In general,

ay=Tyn_1n Sv_an_1--Si2-a; =Ty -a, (3.2.11)



170 CYLINDRICALLY AND SPHERICALLY LAYERED MEDIA

[
K2.€2 ol
Region 2 AN ll VS I
H1.€) \ *>p
Region | "\ \0' %2
\ | TN H3.€3
RS Region 3
f/—_—:j—m\\
N——

Figure 3.2.3 Reflection and transmission through a three-layer cylin-
drical medium—the standing-wave case.

where

Tiv =Twn-1n - Sn-an-1°"Si2. (3.2.11a)

It can be regarded as a generalized transmission matrix for a layered slab.

§83.2.2 The Standing-Wave Case

If a standing wave is in region 3 as shown in Figure 3.2.3, it will set up
both standing and outgoing waves in all the regions except for region 1, where
only a standing wave exists because the field has to be regular at the origin.
The field in region 3 then becomes

E;, = =
[H:;z} = [Hf(ll)(kgpp) R32 + Jn(kg,,p)l +as. (3212)

In the above, a3 is the amplitude of the standing wave, which is known, while

R, is the generalized reflection matrix that relates an outgoing wave to a
standing wave. The field in region 2 is just

[[EIZZ} = [H (kypp) Rat + Ju(kapp) I] - @2 (3.2.13)
Finally, the field in region 1 is

Ey,

[Hll] = Ju(k1p) ar. (3.2.14)

Note that the Hankel function solution has to be excluded here because it is
singular at p = 0.
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Since a standing wave in region 2 is a consequence of the transmission
of the standing wave in region 3 plus the reflection of the outgoing wave in
region 2, we have

a; = ng -az + ﬁzg . ﬁzl - asg. (3215)

Furthermore, the outgoing wave in region 3 is just a consequence of the re-
flection of the standing wave in region 3 plus the transmission of the outgoing
wave in region 2. Therefore,

Ri-a3 = Rgy- a3+ Ty - Ry - an. (3.2.16)
Equation (15) can be solved to yield
ag = (I—ﬁgg'ﬁgl)_l -T32~a3. (3217)

Moreover, using the above in (16), we have

Now, if another region is added in region 1, we need only change R, to

R,,. Consequently, for an N-layer medium, the above could be generalized
to a recursive relation:

~

_ — = - = = -1 _
i1 =R +Tici - Ricioa (I - R Ri—l,i~2> “Tii1.
(3.2.19)
In general, the field in region ¢ can be written as
E;, (1) =1 T
nl = [Hn (kipp) Riict + Julkipp) I] a,. (3.2.20)

Since Rjg = 0 in the above recursive relation, one can use (19) recursively

to find R;;_; for all i, starting from the innermost layer. Furthermore, by
generalizing Equation (17), we have a recursive relation,

- = il -1 _
a1 = (I -Ri_1i- Ri~1,i—2> “Tiic1-a; = Sii-1-a;, (3.2.21)

where N -
Siio1 = (i -Riy; 'ﬁi—l,i—2> “Tiio1 (3.2.21a)

The above can be used to find a; for all i. Consequently, the fields in all the
regions are known in this problem. In general,

a = Ta '§32 - '§N,N—l ray = TNI Can, (3.2.22)

where

Ty =T - Ss2--Swwo (3.2.22a)
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is a generalized transmission matrix for a cylindrically layered slab similar to
that in (11a).

The recursive relations in (8), (10), (18), and (21) do not have the expo-
nential phase factors compared to the recursive relations derived in Section
2.1. The reason being that the phase factors are buried in the definitions of
the transmission and reflection matrices. But in a lossy medium or when a
wave is evanescent, the Bessel functions in these reflection and transmission
matrices may become exponentially large. In this case, it is more appropri-
ate to renormalize the Bessel functions in the definitions of these matrices to
prevent numerical overflows. Furthermore, when n — —n, using the property
of Ry2, Ry, T2, and Tqy un(ier th~is tra_psformatign, one can show that only

the off-diagonal elements of Ry,, Ry), T)2, and T,; would change sign (see
Exercise 3.8). This fact can be used to fold the summation over n, which is
from —o0 to 400, to range from 0 to co when summing over all cylindrical
harmonics.

Once the reflection matrices are known, the solution of guided modes
along a multilayered structure can be easily found (Exercise 3.6). For the
same reason, the solution of wave scattering by a multilayer cylinder is also
easily sought (Exercise 3.7).

§3.3 Source in a Cylindrically Layered Medium

To derive the field due to a point source in a cylindrically layered medium,
we first need to expand the field due to a point source in terms of cylindri-
cal wave functions. This can be done as follows: If a point source is in a
homogeneous medium, using the identity given in (2.2.34), then

1Ic[r r'|
/ dk, === HD (k| - o), (3:3.1)

F=r

where k, = \/k? — k2. Furthermore, since the addition theorem implies that
(Exercise 3.9)

Hy (kslp = o) = Z Talkop) H (ko5 )e™#=%), (3.3.2)
where p. is the smaller of p and g/, and p is the larger of p and p’, we deduce
that

gklr=r'l © ein(d=¢) [ o
— ik, (z—2") (1)
ll‘—- r’| - Z 2 / dk, e Jn(kpp<)Hn (kpp>)~ (3.3.3)

-0
Next, we shall put this point source in a layered medium to derive the

resultant field. We shall present the discrete angular-wave-number represen-
tation first, followed by the continuum angular-wave number representation.
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§63.3.1 Discrete, Angular-Wave-Number Representation

Given the representation (3) in cylindrical coordinates, the E, and H,
components of the fields due to any point sources can be derived as in Chapter
2. In general, for a point electric dipole pointing in the & direction denoted
by a current

J(r) = [tab(r — 1), (3.3.4)

the z component of the electric field can be obtained from (1.3.50) of Chapter
1, yielding
14 0 ekl
.= — |24kt =V G 3.3.5
E e " gz 4rir — 1’| ( 2)
Since H = (V x E)/(iwy), the z component of H,, using (1.3.50), is

iklr—r’|
H, = —5-V' x alt (3.3.5b)

4l — |

Consequently, using (3). the primary field generated by the source (4) is

E. gL - in(d—¢’ 3 thy(z—-2
H |~ D' ) et / dk € (kop )HM (kops. ),
) Amwe = K (3.3.6)
where TR 2T 4
I i ZK* + ] NG
D=3 { iwed 2 x V' } (3.3.6a)

A dk, integration is used here rather than a dk, integration so that the integral
is equivalent to a Fourier transform in the z direction. Moreover, because of
the translational invariance of the inhomogeneity in the z direction, the fields
in all regions have to be phase-matched: they all have e*:? dependence.

If the point source is now put in region j as in Figure 3.3.1, the boundaries
at p = a; and p = a;_; reflect waves. As a result, the field in region j looks
like

dmwe;
n

E; RL = m{¢—o' a ik, (z—2' T
[H; } = Z =) / dkzek’( ){Jn(kjpp<)H7(zl)(kjpp>)I

+H (ko) 8,0, (0) + Julkop) bin(p) } - DY (3.8.7)

where

Di=l i a sxv (3.3.8)

~ ")'2 -1, -~
= {(zlu] -1k, V') a}
is an operator that acts on functions to its left. As a consequence of the
., ’ 8 ’ ~ ‘] Tt g A~ sy .
e~™¥ ~%:2" dependence, V' = p’ﬁ —q ”/7’,‘ —zik,. Note that additional standing
and outgoing waves are generated in region j as a result of reflections of the

primary field.
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Figure 3.3.1 A source in a cylindrically layered medium.

The quantity to the right of “{” in (7) behaves like the [E,, H,]' with
ei"¢*ik:z dependence. Hence, the result of the previous section can be used to
find the unknowns a;, and Ejn. For instance, to find a;, and Ejn, constraint
conditions are imposed at p = a;_; and p = a;. Consequently, at p = a;, the

standing wave is related to the outgoing wave via ﬁj,jﬂ, ie.,

— (—I = N _ (—I

bjn- D) =Ryju1 - [Julk;pp) I +38;0) - D (3.3.9)
Similarly, at p = a;_;, the outgoing wave is related to the standing wave via
Rj,j—la i.e.,

8, D} =R, [HV (k) T+ bj] - DY (3.3.10)

n

Here, —ﬁj’jﬂ and ﬁj’j_l were derived in the previous sections. Then, solving
(9) and (10) yields

= -1~ - =

ajn= [I - Rjj-1- Rj,j+1] ‘Ryj-1- [Hfll)(kjpp') I+ Jo(k;pp )Rj,m] ,
(3.3.11)

_ _ o~ =~ -1 ~ N 1 N

bj,= [I - Rjjw1- Rj,j—l] ‘R [Jn(kjpp VI+ HO (k0 )Rj,j—l] -( )

3.3.12

Note that in the above, the reflection matrices for the appropriate n have to
be chosen since they are dependent on n. Equations (11) and (12) can be
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substituted back into (7). After some simplifications, it can be shown that
(Exercise 3.11)

[Jn(kjﬁp<)H(1)(k‘pp>)i+ Hr(zl)(k]/)p) & + Julkjop) Bjn] ' D;

{Hv(ll)( ]pp) I+ ‘]n(kjpp) Ej,y-H] : Mj+

' {Jn(kjpﬁ)l + H( ;pﬁ')ﬁ ] D, p>/,
- (3.3.13)
[‘]”(kjﬁp) I+ H{V (k) R } M]
' [H’(l (kjpp)1+ Ju(kpp') J]+1} ' ]v p<p.
In the above,
= — =~ o~ -1
M;z = <I — Ry R]»j¥1> (3.3.14)

is a factor accounting for multiple reflections in region j. Equation (13) has
the advantage of being symmetrical.

For 7 > 7, the field in region 2 can be written as

x
o0

E, 11l o / T
iz § /‘ m{p—¢’) th2(z2~2") (1.
{H'M} B drwe; n:ﬂxe / ik ¢ [Hn (Fie) 1

—C

+Jn(/~c,¢,,p)ﬁi,,;+l} am (3.3.15)

Moreover, Ry;41 can be found by using the recursion relation in Equation
(3.2.8). Here, a;,, is the amplitude of the outgoing wave in region 7. Therefore,
the relation in (3.2.11) can be used to find it. In other words (Exercise 3.12),

=M, T, ap, (3.3.16)

where a,, is the amplitude of the outgoing wave in region 7. Here, _T—jl is the
generalized transmission matrix? through a cylindrically layered slab between
region 7 and region 7. From (13), we identify

g = My, - [Julky, 0 T4 H O (0 ) Ryya] - D, (3.3.17)
Note that the derivation of (16) and (17) is similar to the derivation of (2.4.14)

of Chapter 2. Furthermore, Equations (16) and (17), when used in (15), give
(Exercise 3.12)

E. TN ~
{Hu} = ? Z et (o—¢") / (H{TZCAZ(“ 2') [HT(II (kw )I+Jn(/wpp) .

drwe,

N=—0C .
—X

M Ty M, - |k, 0) T H,ﬁ“(k]pp')ﬁ],j_l] D! (33.18)

2 Since Ty; in (3.2.11) is defined without multiple reflections in the i-th region, the M,
factor is needed in (16) to include these multiple reflections.
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Notice that Equation (18) has the advantage of being symmetrical, showing
that the solution satisfies reciprocity.

For 1 < j, the field in region i is of the form

E ) A= B
| = in(¢~¢') ks (2-2") _
iR e ] U

—00

H (ki) E,i—l] A, (3.3.19)

A similar analysis yields a result similar to (18). In this case, using Tj; for a
cylindrically layered slab given in (3.2.22a), we can show that (Exercise 3.12)

. e S B -
[5] =—— Y et / dk, €545 [ (kip0) T+ Y (kipp) Riim

dmwe;
n=—

—00

M- Ty M- [H(l)(kjpp') I+ Ju(kjop')

n

—

j,j+1} -D%. (3.3.20)

&

In summary,

RS e D
[Ez] 7 Z / dk, ezkz(z—z ) Fn(p7p’) . D;, (3321)

47rwe]

—00

where
( = o~
[H(l)(k]Pp) I+ Ju(kjpp) R, ] My

: [Jn(kjpp')i+ HY (k],,p)ﬁj,j_l] , P07,
[Jnlkspo) T+ HD (kjpp) R ] - M-

: [H£ (k]pp ) I +J (k‘jpp)ﬁ ]+1] , p< ,0/,

Fn(p:pl) =

(3.3.22)
when both p and p’ are of the same region j. But when ¢ > j, p € region 1,
and p' € region j,

— ~ —

Fn(P,P/) = [Hil)(kipp) I+ Jn(kipp) ﬁ'i,i+1] 'Mi+ : sz‘ 'Mj+
. [Jn(kjpp')i + Hy(k;p) Rj,j_l] . (33.23)
Furthermore, when i < j, p € region %, and p' € region 7,
Fo(p,0) = {Jn(kmp)ﬂ H (kipp) E,i_l] M. Tj

: [Hﬁl)(kjpp') I+ Jo(kjpp')

J=

JH] . (3.3.24)

FUP ZI?

In these integral representations, since k;, = \/k? — k2, it seems that there
are branch points at k;’s. But using the uniqueness principle as in Chapter 2,
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one can show that the branch points exist only at k, = *ky, where N is the
outermost layer (see Exercise 3.13; also see Chew 1983). The integral in (21)
can be numerically evaluated in the same manner as discussed in Chapter
2, Subsection 2.7.3. Moreover, when a large parameter exists, asymptotic
expansion of the integral is derivable.

§83.3.2 Continuum, Angular-Wave-Number Representation

In the previous subsection. notice that when an eccentered point source
is in a cylindrically layered medium. it generates ¢™® harmonics of all orders.
Hence, the solution involves the discrete summation over all integer n of
the €% harmonics. Sometimes, however, it is advantageous to express the ¢
harmonics of the field not as a discrete sumn, but as an integral over the angular
wave number. An integral allows the use of contour integration technique,
whereas a discrete summation does not directly lend itself to such a technique.

Equation (3) consists of an expansion in terms of discrete n’s. But it can
be written as an integral summation of continuum angular wave numbers by
the use of Dirac delta functions; hence, we have

. 00 oc
ezkir—r’l i

{r — r/’ — 5 / dk, eik;z / dy eiu(¢—¢’)JU(kpp<)Hl(/l)(kpp>) Z (S(I/ _ TL)
(3.3.25)
Moreover, by using the Fourier series expansion (see Appendix C), one can
show that

oC o0

Z §(v—n)= Z eHm, (3.3.26)

n=-00 n=—0oc

Note that both sides of the equation are periodic functions. Consequently,
using (26) in (25), and after exchanging the order of integration and summa-
tion, we have

glklr—r'| 3 > ks o > o &) 4 %imme
Foo] 2 / dk. e /d'fel (@02 D (kyps ) Iy (ko)

(3.3.27)
By the same token, we conclude that

H(()U(kp’p — pll) = Z / dv eiU(¢_¢’)+2inVﬂHl(,l)(k:pp>)t]u(kpp<>'

n=-oc (3.3.28)
Notice that by changing v from discrete numbers to continuum numbers, ¢
is no more 27 periodic. Moreover, the above is now physically equivalent to
putting the source at ¢’ —2n7w, —oc < n < ¢, in a ¢ space ranging from —oo
to +o0. In other words, the summation over the integer n in the above now
is to include contributions from the image terms.
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These continuum angular-wave-number representations of a source can
be similarly used to derive the equivalence of (7). Hence, we arrive at

E] ’
z k (z—-2' v(p—¢')+i2num
[ Hj, ] 47rwe] / d Z / dv e

AT kjop ) HD (kjpps) + HS (kjop) 85 (0)) + Jo(kjpp) Bs ()} - DY
(3.3.29)

—
Note that the operator D’ is dependent on the kind of source considered.

Furthermore, @;, and b;, are determined by Equations (11) and (12) (Exer-
cise 3.14). They include the important physics of the layered medium, since
they are due to reflected waves from the layered media. Such an integral
representation has also been given by Felsen and Marcuvitz (1973), but with
a different derivation.

The reflected wave terms in (29) comprise

e 9]

ER .
{HJ};] — / dk € (z—2") Z / due (¢p—9')+i2nvm

- [HM(k;p0) 8j + Ju(ksp0) B3] - Dy (3.3.30)

Here, a;, and b;, often have pole singularities on the complex v plane. Con-
sequently, the path of integration on the real axis of the complex v plane can
often be deformed to enclose such singularities. For ¢ — ¢’ + 2n7 > 0, we can
deform the path to the upper half complex v plane, while for ¢ —¢’'+2n7 < 0,
we can deform it to the lower half complex v plane. Moreover, it can be shown
easily that the bracketed term in (30) is an even function of v, and hence, the
pole singularities are symmetrically located. Consequently, through residue
calculus, the reflected wave term is of the form (Exercise 3.14)

[EJR} — / dk, 6 (z—-2' Z Z ivple— ¢+2n1r|5
i

n=—o0 p=1

o0
2:/dk zz)[w1(¢ $) 40t g g5 g

00

(3.3.30a)

where (3, is the residue of the p-th pole. The last approx1mat10n follows if
we keep only the n = 0 and n = ~1 terms and p = 1 term,* assuming that
v, has a positive imaginary part; hence €™ for |n| > 1 is often small. The

3 Note that for ¢ < ¢/, n =0 and n = +1 terms are the dominant terms. In other words,
we keep only the image term at ¢’ + 27 depending on the relative location of ¢ and ¢'.
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higher p terms may also have larger imaginary parts, and hence, are more
attenuative (also see Exercise 3.14).

For a fixed k., Equation (30a) describes a wave propagating azimuthally.
Moreover, e'’rl¢=¢'+2n7l corresponds to a wave emanating from the source and
its images at ¢ ~ 2nm for —0o0 < n < 00. Since v, is assumed attenuative,
we have kept only terms in (30a) where the distance travelled by the wave
is less than 27. One of these reaches the observation point in the clockwise
direction, while the other one reaches the observation point in the counter-
clockwise direction. Such a physical picture is important when the radius of
curvature of the surface is large or the frequency is high.

These azimuthally propagating waves are known as creeping waves when
they are travelling on a convex surface. But they are known as whispering
gallery waves when they are travelling on a concave surface. On a convex
surface, the wave radiates as it propagates along. As a result, creeping waves
are usually attenuative. On a concave surface, however, the wave can prop-
agate long distances with little attenuations since it cannot radiate. Such
a phenomenon is often observed on concave surfaces of galleries, and hence,
its name. As a final note, the above method of analysis is related to Wat-
son’s transformation; Watson studied the propagation of waves on the earth’s
surface (Watson 1918). Moreover, Elliott (1955), Helstrom (1963), Einziger
and Felsen (1983), and Pearson (1986, 1987) have also studied azimuthal
propagation of waves.

§3.4 Propagator Matrix—Cylindrical Layers

The cylindrically layered-medium solution can also be arrived at via the
propagator matrix approach. In this approach, we first need to derive a
state equation. Because the problem is inherently vector, the state vector in
the state equation requires at least four components. In order to facilitate
matching the boundary conditions easily, E,, E4, H,, and Hy components
are used in a state vector. Gronthoud and Blok (1978) and Pearson (1986)
have also studied the propagation of waves in cylindrical layers using similar
matrix methods.

§83.4.1 Isotropic, Layered Media

The state equation for a cylindrically layered medium can be derived from
Maxwell’s equations, which are

VxE=1wuH, (3.4.1)
V x H = —iweE, (3.4.2)

First, we decompose V =V, +V, E = E, + E,, H = H, + H, where the
subscript s denotes a vector transverse to p. Then, equating the transverse
and longitudinal components of (1), we obtain

V,xE,=iwpH, -V, xE,, (3.4.3a)
V. x E; =wpH,. (3.4.3b)
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Similarly, from (2), we have

V,xH, = —iweE, -V, xH,, (3.4.4a)
V, xH, = —iweE,. (3.4.4b)

Then, using (4b) to eliminate E, in (3a), one obtains
1
V,xE; =wpH, +V, x {—EVS x H,. (3.4.5a)
w
Moreover, by duality, we also have

1
V,x H, = —iweE, — V, x —V, x E,. (3.4.5b)
Wi

From (5a), it follows that

7] 7] 1 /1 17, 7]
2B, = —iwpH, - — —H, - — 4,
dp ~ WHTS = 57 e (p 0¢ 0 H‘b) ’ (34.6a)
14 191 (/13 7]
E, = H, - ~-—H, - — . A.
pOp gy Ee = W p 0 iwe (pad) 82H¢) (34.6b)

Now, with the assumption that the field has e** and e*:* dependences, and
that ¢ and p are functions of p only, then

iE, = —twuHy — ﬂc_ (—HZ - k,H¢> , (3.4.7a)
dp we \ p
1d n (n
pEd’ =iw [J.Hz - —Hz - ICZH¢ . (347b)
pdp wep \ p

Similarly, from (5b),

d ik,
de zw€E¢ + _u, (;Ez - ,CZE¢> y (3488.)
1d n [n
—pH, = —weE, + — | —E, -k, Ey ). (3.4.8b)
pdp wpp \p
Next, by noting that p ,1) di, the above could be written as
E, E,
d |Ey| _+ Ey dvV
E;} H, - H(p) ' H, | or _d—; - H(p) -V, (349)
H, Hy

where H(p) is a 4 x 4 matrix derivable from (7) and (8) (Exercise 3.15; also
see Gronthoud and Blok 1978). H is a function of p, however, and hence,
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(9) does not admit exponential functions as solutions. But when ¢ and p are
constants, it is known from Section 3.1 that Maxwell’s equations in cylindrical
coordinates have closed-form solutions. Hence, this knowledge can be used
to derive closed-form solutions to (9) when u and e are constants. They
are the TM to z and TE to z standing and outgoing waves. Hence, there
are four independent eigensolutions to (9) in this case. In fact, these four
eigensolutions are

k) 0
an = —prJn(kﬂp) A, = _Tpﬁ‘]n(k/’p)
| = 0 , 2 = T (k,p) ,
g ko) __%éc';‘]n(kpp)
Hfll)(kﬂp) [ iwp (()1>/
B Y B B
ag = [ s ag = H,(ll)(k:pp) (3410)
L %Hv(zl) (kop) _—%‘%H,(ll)(kpp)

Note that F, # 0, H, = 0, for a; and a3; hence, they correspond to waves
TM to 2. Similarly, a; and a4 correspond to waves TE to z. Moreover, a,
and a, are standing waves, while a3 and a4 are outgoing waves.

Therefore, the general solution to (9) is of the form

4

Vip) = Aailp) =a(p)- A, (3.4.11)

i=1

where a(p) is a 4 x 4 matrix containing the eigenvectors a;’s, i.e., @ =
[a;, az, a3, a4], and A is a column vector containing A;’s. Alternatively, Equa-
tion (11) can be written as

Vip) =a(p)-a (o) -alp) A
=P(p.p')- V(p), (3.4.12)
where the propagator matrix is*
P(p,p') =a(p)-3~'(p). (3.4.12a)

Now, equipped with the propagator, we can solve for the transmission and
reflection of cylindrical waves through a layered medium as in Section 2.7
in Chapter 2 (Exercise 3.17). Note that Equation (9) can also be solved
numerically to obtain the propagator matrix in an inhomogeneous layer as in
(2.9.22) in Chapter 2 (Exercise 3.18).

% The matrix  '(p) has a closed form (see Exercise 3.16; also see Pearson 1986).
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§83.4.2 Anisotropic, Layered Media

If a cylindrically layered medium is anisotropic, the tensors fr and € can
be decomposed as

7 = p’pp ﬁpa E —_ [epp Eps} 3 4 13
H [ﬁsp ﬁs ] ' E.‘Jp Es ’ ( ' )

where i, and €, are 2 x 2 tensors, fi,, and €, are 2 x 1 matrices, ,, and €,
are 1 x 2 matrices, and y,, and ¢,, are scalars. Here, the subscript s denotes
components transverse to p. In addition, we can also decompose the field as
E=E,+E, H=H,+ H,, and the operator V =V, + V.. Consequently,
from Maxwell’s equations, we can derive equations similar to (2.10.4) and
(2.10.5). Hence,

V,xE, = iwq, - H, +iwk,, -H, -V, x E,, (3.4.14a)

Ve x E, =wh,, - Hy + iwpy,,H, (3.4.14b)
and

V,xH,=-weé, E, ~iwe, -E, -V, x H,, (3.4.15a)

Ve x Hy = —iw€, - E; — iwe, E,. (3.4.15b)

Moreover, E, and H, can be eliminated in (14a) and (15a) using (14b) and
(15b) to obtain

VoxE,=w, Hy+ 1, v,V X E, —wh,, I, - v Hs

1
+ EVS X KppVs X Hg + Vg X K,,€,, - Eq, (3.4.16a)

Vo xH, =—iwe, E; +€, Kk, Ve x Hy + W€, - €,5 - K,,E;

1
- zTc;vs X UV x Eg + Vo x v, - Hy, (3.4.16b)
where v,, = p-, K,, = ¢€,). If, however, the field is assumed to have ein¢

and et=* dependences, and that € and f are independent of ¢ and z, then
vV, - ik, = ¢’7’} + Zik,. In this case, the above becomes

Ed;[II—SIZJ — H(p)- [g} (3.4.17)

as in (9), where H(p) is derivable from (16a) and (16b) (Exercise 3.19).
Except for the case when n = 0, the above does not have a closed-form
solution. Hence, in order to solve for the propagator matrix, one resorts to a
numerical method as in (2.9.22).
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In the above, it is assumed that @, 1t,, B, Hyp and €, €, €4, €,
are independent of ¢. This is not true in general. For example, in Cartesian
coordinates, the most general anisotropic medium has jz and €, which are

Hre Hry Hzz €rr  €ry €z
= | fyz My Hyz | €= | € €y €|, (3.4.18)
HZI uzy uzz EZI ely 6ZZ

where p;; and ¢; are all constants of positions. But when Ir and € are
expressed in cylindrical coordinates as in (13), they will be functions of ¢.
To see this, first, note that

D, E,
D,| =€ | E, (3.4.19)
DZ EZ
Moreover, it can easily be shown that
E, [cos¢ —sing 0 E, | E,
E,| =|sing cos¢ 0| |E;| =T |E,]|. (3.4.20)
E, |0 0 1| | E, E,
Furthermore, T = = T . Hence, (19) can be written as
[ Dp _ _ Eﬁ - [ Ep
L DZ Ez Ez

where € = T -€- T is just the permittivity tensor expressed in cylindrical
coordinates.

Since T is a function of ¢, €in cylindrical coordinates is now a function
of ¢. But if the partitioned matrices in (13) are functions of ¢, Equations
(16a) and (16b) are more difficult to solve. In this case, all the azimuthal
harmonics, e™®, are coupled together. Therefore, unlike (17), where each
e™ harmonic is considered independently, all azimuthal harmonics need to
be considered simultaneously. To this end, we let

E.= ) e™E,.. H,= ) ™ H,, (3.4.22)

n=—oxo n=-—0o0

where E,, and H,,,; are independent of ¢. Then, after substituting the above
into (16), assuming that the field has e?*:? dependence, we arrive at

oC oC
Y eV, xEp= Y [z’w B, Ho +if,, vk, x Eg
n=-—0o0 N=—00
o 1 /-10 ..
— W >y, Ry VppHpe + o ¢ /—)% + z2ik, | X kyks X Hyp,

1 ;
+ <¢ /_)% + 52k;> X Kpp€ps * Ens] 6m¢7 (34233)
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[e o] [e o]

Z e™V, x H,, = Z [-—iw € - E,, + 1€, k,k, x Hy,

n=-oo n=-oc

Lo 1 /-10
+zwesp~eps-fcppEns—E(¢;%+zzkz) X Vyoks X Epg

10 . ;
+ <¢ ;8_(15 + ZZkz) X Vpplps * Hnsjl emda’ (3.4.23b)

where k, = ¢% + 2k,. Next, on multiplying the above by e~*™¢, and integrat-
ing over ¢ from 0 to 27, we arrive at

V, x Epy = i [K,L‘n ‘En +A2. Hm] , (3.4.24)
V, x H,, = i [‘A’j}n En,+A2. H] , (3.4.24b)

where K,injn can be found from (23). In general, they are nondiagonal because
It and € are functions of ¢ in cylindrical coordinates.

The above can be written more compactly as

d Ems . — Ens
- Safgl e
or
d S
—V,, = H,.. V,, 4.2
” 12_; (3.4.25a)

as in Equations (9) and (17). In the above elements of H,,, are to be gleaned
from (24). Moreover, by defining an infinite-dimensional state vector

Vt = [ . ,V-vi-—l’V03VlaV27 o ']7
and a corresponding infinite-dimensional matrix H, (25a) becomes
d —
—V=H-V. (3.4.26)
dp

Equation (26) has to be solved numerically to obtain the propagator matrix
for an anisotropic, inhomogeneous layer. Once this propagator is known, the
reflection and transmission of waves through an inhomogeneous, anisotropic
layer can be readily found (see Exercise 3.20). Since all harmonics are in-
volved in (26), the reflected and transmitted waves will consist of all harmon-
ics. This phenomenon is also known as mode conversion.

§3.5 Spherically Layered Media—Single Interface Case

In spherical coordinates, it is most convenient to decompose the fields of
a homogeneous medium into fields TM to r and TE to r due to the preferred



§3.5 SPHERICALLY LAYERED MEDIA—SINGLE INTERFACE CASE 185

7 direction. But unlike the cylindrical interface case, the TM and TE waves
are decoupled at a spherical interface. Consequently, we shall discuss first
solutions to the vector wave equations in spherical coordinates for a homo-
geneous medium and show how these waves are decoupled even in a layered
medium.

Scattering of plane waves by a sphere, also known as Mie scattering, was
studied by Mie in 1908 (see Logan 1965 for a discussion). Subsequently,
propagation of radio waves on the curved earth surface was considered by
Watson in 1918. In 1951, Marcuvitz studied propagation of electromagnetic
waves in spherically layered media. Moreover, Wait (1956, 1963) also per-
formed studies in this area. Many later works are listed in the readings for
this chapter.

§83.5.1 Vector Wave Equation in Spherical Coordinates
To obtain the solutions to the vector wave equation in a homogeneous,
isotropic medium, it is best to introduce the Debye potential 7, and 7, (De-
bye 1909) to characterize the TM and TE waves respectively. Consequently,
for TM waves,
H™ =V x rr, (3.5.1)

and for TE waves, j
ET =V x v, (3.5.2)

Next, by substituting the above into the source-free Maxwell’s equations,
or the vector wave equations for H and E fields, it follows that (Exercise
3.21)

(V24 k%) 7, =0, (3.5.3a)
(V24 k) 71, = 0. (3.5.3b)
In general, in a source-free region.
1
H=Vxrn, +-—VxVxrn,, (3.5.4a)
Wit
1
E=Vxrm, - —V xV xrr.. (3.5.4b)
twe

Subsequently, we can extract the r components of H and E in the above
(Exercise 3.22) to yield

1 [0 ) .
H, = — | —rm, +k°Tm,|, (3.5.5a)
twp | Or?
1[5 )
Bo= L(—TT + /«m} 4 (3.5.5b)
iwe | r?

Since 7, and 7, are solutions of the scalar wave equation, their general solu-
tions are of the form

‘71, 'Ic ) ’
{ Julker) } P"(cos 8) { cosm(p} , (3.5.6)

A (kr sinme
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where the braces imply “linear superpositions of.” If, however, m,, and =,
are of the form given in (6), then from the scalar wave equation expressed in
spherical coordinates (see Chapter 1), we have

9 [rmn n(n+ 1)} [rm
—_ = (k> - ™. 5.
or? [ rwe} [ r? } { rwe] (3:5.7)
Therefore, for the n-th harmonic,?
1 1
AL ) (3.5.8a)
wp T
1 1
E - 2netl (3.5.8b)
iwe T

Next, if the transverse to r components of (4a) and (4b) are extracted
(Exercise 3.22), then

H,=-rxV,7m + ,—-l-lﬁﬂvswm, (3.5.9a)
iwpror
11
E,=-rxV,m, - ,—-———6-7'2V37re. (3.5.9b)
wer Or

Equations (8) and (9) imply that once the radial components of the fields are
known, the transverse components are readily found for the n-th harmonic.

The general solution to (3a) and (3b) are of the form
[ ”eJ = [aj(kr) + bh{) (kr)] P7*(cos B)e™, (3.5.10)
Tm

where a and b are two-component column vectors. Then, from (9a) and (9b),
it can be shown that

il 92 1_9
E. = Eg - { E;ﬁraﬂ;r sinﬂ%} [ Te }
s = =i _1 o ) ;
| By erengarog” e | L™m (3.5.11a)
] 1 2 i1 82
H. = Hg — sind 8¢ —;;;Brt%r Te
Ty AR T T e I N
| 1t a8 wp rsin @ Ord (3511b)
Moreover, Equations (11a) and (11b) can be written as
i) 1 4 i
s = 1 _ 3
w80d OB 0 1] [7m (3.5.12a)
a 1 0 i
_ a6 _sin96_¢ 0 _—%%T Te
Hi=1 /s 2 -1 “0 o
sin6 9¢ 26 m (3.5.12b)

5 Note that B, and D, could have been used to characterize the TE and TM waves
respectively just as B, and D, were used in the planarly layered media.
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On substituting (10) into (12a) and (12b), they become

E, =P (cost) - {jm(kr) at B (k) - b] e (3.5.13a)
H, = P (cost) - [jnh(/cr) At b (kr) - b] e, (3.5.13b)
where
—m 9. pPmcosf) —P™(cosb)
' . AT n sinf” n
Pn (COSG) - Lss:)nepnm(cose) %an(COSQ) } y (3514&)
— L10.0p (kr) 0
— u;er[)rr n
b.(kr) = { 0 —bn(kr)} : (3.5.14b)
and
_ 0 ~L100p (kr)
. wiror UM
bun(kr) = {——bn(kr) 0 } . (3.5.14c)

In the above, b, is either j, or R depending on the matrix being defined.
But it can be shown that (Exercise 3.23; also see Stratton 1941, p. 417)

™

/ dfsing P (cosh) P

n!

2n(n+ 1)(n + m)
2n+1)(n —m)!

m

-
(cosB) = s -1 (3.5.15)

0

As a consequence of this, and that all the e"™® harmonics are orthogonal, all
the n and m harmonics are decoupled in a spherically symmetric region.

§83.5.2 Reflection and Transmission of an Qutgoing Wave

Unlike cylindrically layered media, the TM and TE to r waves in a spheri-
cally layered medium are decoupled. This is actually the result of the identity
(15). At first, we can consider the TM and TE waves together and describe
their reflections and transmissions using reflection and transmission matri-
ces. As shall be shown, however, such matrices are diagonal, implying the
decoupling of TM and TE waves.

Consider first an outgoing wave in region 1 (see Figure 3.5.1) which im-
pinges on a spherical interface. Then, the reflected waves will set up a stand-
ing wave in region 1. Hence, the field in region 1 is of the form

E,, = P (cosh) - [H(l)(klr) + Joollrr) - ﬁm} a, (3.5.16a)

ne

Hi, = P} (cos0) - [,y (kir) + o (kar) - Rz - (3.5.16b)

In region 2, however, the transmitted wave becomes an outgoing wave. Hence,
the fields in region 2 are
(1

E?_g = I)_;])(COS 0> . En(: (/CQT') . Tlg - a, (3517&)
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Region 2
H2:€2

Region 2
Hi€)

Figure 3.5.1 Reflection of an outgoing wave at a spherical boundary.

Hy, = P, (cos9) - Hi;l)(kz'f') Ty a. (3.5.17b)

Notice that in the above, we have suppressed the e™® dependence. Moreover,
the orthogonality of the P (cos ) harmonics warranted by (15) implies that
all the harmonics are decoupled. Hence, only one harmonic needs to be
considered at a time in (16) and (17).

Furthermore, the boundary conditions at r = a, give rise to
H(l) K 5 _ - Ld
ne (kla) +Jne(k1a) Ry = hne (kz(l) - Tig, (3518&)

B (k1a) + jo(k1a) - Rip = By (kea) - Tio. (3.5.18b)

As a result, the above can be solved to yield

= Fm! z (7! H -
R12 == hne (k2a) 'Jne(kla) - hnh (k2a) 'Jnh(kla)

P _ -1 _
. {h(l) (ksa) - B (kra) =S (kea) - hs:l)(kla)} )

ne

(3.5.19a)
— - —_ — — -1
Tiz = [iue (110) - B (ko) = Tu(kia) - By (kao)
[t thia) B (k1a) = T (kia) - By (k)]
(3.5.19b)

Since E,(li) and j,,, are diagonal while H,(L;) and j,, are off-diagonal, it can be
shown easily that Ry, and T, are also diagonal, implying the decoupling of
TM and TE waves (see Exercise 3.24).
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Consequently, one can define

. RTM 0 jl _ {TTM 0 j‘
R, = 12 s Ty=| 12 3.5.20
12 [ 0 R'IIQE 12 0 TI’I;E ( )
and show that (Exercise 3.24)
pTM _ Ve ad H(l (kra) ~ ez Y (ka) Y (ki)
12 y - > .
\/m!]n 1a n (kZG') - \/62—/1‘1H7(l1)(k20’)‘]n(k1a) (3521&)
7;62 2
TTM ¢1

12 -

Vet Ju(kia) B (kaa) = \/eain HY (kya)J (kya) (3.5.21b)

where J,(z) = zj,(z), H}ll)(x) = Ilfflsll)(l‘). In